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Symbol Description Notations

The most frequently used notations, symbols, and abbreviations are listed below

R4 Set of all nonnegative real numbers.

R™ Set of all n — tuplesz = (z1,x2,...,2Tp).

R7 Set of allz € R™ with x; > 0for alls.

<y Natural order relation in R" : z; < y; for alli.

<y Strict order relation in R” : x; < y; for allq.

z<a Forx € R" and a € Rt : z; < a for all 7.

d(z,y) The distance betweenz and y withz,y € R’.

(X,d) Generalized metric space X.

(X1 Generalized Banach space X.

B(zg, ) The open ball centered in xy with radius r ,{z € X|d(zo,x) < r}.
B(zo,7) The closed ball centered in zg with radius r ,{z € X|d(zo,x) < r}.
Fiz(f) The set of all fixed points of f.

M xn(Ry) The set of alln x nmatrices with positive elements.
Bq(:cg,r)p The closure of By(xo,)in (X,P).where B,(xo,7) = {x € X : qg(z0,z) < 75,V3 € T}.
(X,P) Generalized gauge space.

T A Directed sets




Introduction

Fixed point theory is a powerful and fruitful and an important tool in modern mathematics
due to its applications to ensure the existence of solutions for mathematical problems
under certain conditions. The knowledge of the existence of fixed points has prevalent
applications in many disciplines, including mathematical analysis and topology, physics,
biology, chemistry, engineering and other sciences ([3],[5],[18],[4]).

The theory of fixed points deals with the conditions which guarantee the existence of
points x of a set X which solve an operator equation x = Nz, where N is a transformation
defined on a set X. The solution set of such a problem can be empty, a finite set, a
countable or uncountable infinite set.

The last century was the golden age of this theory; indeed, in 1922, S. Banach proved
a theorem which focused on the existence and uniqueness of a fixed point in a complete
metric space[20]. This theorem later was known as Banach’s contraction principle and
was extended in several directions.

One of this research directions involved the so-called generalized contractions mappings.
The most influential works is [15] of Perov 1964 that show Banach Contraction Principle
in generalized complete metric spaces by using the concept of M-contraction map where
M is matrix converge to zero[22].

The content of the memoir is organized in three chapters. Every chapter contains a
number of section of theorems and applications. In chapter 1, We define the generalized
metric spaces in the sense of Perov and we give some definition and properties in this

space. After that, we show the definition of gauge spaces and generalized gauge spaces.



Introduction

In chapter 2, we present Perov’s fixed point theory and some extension of classical
Banach contraction principle for contractive maps on spaces endowed with vector-valued
metric spaces. Next, with this fixed point results, we try the proof the existence and

uniqueness the following system of differential equation with impulse effects.

o'(t) = Fu(t, (1), y(t), y'(t) = Fa(t, z(t),y(t)), a.e. t€[0,1]
w(r7) —x(r7) = Lxz(),y(7), y(")—y(r7) = L(x(r),y(1)) (1)
2(0) =z, y(0) =yo
where 0 < 7 < 1,0 =1;2; J:=[0; 1]; F; : JXxRxR — R are a function, I1; I, € C(RxR;R):
The notations x(71) = limy,_,o+ (7 + h) and z(77) = limy,_,o+ 2(7 — h) stand for the right
and the left limits of the function y at ¢ = 7, respectively.

In the last chapter, we discuss Perov type fixed point theorems for contractive mappings
in Gheorghiu’s sense on spaces endowed with a family of vector-valued pseudo-metrics.
Applications to systems of integral equations are given to illustrate the theory. The
examples also prove the advantage of using vector-valued pseudo-metrics and matrices
that are convergent to zero, for the study of systems of equations.

This system is reduced to a fixed point problem
A(zy) = =,

B(z,y) = y.

It is obvious that system (2) can be viewed as a fixed point problem,
T(u) = u. (3)

in the space X?, where u = (x,y) and T = (A,B). Therefore, we may think to apply to
(3) in X? endowed with the gauge structure induced by that of X. Finally, we show that T
verify some condition and we present the existence of a solution of the following system :
)= [ F () (20) ds
;o (4)
vy = [ gl (01().y(02(5) ds.

—Ty

which present a mathematical model for the spread of two interacted infectious diseases with
contact rates that vary seasonally. In these equations xz(t),y(t) represent the proportion
of infectives in a population at time ¢, and 71, o € R, with f, g, o1, 09 are given and

verified some assumption.




Chapter 1

Basic Concepts

This chapter provides the basic of notions and properties of generalized metric spaces
;matrix convergence and generalized gauge space which will be used throughout the

memoir.

1.1 Generalized Metric and Banach Spaces

1.1.1 Generalized Metric Spaces

In this section we define generalized metric space (or vector metric spaces) and prove some
properties. if x,y € R" |z = (z1,...,2,),y = (Y1,---,Yn), by x < y we mean z; < y; for all
i=1,...,n. Also |z| = (|z1], ..., |zn|) and max(x,y) = max(max(z1,y1), ..., max(T,, Yn))-

If c € R, then x < ¢cmeans x; < cforeachi=1,..., n. Forx € R", (x);=x;,i=1,...,n.

Definition 1.1. [14] Let X be a nonempty set. By a generalized metric on X (or vector-

valued metric) we mean a map d : X x X — R” with the following properties:
1. d(u,v) >0, for all u,v € X; if d(u,v) = 0 then u = v.
2. d(u,v) = d(v,u) for all u,v € X.

3. d(u,v) < d(u,w) + d(w,v) for all u,v,w € X .
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Note that for any ¢ € 1,...,n; (d(u,v)); = d;(u,v) is a metric space in X.
We call the pair (X, d) a generalized metric space. For r = (ry,72,...,7,) € R} , we

will denote by
B(zg,r) ={x € X : d(zo,x) <1}

the open ball centered at xy with radius r and
B(zg,r) ={x € X : d(zo,x) <71}
the closed ball centered at o with radius r = (ry,...,r,) >0;r; >0,i=1,...,n.

Definition 1.2. [14] Let (X, d) be a generalized metric space. A subset A C X is called
open if, for any x¢ € A, there exists r € R" with r > 0 such that B(zy,r) C A.

Any open ball is an open set and the collection of all open balls of X generates the

generalized metric topology on X.

Definition 1.3. [14] Let (X, d) be a generalized metric space

A. A sequence (z,) in X converges (or R’} converges) to some x € X, if for every e € R"}

, € > 0 there exists po(e) € N such that for each d(z,,x) < e for all p > py(e).

B. A sequence () is called a Cauchy sequence if for every e € R} , € > 0 there exists

po(€) € N such that for each d(x,, x,) < e for all p,q > po(e) .

C. A generalized metric space X is called complete if each Cauchy sequence in X

converges to a limit in X.
D. A subset Y of a generalized metric space X is said to be closed whenever (z,) CY
and r, — x,as p — oo imply z € Y .
Using the above definitions, we have the following properties: If x, — x as p — oo,
then:

i) The limit z is unique.

ii) Every subsequence of (x,) converges to .
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iii) If also y, — y as p — oo, then

d(zp,yp) = d(z,y) as p — 00

Theorem 1.1. [14] For the generalized metric space (X, d) the following hold:
a) Every convergent sequence is an Cauchy sequence,
b) Every Cauchy sequence is bounded,

c¢) If a Cauchy sequence (x,) has a subsequence (z,,) such that
Ty, — T as Py — 00

then

Ty, —> T asp — 00

Proof. a) Let(z,)yen be a convergent sequence in X . The for every e € R’} there
exists po(€) € N such that d(z,,z) < €/2 for all p > py(€). Then for every p, ¢ > po(e)
we have d(z,, z,) < d(xp, )+ d(z,, ) = d(z,, z,) < e. Hence (x,), € Nis a Cauchy

sequence in X.

b) Let (z,)pen be a Cauchy sequence. Fix e € R’. There exists py(e) € N such that
d(zp, xy) <€, for all p,q > po(€) .Hence for each p €, n, we get

Tp € Blapy(e, € +1),1 = 19.;2305‘(16)71 d(zi,x;),

this implies that (z,), € N bounded in X.

c¢) Let (z,), € Nbe a Cauchy sequence and let (z,, ),, € N be a subsequence of (z,), € N
such that lim,, o 2p, = & . The for every e € R} there exist p.(¢), ¢.(¢) € N such
that

d<xp7 xq) S fOI' all p7 q Z p*(e)

DN
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and
d(zp,,x) < % for all pr, > q.(e)
then
d(zp, ) < d(zp, xp, ) + d(z),, ) < € for all p > max(g.(€), p«(€)).
Hence

Tp— T asp— 00

O

Definition 1.4. [14] Let (X, d) and (Y,p) be generalized metric spaces, and let z € X.
A function f: X — Y is said to be continuous (or topologically continuous) at z if for

every € € R" | € > 0 there exists some d(¢) € R} , §(€) > 0 such that

p(f(z), f(y)) <e

whenever z,y € X and d(z,y) < d(e).
The function f is said to be topologically continuous if it is topologically continuous at

each point of X.

Definition 1.5. [14] Let (X, d) be a generalized metric space. A subset C' of X is called
compact if every open cover of C' has a finite subcover. A subset C' of X is sequentially

compact if, every sequence in C' contains a convergent subsequence with limit in C'.

Definition 1.6. A topological space X is sequentizlly compact if every sequence in X
has a convergent subsequence.
Let X be a topological space and A C X. I have seen two definitions for A to be

sequentially relatively compact in X:

1. the closure A of A in X is sequentially compact, which means that every sequence

in A has a convergent subsequence (with limit in A).

2. every sequence in A has a convergent subsequence with limit in A.
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Definition 1.7. [14] subset C' of X is totally bounded if, for each € € R} with € > 0,

there exists a finite number of elements 1, 29, ..., x, € X such that
p
C C | B(zi,€).
i=1
The set x1, ..., x, is called a finite e-net.

Theorem 1.2. [14] If C' is a subset of X, then the following affirmations hold:

i) C is compact if and only if C' is sequentially compact if and only if, C' is closed and
totally bounded;

ii) C relatively compact, if and only if, C' sequentially relatively compact, if and only if,
C totally bounded.

Definition 1.8. [14] Let (X, d) be a generalized metric space. If A C X is a nonempty
set, then the function
o(A) = sup{d(z,y) : ;y € A}

is called the diameter of A. If o(A) < oo, then A is called a bounded set.

Theorem 1.3. [14] Let (X, d) be a generalized metric space. For any compact set A C X
and for any closed set B C X that is disjoint from A, there exist continuous functions

f:X—=10,1,9: X —[0,1] x [0,1] x --- x [0,1] :== [0, 1]™ such that
1. f(x) =0 for all x € B,
2. f(z)=1forallx € A,
3. g(z)=(,---,1) for all x € B,
4. g(x)=(0,---,0) forallz € A .

Proof. Note that d;(x,B) = 0 for any z € B and d;(z,A) = 0 for any x € A and
di(z,A) > 0 for any € B . Thus to get 1. and 2. Let f: X — [0,1] be defined by :

:‘L:l dZ(SE,B)

flz) = m di(x, A) + S di(x,B)

,r e X

To prove that f is continuous, let (z,,)men be a sequence convergent to = € X. Then

9
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‘f( ) ‘ ?—1 di<xm7B) ?:1 dz(l‘,B) ‘
Y di( T, )+Zn di(Tm,B) im1di(2,A) + X7 di(2,B)
_ ’ im1 di(xm, B) X0y di(w,A) — 30 di(wm,A) Y0, diz,B) ‘
(i di(w,A) + Zi:l di(x,B)) (i dl(xm,A) + i di(zm, B))
) i, A) S1Ly di(51,B) — di(.B)
T (Ch dilz, A)+Z di(2,B)) (X1 di(zm,A) + XLy di(2m, B))
di(z,B) 3, |d; (l’m ) — di(z,A)]
(Xi di(w,A) + Zi:l di(x,B)) (i, di(@m,A) + X1 di(xm,B))

Since for each i = 1,...,m, we have

+

|di(2m,B) — di(x,B)| = 0, |d;(xm,A) — d;(z,A)] = 0 as m — oo

Therefore, as m — oo,

di(z,A) 37 | di (fvm,B) — di(z,B)|
(> di(x7A) + Zi:l di(z,B)) (i di(Tm,A) + 202, di(2m,B))

— 0

and

di(z,B) i, |di (q:m,A) — di(z,4)]
(> di($7A) + Zi:] di(z,B)) (i di(Tm,A) + 272, di(2m,B))

thus, we get

— 0

|f(zm) — f(x)] = 0as m — 0o

We can easily prove that the following function g : X — [0, 1]" defined by

di(z,A)
di (I,A)+d1(:ﬂ,B)
g(z) =
dn (z,A)
dn(z,A)+dn(z,B)
is continuous and satisfies 3. and 4. [l

Let (X, d) be a generalized metric space. We define the following metric spaces: Let
Xi=X,i=1,---,n. Consider [, X; with d defined by

n

d((xh o 73:”)7 (yb cee 7yn)) = Zd2($zuyz>

=1

. The diagonal space of [[;~; X; is defined by

X:{(x,...,x)eHXi:xEX,i:L---,n}

=1

10
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which is a metric space with the following distance

n

d((z,...,x), (y,...,y)) =D _di(z,y), for each x,y € X.

i=1
It is clear that X is closed set in [[", X; . Intuitively, X and X are the same. This is

shown in the following result.

Lemma 1.1. [14] Let (X, d) be a generalized metric space. Then there exists a homeo-

morphism map h : X — X.

Proof. Consider h: X — X defined by h(z) = (z,--- ,z) for all z € X. Obviously h is

bijective.
e To prove that h is a continuous map, let x,y € X. Thus
d.(h(z), h(y)) < D di(z.y).
i=1

For € > 0 we take 0 = (£,---,%), let 29 € X be fixed and B(xo,0) = {z € X :

d(xg,z) <} . Then for every x € B(xg,d) we have
d(h(zg), h(z)) < e

e Now, h': X — X is a map defined by

To show that h~' is continuous, let (z,..., ), (y,...,y) € X. Then

d(h Ha,...,2),h Yy, ...,y)) =d(z,y).
Let € = (€1,...,€,) > 0. We take 6 = %(1121121 ¢;) and we fix (2o, ...,z9) € X. Set
B((zg,...,70),0) = {(z,...,2) € X : d,((x0, ..., 20), (,...,7)) < 5}

. For (z,...,z) € B((zo,...,20),0) we have

(0, s 20), (s 7)) < 5= dilwo,2) < ~(min &),

<3<
i1 n 1<i<n

11
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Then

1
di(xg,x) < ﬁ(lgglne Jyi=1,....,n=d(zg,x) <e.

Hence h~! is continuous. O

Definition 1.9. A paracompact space is a topological space is which every open cover
has an open refinement that is locally finite.
Every compact space is paracompact.

Every metric space is paracompact.
Theorem 1.4. [14] Every generalized metric space is paracompact.

Proof. Let X be a generalized metric space. By (1.1) there exists X, a metric space which

is homeomorphic to X. Since every metric space is paracompact hence X is paracompact.

O

Theorem 1.5. [14] Let (X, d) be a generalized metric space. To any locally finite open
covering (U;);er of X, we can associate a locally Lipschitzian partition of unity subordinated

to it.

Proof. From (1.4), X is paracompact, then there exists a family of locally finite open set,

let us write,

V={V|i € L.}

covering of X such that
V,; C U; for every i € I,.

Let us define for any ¢ € I, the function f; : X — R, by
=Y dj(z,X\V;)
j=1

For each z,y € X we have

n n n

Z (2, X\V;) = > _d;i(y,X\V5) Z (x,y) for each x,y € X.

: ]:1 :

12
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hence
Z (2, X\V;) = > d;(y,X\V;)| < Ad(z,y) for each z,y € X
: ]:1
where A = (1,...,1) € My, (RT). Then for every i € I, f; is Lipschitzian and verifies

supp(f;) = V; C Uj.

Let us introduce for any ¢ € I, the following function ¢; : X — [0, 1] defined by

fi(z)
Yier. fi(z)

a) Firstly, we prove that 1); is locally Lipschitz on X. Indeed, let x € X, then there

Yi(x) = for all z € X.

exists a neighborhood V,, of 2 which meets only a finite number of {V;]i € I,}. That
is there is {i1,..., 4y} such that

p
VoNV;=0foreach i € L\{i1,....ip} = Y_ fily) =D fi,(y) > 0,y € V.
ie[* =

By the continuity of >-%_; f; there exists a neighborhood W, C V, of z and m,
M > 0 such that

mSZfi me M for any y € W,.
iel.
Thus for y,z € W,, we get
‘ _fi(7)
Zzel* fz y)  Yiern fi(z)

‘Zz lflk )fl( ) £:1fz;€(y)fz(2)
lflk() £:1fik(2)

SPNCITES WARIE

[vi(2) —

1
m2

IA

1 p
< < > 1fiu2) = fu I fily |+Z\f% W fily) — fi(2)]-
m=

Therefore

2M
() = uy)| < =P Ad(y,2) for amy g,z € W,

13
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b) Now, we show that v; is continuous. Let xy € X. then there exists a neighborhood
V, of x which meets only a finite number of {V;|i € I.}. That is there is {i1, ..., %}
such that

Voo NV; =0 for each i € L\{iy,... i}

This implies that , for every ¢ € I\{i1,...,4,} we have

and

Vo N supp(fi) = 0 for each i € L\{i1,..., 0y}

From a) we obtain

> filz) = zp:fi(x) for each x € V.
i1

Therefore, @
‘ _ filx
> BYAC

It is clear that >_7_, fi, (z0) # 0, since for each i € I, , f; is continuous function .

for every x € V,

Hence ; is continuous on X.

O

Definition 1.10. [14] Let(X, d) be a generalized metric space. A subset Y of X is called
dense whenever every B(xz,r) NY # 0 for each x € X and r € R}, 7 = (11, ...,1rp), 75 >
0,2=1,...n.

We already have the following result

Corollary 1.1. [14] Let Y be a subset of a generalized metric space (X,d). Then, Y is

dense if and only if for every x € X there exists a sequence (x,)yen in Y satisfying
T, — T asp — oo.

Theorem 1.6. [14](Cantor’s intersection theorem). Let (X, d) be a cmplete generalized
metric space. Let (F,),en be a decreasing sequence of nonempty closed subsets of X such
that

Op—soo(Fp) =0 € RY.

Then Nyen ), contains exactly one point.

14
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Proof. For all p € N choose z, € F,. Since §(F,) — 0 as p — oo, this implies that

(2p)pen is Cauchy. Hence there exists € X such that
T, = T asp— 00.

We show that x € F), for every p € N. If (z,)pen is finite then z, = z for infinitely many p,
so that x € F}, for infinitely many p. Since Fj,y; C F, this implies € F}, for each p € N.
So suppose (x,)pen is infinite. For all m € N, (2, Tini1, - -+ s Tk, - - -) 1S @ Sequence in
F,,, converging to . Since (x,),>m, is infinite, this implies that = € F,,,. But F,, is closed,

so x € I,. Therefore x € NyenFy,. If NpenF), contains two points z and y then we have
d(z,y) < 6(F,) — 0, as p — oo = d(z,y) = 0.

Hence

Mpenfyp = {z}

Theorem 1.7. [14] The following are equivalent for a generalized metric space (X, d)
1. X is a complete space.

2. For any descending sequence {F,} of closed bounded subsets of X,

lim 6(F,) =0 € R".

p—o0

Definition 1.11. [9] A Baire space is a topological space such that every intersection of

a countable collection of open dense sets in the space is also dense.

Theorem 1.8. [14] Every complete generalized metric space is a Baire space.

1.1.2 Generalized Banach space

Now, we recall some definitions and properties of generalized Banach space.

Definition 1.12. [14] Let X be a vector space on K = R or C. By a vector-valued norm

on X we mean a map ||.|| : X — R" with the following properties:

15
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i [|z|| >0 forall z € X ;if [|z|| =0 thenz =0
ii. |[Az]| = |Al||z] for all z € X and A € K
iii. ||z +y|| < |lz|| + |ly|| for all z,y € X.

The pair (X ||.]|) is called a generalized normed space. If the generalized metric generated
by ||.|| (i-e d(z,y) = ||z — y||) is complete then the space (X, ||.||) is called a generalized

Banach space, where

Iz = ylly
lz =yl =
Iz —=yll,,
Notice that ||.|| is a generalized normed space on X if and only if ||.|,,i = 1,...,n are

norms on X.

Definition 1.13. [14] Let X and Y be two generalized normed spaces, K C X and let
N : K — Y be an operator. Then N is said to be:

i) compact, if for any bounded subset A C K we have N(A) is relatively compact, i.e.
N(A) is compact;

ii) completely continuous, if N is continuous and compact;

iii) with relatively compact range, if N is continuous and N (K) is relatively compact,

i.e. N(K) is compact.

Definition 1.14. [14] Let (X, |.||) be a generalized Banach space and U C X an open
subset such that 0 € U. The function py : X — R, defined by

pu(z) =inf{a >0:2 € alU},
is called the Minkowski functional of U.

Lemma 1.2. [14] Let (X, ||.||) be a generalized Banach space and U C X an open subset
such that 0 € U, Then

i) If X >0, then py(Az) = Apy(z).
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ii) If U is convex we have

1. pu(z +y) < pu(z)+puly), for every x,y € U.
2 {reX:py(z)<l}cUcC{re X :py(x) <1}

3. if U is symmetric; then py(x) = py(—z).
iii) py is continuous.
Proof. i) Let x € X be arbitrary and A > 0. We have

pu(Az) = inf{a > 0: \z € aU}
=inf{a>0:z € X 'alU}
=inf{A\8>0:2 € pU}
= \inf{ > 0:z € BU}
= Mpy(z).

ii) 1.) Let ag > 0 and ay > 0 such that

r e aU and y € ayU.

Then
T+ «Q «
r4+y € a U+ alU = i € L U+ U
ap+ o o+ ay + Qo
because —*— 4+ —22— =1 and U convex Hence

ajtasg alta2

r+y € (o +a)l.
For every e > 0 there exist a, > 0, 5. > 0 such that
a1 < Qe SPU(ZE)"‘G and ay < fe SPU(?J)+€

. From (1.1) we have

pr(z+y) <ar+as=prlz+y) <o+ o <ac+ P < pulz)+pu(y) + 2

Letting ¢ — 0 we obtain

pu(z+vy) < pu(x)+pu(y) for every z,y € U.

17
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iii)

2.)Let z € X such that py(x) < 1, then there exists a € (0, 1) such that py(x) <

a<landz € alU =2 =al+ (1—a)0 e U. because U convex. Therefore
{reX:py(z) <1} CU.
For x € U we have
r=arelUa=1=py(r) <L
then
{reX:py(z)<l}CcUcC{re X :py(x) <1}
Since 0 € U then there exists » > 0 such that
BO,r)={ze X :|z| <r} CU,

where

lzll=| - | .=
] r
Given € > 0, then z + ¢B(0,7*) is a neighborhood of x. For every y € x + ¢B(0,7*)

we have
r—y
€

r—y

EB<07T*>CU:>pU< )Sl

It is clear that

r—y

lpv(z) — pu(y)| < pu(z —y) = epu( ) < e

Hence py is continuous.

O

Remark 1.1. In generalized metric space in the sense of Perov, the notions of convergence

sequence, Cauchy sequence, completeness, open subset and closed subset are similar to

those for usual metric spaces.

18



1. BASIC CONCEPTS

1.1.3 Matrix convergence

For the proof of the main results we need the following theorems. A classical result in

matrix analysis is the following theorem (see [2, 22, 19]).

Definition 1.15. [22] A square matrix M € M, .,(R) of real numbers is said to be
convergent to zero if

MF = 0as k — oo

Lemma 1.3. [22] Let M be a square matrix of nonnegative numbers. The following

assertions are equivalent:
i) Mis convergent to zero;
ii) the matrix I — M is non-singular and

(I-M)'=T+M+M+. ... +M+. .

iii) || <1 for every X\ € C with det(M — \I) = 0;
iv) (I — M) is non-singular and (I — M)~ has nonnegative elements.

Proof. i) = i) Assume that M is convergent to zero. We show that I — M is non-singular;

it suffices to prove that the linear system
(I —M)x=0 (1.2)

has only the null solution (I — M)z =0 = 2 = 0 Let = € C be a solution of the system
(1.2), then
(I-M)x=0=z= Mz

M?z = MMz = Mx =x

and

Mz = MM?*v = Mz = x

hence

r=Mzx=Max=DMz=.. . =Mzg
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then k — 0o ; M* — 0 donc # = 0, hence I — M is non singular. Furthermore, we have
I—(I-M)(I+M+.. +M*) = I—-I-M—-M*—. . —M* 4+ MAM>*+. . MM = M 0
as k — oo This implies that

(I-M)'=T+M+M+. .. +M+. ...

ii) = iii) let (\,v) eigenvectors and eigenvalues to M hence Mv = \v , then M*v = \Fp
we have

(lim M*)v = lim M*v

k—o0 k—o0

= lim \v
k—o0

= o lim \F
k—oo

and M* —;_ .. 0 hence klgg@ MF=0,0= klgglo MFkEy =v klgrolo A¥ and , since by hypothesis
v # 0 ,we must have kh_)rgo ¥ = 0 which implice [\ < 1.
i11) = v) assuming iii) ,it is then obvious that the matrix A = I — M is non singular
sthen A= = (I — M)~! and ,as A has a spectral radius less than unity by hypothesis
,applying ii) gives that
Al =T+M+M +... (1.3)
, Since M >0, So are all its powres ,thus A=! >0

iv) = 4i7) assuming iv) ,let > 0 be an eigenvectors of A with Mx = p(M )z thus
(1= M)z = (1 — p(M))a (1.4)

,Thus and as the matrix (I — M) is non singular ,1 — p(M) # 0,Now

X

I—M)le=—"
( ) 1—p(M)
, and since z > 0 with z # 0 and since (I — M)~ > 0 by hypothesis , it follows that

1> p(M) .thus completing de proof O

Lemma 1.4. [14] A square matrix M € M,,»,(R) of real numbers is convergent to zero
if and only if its spectral radius p(M) is strictly less than 1. In other words, this means

that all the eigenvalues of M are in the open unit disc.
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Lemma 1.5. [14] Let M € M,,«»,(R.) be convergent to zero. Then
z<(I—M)"'z forevery z€R}. (1.5)

Proof. Since M € M,,,(R,) is convergent to zero, then from Lemma (1.3), (I — M)~
Mn(Ry) and
(I—M)"'=IT+M+M+...

. Thus for every z € R’} we have

(I—-M)'tz= iMiz

=0
and 00 Mz = 24+ Mz+M?2+...+M"*z+... hence 22, Mz > z then (I —M)~'z > 2
U

Lemma 1.6. [14] Let M € M,,«,(R,) be convergent to zero. Then
Py={zeR} :(I-M)z>0}

is nonempty and coincides with the set
{(I — M)tz : 2z €R", 2 > 0}.

Proof. it is clear that I — M € M,,«,(R}) by absurd to assume (I — M)z < 0 and let

z € R, hence Vi,z; > 0
(I-M)z<0=z2<Mz= Mz< Mz
2< Mz<Mz2<- - <M"22< M2 < M"2

Since that M"™ — 0 so M"z — 0 therefore z<0 (contradiction) . And is a singular matrix
, then for every z € R}, 2z = (21, ,2,) With 2, > 0,i =1,--- ,n, we get (/ — M)z >0,
This implies that P,, # (. Now we show that

P ={(I—-M)"z:z2 €R" 2 >0}
Indeed, if zg € R™ and zy > 0, then
Z = ([—M)ilzo > z9p= 2> 0.

Hence (I — M)z > 0 and so z € Py;. Conversely, if z € Py, then zg := (I — M)z > 0 and
z=(I—-M)'z O
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Definition 1.16. [14] We say that a non-singular matrix A = (a;;)1<ij<n € Mupxn(R)

has the absolute value property if
ATHAI< T,

where

|A] = (lai|)1<ij<n € Muxn(Ry).

Some examples of matrices convergent to zero are the following:

a 0
1. A= , where a,b € R, and max(a,b) < 1
0 b
a —c
2. A= , where a,b,c € Ry anda+b<1,c<1
0 b
a —a
3. A= , where a,b,c € Ry and |[a —b| < 1,a > 1,b > 0.
b —b

Lemma 1.7. [14] Let A = (a;j)1<ij<n € Munxn(R4) be a triangular matrix with

1
max{|a;|,i=1,...,n} < 3

Then the matrix A = (I — M)™*M is convergent to zero.

1.2 Gauge space and Generalized gauge space

In mathematics, a pseudo metric space is a generalization of a metric space in which
the distance between two distinct points can be zero. In the same way as every normed
space is a metric space, every semi normed space is a pseudo metric space. Because of
this analogy the term semi metric space (which has a different meaning in topology) is
sometimes used as a synonym, especially in functional analysis.

When a topology is generated using a family of pseudo metrics, the space is called a

gauge space.

Definition 1.17. [9] A map d : X x X — R, is said to be a pseudo-metric, or a gauge
on the set X .if it has the following properties:
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1. if x = y then d(x,y) = 0.
2. d(z,y) = d(y,z) for all z,y,z € X.
3. d(z,y) < d(x,z)+d(z,y) for all z,y,z € X.

Definition 1.18. [16] A family P = {da}aca of pseudo-metrics. on X (or a gauge
structure on X) is said to be separating if for each pair of points x,y € X with z # y there
is a d, € P such that d,(z,y) # 0. A pair (X,P) of a nonempty set X and a separating

gauge structure P on X is called a gauge space.

Definition 1.19. [16] Let (X,P) be a gauge space. Then, a sequence (x,,)nen of elements
in X is said to be Cauchy if, for every € > 0 and o € A, there is an N with p, (2, Tniq) < €
for all n > N and ¢ € N. The sequence (x,),ey is called convergent if there exists an
x* € X such that, for every € > 0 and o € A, there is an N with p,(z*, z,) < € for all

n > N. We write z,, — £* as n — oo.

Definition 1.20. [13] Let (X,P) be a gauge space with P = {dy}aen. Amap T : D(T) C
X — X is a contraction if there exists a function ¢ : A -+ A and a € Rﬁ, a4 = Qpqep SUCh
that

do(T(2), T(y)) < aadp) (@, y) forall o€ A and z,y € D(T)

and
D Galip(@)Ag2(a) *** Agi=1 () dyi(a) (2, Y) < 00
i=1

for every a € A and x,y € D(T). Here ¢’ is the i*" iterate of ¢.

Definition 1.21. [16] A gauge space is called sequentially complete if any Cauchy sequence
is convergent. A subset of X is said to be sequentially closed if it contains the limit of any

convergent sequence of its elements.

Definition 1.22. [16] If (X,P) is a gauge space, then T': X — X is continuous with
respect to P if, for any sequence (x,)n,eny which converges (with respect to P) to x € X,

we have that the sequence (T'(z,,))nen converges (with respect to P) to T'(z).

Theorem 1.9. (Gheorghiu [8]) Let (X,P) be a complete gauge space and let T : X — X
be a contraction. Then T has a unique fixed point which can be obtained by successive

approximations starting from any element of X.

23



1. BASIC CONCEPTS

we introduce the notions of a vector-valued pseudo-metric, generalized gauge space and

generalized contraction.

Definition 1.23. [13] Let Z be a set. A vector-valued map D : Z x Z — R is said to
be a vector-valued pseudo-metric, or a vector-valued gauge on 7, if it has the following
properties: D(u,u) = 0; D(u,v) = D(v,u); and D(u,v) < D(u,w) + D(w,v) for all

u, v, € 4.

Remark 1.2. A family G = {D, }aca of vector-valued pseudo-metrics on Z (or a gener-
alized gauge structure on Z) is said to be separating if for each pair of points u,v € Z
with u # v, there is a D, € G such that D, (u,v) # 0. A pair (Z, G) of a nonempty set Z
and a separating generalized gauge structure GG on 7 is called a generalized gauge space.
For the generalized gauge spaces, the notions of a convergent sequence, Cauchy sequence ,
completeness and continuous are similar to those for usual gauge spaces. By analogy, we

can introduce the vector version of Gheorghiu’s notion of contraction.

Definition 1.24. [13] Let (Z, G) be a generalized gauge space with G = {D, }aea A map
T:D(T) C Z— Z is a generalized contraction if there exists a function ¢ : A — A and
M € Myyn(R)™, M = {Dy}acn such that

Do(T(u), T(v)) £ MqDyay(u,v) forall acA and wu,ve D(T) (1.6)

and

Z MaMw(a)ng(a) o M‘pifl(a)D‘pi(a) (u, U) < 00 (17)
=1

for every a € A and u,v € D(T).
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Chapter 2

Fixed Point Theorems in generalized Vector

Metric and Banach Spaces

We present some new fixed point results for generalized contractions on spaces endowed

with complete generalized metric space.

2.1 Banach principle theorem

The classical Banach contraction principle was extended for contractive maps on spaces
endowed with vector-valued metric spaces by Perov in 1964 [15]. For related results to
Perov’s fixed point theorem and for some generalizations and applications of it we refer to

[7, 10, 17].

Theorem 2.1. [15] Let (X, d) be a complete generalized metric space with d : X x X —
R™ and let N : X — X be such that

d(N(z),N(y)) < Md(z,y)

for all x,y € X and some square matrix M of nonnegative numbers. If the matrix M is

convergent to zero, that is M* — 0 as k — oo, then N has a unique fixed point z, € X,
d(N*(x0),2.) < M*(I — M)™'d(N (o), o),
for every xo € X and k > 1.
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Proof. Let z € X and define the sequence x, = N"(x), where N* = N o...o N. Using

the fact that N is an M-contraction,we get
d(x1,29) = d(N(x),N(z1)) < Md(x,N(z))

and

d(xg,23) = d(N(z1),N(x3)) < M?d(z,N(z))

, therefore

d(zps1, z) < MPA(N(z), )

and, as a consequence,

—_

d(l’ka karm) < d(l’i+k7 $k+i+1)

3

3@
l
)

VAN

M™Fd(N(z),2)

o

< (MF 4 MM MPTTYA(N (), 2).
From lemmal.3 we deduce that
AT, Thg) < ME(I — M)7Yd(N(z), 2).

Hence (zy) is a Cauchy sequence with respect to d and thus converges to some limit

x, € X. The continuity of N guarantees that
Ty = N(z,).
For uniqueness, let y; and ys be two fixed points of NV, then
d(y1,y2) = d(N*(y1),N*(y2)) < M*d(N (y1),N (y2))-
Since M* — 0 as k — oo, this implies d(y1,y2) = 0, S0 y1 = ¥». O

Theorem 2.2. [14] Let E be a Banach generalized space, Y C FE nonempty convex

compact subset of E and N : Y — Y be a single valued map. Assume that
d(N(x),N(y)) < d(z,y) for all z,y € Y. (2.1)

Then N has a fixed point.
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I
Proof. For every m € N, we have o € Mpxn(Ry) and

1
W—H)ask%oo.

Thus, for some zg € Y the mapping N,, : Y — Y defined by

1 1
Np(z) = (1 — 2—m)N(x) + om0 € Y forall x € Y.

Hence, we get

A(Ny(z),Np(y)) < (1 — 2i)[d(ac,y) for all z,y € Y.

since

1
1— Qm‘ < 1 from lemma 1.3 we get

1
(1—W)]—>Oask:—>oo

From Theorem 2.1 there exists a unique x,, € Y such that
T = Npp(x), m € N,

Since Y is compact, then there exists a subsequence of (x,,)men converging to x € Y. Now

,we show that z = N(z).

dy(x,N(x))
d(x,N(z)) =
d,(z,N(x))
< d(z,zp) + d(zm,N(xy)) + d(N(z,),N(z))
<2Id(x,xm) + d(zp,N(zm)),
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and

dy (T, N (Tm))
d(2,N(2m)) =
A (T, N (71))

IN(@m) = 2y

IN(zm) = 2mll,
1

N(zp) — (1 - Qim)N(xm) - %xO .

Hence

A, N(2)) < 2+ 5 Tdl, 7) + 5
]

Theorem 2.3. [14] Let E be a generalized Banach space, B(0,r) be the closed ball of

radius r € R and N : B(0,r) — E a contraction such that

N(0B(0,r)) C B(0,r),

where

0B(0,r)={z € E: z:||3(:||Z :Zri,i =1,...,nhr=(r,...,rn).
i=1 i=1

Then N has a unique fixed point in B(0,r).
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In 2010,Alexandru-Darius Filip and Adrian Petrusel [10] presented some extensions
local and global fixed point results for generalized contractions on spaces endowed with

vector-valued metrics.

Theorem 2.4. [10] let (X,d) be a complete generalized metric space ,xy € X , r =
(ry)i, € R™ with r; > 0 for each i € {1,2,...,m} and let f : B(z,7) — X having the
property that there exist A, B € M, »(Ry) such that

d(f(x),f(y)) < Ad(x,y) + Bd(y,f(x)) (2.2)

for all z,y € B(x,r) . We suppose that
1. A is a matrix that converges to ward zero;
2. if u € R is such that u(I — A)™' < (I — A)~'r, then u <r;
3. d(wo, f(w0))(I — A)~H < 7.

Then Fix(f) # 0.
In addition, if the matrix A+ B converges to zero, then Fiz(f) = {z*}.

Proof. We consider (x,),en the sequence of successive approximations for the mapping
f, defined by

(2.3)

Tpr1 = f(x,),Vn €N
xo € X, be arbitrary

using(3.)we have d(xq,x1)(I — A)~! = d(xo, f(z0))(I — A"t <r < (I — A)~r thus,by (2.)
we get that d(xo,x1) < r and hence ,z; € B(xg,7)

Similarly , d(z1,22)(I — A)™' = d(f(xo),f(z1))(I — A~ < Ad(zg,x1)(I — A~ +
Bd(zy,f(x0))(I—A)~ < Ar+ Bd(f(x0),f(z0))(I — A)~ < Ar since d(xg,72) < d(zo,21) +
d(z1,22) , by (2.) we get d(zo,z2)(I — A)™F < d(wo,z1)(I — A)™' + d(z1,20) (1 — A)7F <
Ir+Ar < (I+A+A%+.--) < (I — A)~'r thus d(zg,73) < r and hence x5 € B(xg,r)

Inductively, we construct the sequence (z,)nenin B(xo,7), satisfying , for alln € N |

the following conditions :

() @ni1 = flan)
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(ii) d(zo,zn)(I — A~ < (I — A)~1r
(iii) d(zp,Tne1)(I — A)7E < Ay
From (iii) we get, for alln € N and p € N, p > 0, that

A0 Tap) (I = A7 = d(n ) (] = A7 4+ d@agpr )~ A) 7
< A+ AVl AV o ATy
<AMr+Ar+- 4 Ar 4
<A —-A)'r -0, asn— oo

Hence (z,,)nen is a Cauchy sequence, using the fact (B(zg,r),d) is a complete metric space,
we get that (2, )nen is convergent in the closed set B(zg, ), Thus, there exists 2* € B(z,7)

such that z* = lim,,_,, x,,. Next, we show that z* € Fiz(f) Indeed, we have the following

estimation :
d(z®, f(z")) < d(@",2,) + d(zn, f(27))
=d(z",x,) + d(f(xp_1,f(xs)
<d(z*,x,) + Ad(zp_1,2") + Bd(x*,2,) —n—00 0

hence z* € Fiz(f),In addition, letting p — oo in the estimation of d(x,,x,4,), we get
d(xn,x*) < A1 — A)"rd(xg,11) (2.4)
We show now the uniqueness of the fixed point. Let z*,y* € Fix(f), with * # y*. Then
d(z",y*) = d(f(z").f(y"))

< Ad(z*,y") + Bd(y*,x")
< (A+ B)d(z",y")

which implies (I — A — B)d(z*,y*) < 0 € R™, Taking into account that I- A- B is non-
singular and (I — A — B)™' € M,,«,(R,) we deduce That d(z*,y*) < 0 and thus z* = y*.
U

Remark 2.1. By similitude to [6], a mapping f : Y C X — X satisfying the condition

d(f(z),f(y)) < Ad(z,y) + Bd(y,f(x)), VryeY (2.5)
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for some matrices A, B € M,,, »(R;) with A a matrix that converges to ward zero, could

be called an almost contraction of Perov type.

We have also a global version of Theorem (2.4), expressed by the following result

Corollary 2.1. [10] Let (X,d) be a complete generalized metric space. Let f : X — X
be a mapping having the property that there exist A, B € M,, ,,(R.) such that

d(f(z),f(y)) < Ad(z,y) + Bd(y,f(x)), VryeY (2.6)

If A is a matrix that converges to wards zero, then

L. Fix(f) #0;

2. the sequence (x,,)nen given by x,, := f,(x¢) converges towards a fixed point of f, for

all xg € X;
3. one has the estimation
d(zn,2%) < A™(I — A) " (w9, 71), (2.7)

where z* € Fiz(f).
In addition, if the matrix A+ B converges to zero, then Fiz(f) = {z*}.

Theorem 2.5. [10] Let (X,|.|) be a Banach space and let fi,f» : X x X — X be
two operators. Suppose that there exist a;j,b;; € Ry 4,5 € 1,2 such that, for each
x:= (x1,22),y := (y1,92) € X x X , we has :

L | fi(zy, 22) = fi(yr, y2)| < ann |21 — yul+ais |2 — yol 011 |21 — fi(yr, y2)[+bi2 |22 — folyr, y2)]

2. | fa(w1, 22) — fo(yr, y2)| < a1 |21 — y1|Hage |22 — yo|4bor |21 — f1(y1, yo)| 4oz |22 — fo(yr, v2)] -

app b
In addition, assume that the matrix A := e converge to zero Then, the system

a1 b22
up = fi(ug,ug), ug = fi(ug,us) (2.8)

has at least one solution x* € X x X. Moreover, if, in addition, the matrix A+ B converges

to zero, then the above solution is unique.
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Proof. Consider F := X x X and the operator f : E — Py, (F) given by the expression
f(z1,x2) == (fi(z1,22), fa(x1,22)). Then our system is now represented as a fixed point
equation of the following form :x = f(x),z € E. Notice also that the conditions 1. + 2.

can be jointly represented as follows:

1f () = FWll < Allz =yl + Blle = f(y)ll,  foreachz,y € B:= X x X, (2.9)

Uy — v
Hence, Corollary (2.1) applies in (E, d), with d(u,v) := [ju — v|| := |y 1| ' 0

|ug — vy

Theorem 2.6. [10] let X be a nonempty set and d,p be two generalized metrics on X let
f X — X be an operator, We assume that :

1. there exists C' € M, x,(R,) such that d(f(z),f(y)) < p(x,y).C
2. (X,d) is a complete generalized metric space ;
3. f:(X,d) — (X,d) is continuous;

4. There exists A,B € M,x,(R) such that for all x;y € X ,we has
p(f(@),f(y)) < Ap(x,y) + Bp(y.f(y)) (2.10)

if the metric A converge to wards zeros ,then Fiz(f) # 0 .

In addition if the metric A+B converge to zero then Fiz(f) = {z*} .

Proof. We consider the sequence of successive approximations (x,,)nen defined recurrently

by 11 = f(x,),z0 € X being arbitrary. The following statements hold:
p(x1,22) = p(f(z0).f(21)) < Ap(zo,21) + Bp(z1,f(20)) < Ap(z0,71)

p(x9,23) = p(f(21),f(22)) < Ap(w1,22) + Bp(a,f(21)) < A%p(w0,21)

P(Xn,Tni1) < Ap(z0,21),¥n € N*n > 1.
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Now, letp € N, p > 0. We estimate

P(TnsTntp) < P(Tn,Tns1) + P(Tnt1,Tny2) + o+ P(Tntp-1,Tnp)
< A"p(xg,x1) + A" p(20,m1) + - -+ AP p(20,21)
SAYT+ A+ A )p(0,01)
= A"(I — A) 'p(xg,z1),

Letting n — oo we obtain that p(x,, x,4,) — 0 € R™. Thus (z,),ey is a Cauchy sequence

with respect top. On the other hand, using the statement (1), we get

d(@ntn1p) = d(f (@n-1),f (@nip-1)) < p@n-1,804p-1).C < A" HI=A) " p(20,21).C —nse0 0
(2.11)
Hence, (x,)nen is a Cauchy sequence with respect to d. Since (X, d) is complete, one
obtains the existence of an element z* € X such that x* = lim,,_,,, x,, with respect to
d. We prove next that z* = f(z*), thatis ,Fiz(f) # 0. Indeed, since x,+1 = f(z,),
for all n € N, letting n — oo and taking into account that f is continuous with respect
to d, we get that * = f(2*). The uniqueness of the fixed point z* is proved below. Let
x*,y* € Fiz(f) such that * # y*. We estimate

p(z™y") = p(f(z"),f(y")) < Ap(z™y") + Bp(y".f(27)) < (A+ B)p(z"y")  (2.12)
Thus, using the additional assumption on the matrix A + B, we have that

(I —A—-DB)p(z*y") <0=plz*y") <0=2"=y" (2.13)

2.2 Application

We consider the following system of differential equation with impulse effects:

2(t) = At a0 y(1). (1) = falto(0).y(0), ae te01]  (214)
() 2 () = b)) () =y () = Le@yE)  (219)
2(0) =z, y(0) = yo (2.16)
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where 0 < 7 < 1,0 =1;2; J:=[0; 1]; f; : JXxRXxR — R are a function, I1; I € C(RxR;R):
The notations z(77) = limy,_,o+ (7 + h) and z(77) = limy,_,o+ 2(7 — h) stand for the right
and the left limits of the function y at t = 7, respectively. In order to de

ne a solutions for Problem(1), consider the space of piece- wise continuous functions:
PC([0,1],R) ={y:[0,1] = R,y € C(J\{7},R); such that
Y (7“) and y (7‘+) exist and satisfy y (7'_) = y(T)}
Endowed with the norm
[yl pe = sup{ly(t)] - t € J},

PC' is a Banach space. In the proof of the existence result for the problem we can easily

proof the fol- lowing auxiliary lemma.

Lemma 2.1. Let fi; fo € L'(J x R x R;R). Then y is a solution of the impulsive system

(1) = [ilta(t)y(0). (1) = Bto@.u@), ate0l]  (217)
(7)) =2 () = ha@)ym) y() -y () = Le@yE)  (218)
z(0) =z, y(0) =wo (2.19)

if and only if y is a solution of the impulsive integral equation

w(t) = xo + fy Jr(s,2(s),y(s))ds + Li(2x(7),y(7)), ae te0]]
y(t) = yo + fot fo(s,x(s),y(s))ds + Lo(z(7),y(7)), a.e. tel0,1]

Assumption 2.2.1. 1. f:J xR xR — R is continuous,

(2.20)

2. There exist a functions l; € L'(J;RY), i=1,2,3,4
\filty) = itzy)] < L@)|e — 2]+ L))y —yl, t€J foralz;z:y;y € R
and
|fa(t,zy) — fo(t,2,9)] < Is(t)|w — 2| + Lu(t)|ly —y|, t€J forall z;7;y;y € R
3. There exist a constants a; ;b; > 0;1 = 1;2 such that
[i(z,y) = [(2,9)] < arle — 2| + aoly — gy, for all z, z,y,y € R.

and

|r(z,y) — L(Z,y)] < bz —z|+bo|ly — y|, forall x,z,y,y € R.
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Theorem 2.7. Consider the system (2.14)-(2.16) suppose that the Assumption 2.2.1 is

M= Nl + a1 (ol + a2
sl 0 + 01 ||l 2 + o

converge to zero,Then there exists a unique solution of the integral equation(2.14)-(2.16).

satisfied.and the matrix

Proof. Consider the operator N : PC' x PC — PC x PC defined by

Ni(t) = @0+ J5 fi(s, 2(s)y(s))ds + L (x(7), y(7))

Na(t) = yo + Jo fa(s,2(s),y(s))ds + Ip(a(7), y(7))

Clearly,fixed points of the operator N are solutions of System (2.14)-(2.16). Let
N g) = {ai+ [ fils.als)y(o)ds + Lo, y(r)) b € Ji = 1.2

where z7 = xg; x2 = y9; We show N satisfies the assumptions of corollary (2.1). Let us

consider z,y € PC([0;1],R), then
[Ny ().(8)) - JON =l [ filtals)yo)ds + D))~ [ A076).30)ds
— L@ (7))

N(z,y) = {(Nl,Ng) € PC x PC': {

then

[IN1(2(2),y(t) — Nu(Z(@2),5(D)|l e <I|f1(tzy) = [1t,2.9)]|pe + (1 (2(7)y(T)) = L(2(7),5(7))][Pc
<[l [l = Zllee + M2l 1y = llpe + arlle = Z|lpo
+ azlly — yllpc
<Ml +an) [l = Zllpe + (l2ll 1+ a2) ly = gllpe

Similarly we have

[N (t),()) - T =| [ folta(s)p())ds + Ie(r) (7))
— [ $olta(s)5())ds — (). 5(r)
< [ 1altal9)9(5) ~ falta()3()lds

+ L (2(7)y(7)) — L(z(7),5(7))];
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then

[IN1 (2 ()9 (t)) — Nu(Z(2),5()) || pe <[fi(tzy) — f2(62.9) ] pe + [T (x(7)y(7)) — L(2(7),5(7)|| e
<[llsllx [z = Zllpe + Mall 1 [y = 9llpe + bille = Z[[po
+ bally — yllpc
< (sl +00) lz = Zllpe + (Nlall o1+ 02) ly = Fll e

Therefore

|N(z,y) — N(z,y)||pc <M |z = 2llpe for all (z;y); (z;y) € PC x PC.

ly = ¥llpe

Hence, by theorem (2.1), the operator N has a unique fixed point which is solution of
System (2.14)-(2.16).
O
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Chapter

Fixed Point Theorems in generalized gauge

Spaces

In 2000, Frigon [11] introduced the notion of generalized contraction in gauge spaces
and proved that every generalized contraction on a complete gauge space (sequentially
complete gauge space) has a unique fixed point. For a nice survey on the same subject
see also Frigon [12]. In this chapter, The Gheorghiu’s theorem is extended for generalized
contractions on complete generalized gauge spaces. A second result is concerning with
mappings which are contractive in Gheorghiu’s sense only on one of its orbits. The results

are Perov-Gheorghiu mixtures and have the advantages of both approaches.

3.1 Principle theorem

Theorem 3.1. [13] Let (Z,G) be a complete generalized gauge space and let T': Z — Z
be a generalized contraction. Then T' has a unique fixed point which can be obtained by

successive approximations starting from any element of Z.

Proof. Let ug be an arbitrary element of Z. Define a sequence (uy) by

Ukl = T(uk), k € N. (31)
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Then using (1.6) we have

Do (up, upt1) = Do(T (up-1), T(ur))
< Mo Do) (-1, ur)
= MoD ) (T (up—2), T'(ur—1))
< MaMop(a) D2y (-2, up—1)

< MQM¢(Q) . M¢k—1(a)D¢k(a) (uo, ul)

for every « € A and k= 1,2,... As a consequence we

Da(uka uk—i—m) = Da(uka uk—i—l) + ...+ Da(uk—‘rm—la uk—i—m)

m—1
< Z MO{MLP(Q) c. M¢k+n71(a)D¢k+n(a) (uo, ul)
n=0
k+m—1
= Z MQM¢(Q) c. Mwifl(a)Dwi(a) (uo, ul)
i=k

Hence, according to (1.7), (ux) is a Cauchy sequence. Let u* be its limit. Then, letting
k — oo in (3.1) gives u* = T'(u*). For uniqueness, assume that u;, us are two fixed points

of T. Then

Da(ulu u2> = DQ(T(ul)a T(Ug))
< MozDga(a) (uh U2>
< MaMcp(oc)Dg02(a) (ub UQ)

< MQM¢(Q) Ce M@kq(a)D@k(a) (ul, UQ)

and using (1.7) we obtain that D, (u,us) = 0 for every a € A. Since family G is separating

we deduce that u; = us. O

From the proof of Theorem 3.1 we immediately obtain the following result guaranteeing
the existence of a fixed point as limit of the successive approximation sequence which

starts from a given element of the space.
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Theorem 3.2. [13] Let (Z,G) be a complete generalized gauge space with G = { D, }aen
and let T : Z — Z be a mapping. Assume that there is ug € Z, C' >0, ¢ : A — A and
M € Myyn(Rp)™, M = {M,}qea such that the following conditions hold:

Do(T(u), T(v)) £ MaDyoy(u,v) forall o€ A and w,v € Z; (3.2)
> Mo MyayMpz(a) -+ Myi-1(q) < 00 for every o € A; (3.3)
i=1

Do (ug, T(up)) < C forall a€A

Then T has at least one fixed point which can be obtained by successive approximations

starting from uy.

Remark 3.1. [13] Here are some useful particular cases: If there is an integer p > 2 with
" = ¢, then conditions (1.6) and (3.3) reduce to the assumption that

Mgy - - - Myp-1(q) is convergent to zero for every a € A.

Thus, if p = 2, that is ¢? = ¢ (Marinescu’s situation), then hold if (1.6) and (3.3)

M 4o is convergent to zero for every a € A.

In particular, if ¢ = 1, (Tarafdar’s situation [21]), then (1.6) and (3.3) are satisfied
provided that M, is convergent to zero for every a € A.

Now we turn back to system (1.1). We assume that X is a complete gauge space
with the family of pseudo-metrics P = {d,}aca. We denote Z := X? T := (A,B) and

G :={Dgy}acn,where

da(z,

D, (u,v) = (@ 21) (3.4)
da(y7 yl)

for every u := (z,y), v := (z1,71) € X? and a € A. Then (Z,G) is a complete generalized

gauge space.

Specialized to this case, Theorems 3.1 and 3.2 yield the following results

Theorem 3.3. [13] Assume that (X,P) is a complete gauge space with P = {d, }aeca and
that there exists a function ¢ : A — A and nonnegative constants aq, ba, Ga, bo such that
(3.5)

doz (A({E, y)a A (mlv yl)) < a’adtp(a) (ZE, 1'1) + badcp(a) (ya yl) 5
d x,

e (B( y)a B (xlv yl)) < &adnp(a) ($, Il) + Badcp(oc) (yv yl)
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for all x,x1,y,y1 € X and o € A. Let

an by,
M, = _
(o bo
If
Z MQMW(Q)M@%Q) C M¢i—1(a)D¢i(a) (u, U) < o0 (36)

i=1
for all u,v € X? and a € A, then system (1.1) has a unique solution. Moreover, the

solution is the limit of the sequence of successive approximations
g = (T, Y)s  Thr = A(@e,yk),  Yer1 = Blag,ye) (K=0,1,...) (3.7)
starting from any initial pair (zg,,) € X>.
Proof. Clearly inequalities (3.5) can be written in the vector form
Do(T(u), T'(v)) < MaDegay(u, v).
The result is now a direct consequence of Theorem 3.1. [l

Theorem 3.4. [13] Under the assumptions of Theorem 3.3, if there is ug = (g, o) € X>
and C > 0 such that
D, (ug, T(ug)) < C (3.8)

and

Z MaMcp(oc)Mgo2(a) . M¢i—1(a) < 00 (39)

i=1
for every a € A then system (1.1) has at least one solution which is the limit of sequence

(3.7) starting from uy.

Proof. The result is a direct consequence of Theorem 3.2. 0

New,we will present some extension the fixed point and coupled fixed point theorems in
spaces endowed with the case of complete generalized gauge spaces is discussed. We will
point out first the framework of our study.

If P ={pa}tacr and Q = {qs}ser are two separating (generalized) gauge structures on a
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set X (where A and T are directed sets), then for r = {rg}ger € (R7)" (with 0 <rg for
every # € I') and xy € X we will denote by l;’q(xo; r) the closure of B .(zo;7) in (X, P),

where

By(wo;7) = {x € X : qg(wo,z) <1z, V3 €T} (3.10)

In this case, the set B (z0,x) is sequentially closed in (X,P). If there is just one separating
(generalized) gauge structure P = {pa}aca on X then it is well known that B, (zo;7) is

sequentially closed in (X,P). We can prove the following local fixed point theorems.

Theorem 3.5. [16] Let X be a nonempty set endowed with two separating generalized
gauge structures P = {pa}acr, @ = {qs}tper (where A and I' are directed sets), r =
{rg}per € (R (with 0 <1y for every 8 € '), zgp € X and f : Bq(:vo;r)p — X a

continuous operator with respect to P . One supposes that the following hold.
1. (X,P) is a sequentially complete generalized gauge space.

2. There exist a function ¢ : A — I" and C := {Cy}aer € (RT)F (with 0 < C,, for
every a € \) such that

PalT,y SOoz'q )\, Y),
(z,y) (o) (5 Y) (3.11)

for every a € A, x,y € Bq (xo;T)
3. There exists a function ¢ : T' — T and M € My (R)" with M := {Mg}gep such

that, for every 5 € I' ;the following implication holds:

T,y € Bq (xo; r)p

= q5(f(7), f(y)) < Mpqps)(z,y)

(3.12)

4. 332 MMy -+ - Mys-1(8)qpk () (U, v) < 00, for each 8 € T and every u,v € B, (z0;7)

r
5. If ¥ = {r%}ﬁer € (RT) (with O <1 7} for every 3 € F) is given by the expression rf :=
(I — Mg)~" qs (o, f(x0)), then ry <rg, foreach f €T

Then, f has a unique fixed point x* € B (zo;T ) and the sequence (f"(x)),,cy of successive

~—p
approximations of f converges to z*, for any x € B, (zo;10)
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Proof. Notice first that the set Bq (xg;r?) is invariant with respect to f; that is, f :

B, (mo;ro)p — B, (mo;ro)p Indeed, Let x € WP Then, there exists a sequence
(Un)nen in By (z0;7°) which converges (with respect to P ) to z. Since f is continuous
with respect to P, we get that the sequence (f(u,))nen converges (with respect to P ) to
f(x). So, we should show now that (f(u,)) € B, (z0;7°), for every n € N Then, using the

assumption (5), for each 5 € T', we have

s (zo, f (un)) <qs (f (un), f (20))
+ g5 (o, f (20))
<Mpgqs (w0, un) + qa (z0, f (70))

SMgrg + gz (w0, [ (x0)) = Tg

(3.13)

Now, in a classical manner (see, e.g., Theorem 2.1 in Novac and Precup [24]), we get
that, for any = € B, (w; ro)p, the sequence (f"(z))nen is Cauchy in (X,Q). By assumption
(2), the sequence is also Cauchy in (X,P). Notice now that, since (X,P) is a sequentially
complete generalized gauge space, we have that (Bq (xo; To)p,P) is a sequentially complete
generalized gauge space too. Thus, the sequence (f"(x))nen is convergent (with respect to
) to a certain element z* € B, (xo;r") . By the continuity of f with respect to P, we get
that 2* = f(2*). The uniqueness follows from assumptions (3) and (4). Indeed, if 2* and

u* are two distinct fixed points of f, then, for each g € I', we have

qp (7", u") = qs (f (%), f (u")) < Mpqp (z7,u”)

IN

(3.14)
< MgMe(g) - - Mio1()doh(s) (27, u7)
Then, by (4), we get that gg(2*, u*) = 0, for each § € I' . Since the family Q is separating,

we obtain that 2* = u*. O

In particular, from the above proof, we can obtain the following result.

Theorem 3.6. [16] Let X be a non-empty set endowed with two separating generalized
gauge structures P = {pa}aca, @ = {qs}per (where A and T' are directed sets), r =
{ra}tger € (RM" (with 0 <rg for every B € T'), xp € X and f : E’q(xo;r)p — X a

continuous operator with respect to P. One supposes that the following hold.

42



3. FIXED POINT THEOREMS IN GENERALIZED GAUGE SPACES

1. (X,P) is a sequentially complete generalized gauge space.

2. There exist a function ¢ : A = ' and C := {Cy}aer € (RT)' (with 0 < C, for
every o € A) such that

Pal\T, SCa'q )\ T, 9
(z,) (o) (5 Y) (3.15)

for every o € Az, € By (20;7)
3. There exists a function ¢ : T — T and M € M (Ry)" with M := {Mp} 5 such

that, for every § € T' ;the following implication holds:

T,y € éq (xo; r)p

= qs(f(2), f(¥)) < Mpqy)(7,y)

(3.16)

4. 02 MMyg) -+ - Mgrr(5)q0 () (u, v) < 00, for each B € T and every u,v € By (zo; 1)

i

r
If 0= {Tg}ﬁer € (RT) (with O < rg for every (8 € F) is given by the expression rg =
(I — Mg)~" gz (w0, f (x0)), then ry <rg, for each 3 €T

6. There exists S € R (with 0 < .S ), such that qg(xo,f(x¢)) < S for every f €T,

Then, f has a unique fixed point z* € B, (xo; ro)p and the sequence (f"(x)),,cy of successive

. . ~—p
approximations of f converges to x*, for any x € B, (zo;10°)

Theorem 3.7. [16] Let X be a non-empty set endowed with two separating generalized
gauge structures P = {pa}aecr, @ = {qs}per (where A and T" are directed sets), and f :

X — X a continuous operator with respect to P . One supposes that the following hold.
e (X,P) is a sequentially complete generalized gauge space.

e There exist a function ¢ : A = T and C' := {Cy}aer € (RT)" (with 0 < C,, for
every o € A) such that

a\T, S Ca : )\, 9
PalT,Yy) Iy () (T, Y) (3.17)

for every a € A, x,y € Bq (xo;7)
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e There exists a function ¢ : T — T and M € M,y (Ry)" with M = {Mg}pep such
that, for every § € T' ,the following implication holds:

r,y € X

= qs(f(2), f(¥)) < Mpqyp)(7,y)

(3.18)

® Y02 MgMygy - - - Myr-15)qyk(3)(u, v) < 00, for each 8 € I' and every u,v € Bq (xo;7)

r
o If 0= {Tg}BEF € (RC’:) (with O < r% for every (8 € F) is given by the expression r% =

(I — Mg)~" gz (w0, f(x0)), then ry <rg, for each 3 €T

o There exists xg € X and S € R (with 0 < S ), such that qz(zo,f(x)) < S for
every €T,

Then, f has a unique fixed point z* € X and the sequence (f"(x)), .y of successive

approximations of f converges to x* .

Theorem 3.8. [16] Let X; and X, be two nonempty sets endowed (resp.) with the
separating generalized gauge structures and, respectively, P = {pa}tacr, @ = {qs}ser
(where A and T are directed sets), and denote dyp : (X; x Xa)? — R2

- Pal,u)

daﬂ((I?y)?(uvv)) = (319)
QB(y, U)

Let f: X7 x Xy — X7 x Xy be a continuous operator with respect to the product gauge
structures P x Q We suppose that the following hold:

i) (X1,P) and (X2,Q) are sequentially complete generalized gauge spaces.

ii) There exists a function ¢ : A x I' — A x I and M := {M, g}aca ger € Mo(R*)A*T
such that, for every a € A and every 3 € I' the following holds :

dop(f(2), J(0)) < Mo gy, o2 0)
Vz,w € X x Xo

(3.20)

iii) Yp2y MaMygy - - - Mgk—1(yqpk(g)(u, v) < oo for eacha € A and B €T .
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iv) There exists zg € and s° € R% (with 0 < s°), such that

das (20, f (20)) < 8 (3.21)

Then, there exists a unique z* = (x*,y*) € X x Xy such that z* = f(z*) and the sequence

f(20) = (f1'(20).f3'(20))nen converges to z*, where f(z,y) = =, f}(z,y) =y and

fi(2) = 7 (i(2), fa(2))

o (3.22)
f2(2) == f37 (f1(2), f2(2))
for all n € N*.
Moreover, for every a € A and 3 € I' we have the following estimation:
dus (F7 (0) ,2*) < MP(I = M) dos (20, f (20)) (3.23)

3.2 Application to integral systems

3.2.1 A system of integral equations with advanced argument

Consider the system of integral equations with advanced argument

x(t) = ftt—l f(s,z(s+2),y(s+2))ds (3.24)
y(t) = [f, g(s,2(s+2),y(s +2))ds
for t € [0,00) . Assum that
[tz y) = [t zn,m)| < k() o — 2] + ka(t) [y — w1 (3.25)

lg(t,z,y) — g (t,z,91)] < ks(t) |2 — 21| + ka(t) [y — 1

for every =, z1,y,y1 € R,t € [~1,00) and some k; € L' ([-1,00),Ry), i =1, 2, 3, 4. For
each n € N, let

an = [T R ()dE, by = [T ko(t)dt

and consider the matrix
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Also define the matrix M., by

M, — |k1’L1([71,oo)) ’kQILl([fl,oo))
|k33|L1([—1,oo)) |k4|L1([—1,oo))

Our main result on system (3.24) is the following theorem.

Theorem 3.9. [13] Let f,g: [—1,00) x R* = R be two continuous functions and assume
that inequalities (3.25) hold for some k; € L' ([—1,00),R,) ,i=1,2,3,4.In addition assume
that there is ug = (g, yo) € C ([0,00),R?) and C' > 0 such that

T (ug) (t) —ug(t)| < C  forall tel0,00) (3.26)
where T' = (A,B) is given bellow. If the matrix
M, is convergent to zero, (3.27)
then system (3.24) has at least one solution (z,y) € C ([0,00), R?).

Proof. We shall use Theorem (3.4)Here X = C[0,00) ,A =Nandforn € N d, : X xX —
R, is given by

dn(wy) = max [o(t) —y(b)].

Let A,B: C ([0,00),R?) — C[0,00) be defined by
Ale)() = [ (5,5 +2),y(s +2)ds
Blay)(0)= [ gls,als +2),yls +2))ds

First we prove the Lipschitz condition (3.5) with ¢ : N — N given by ¢(n) = n + 1. Let
t €[n,2n+1]. Wehavet—1 € [n—1,2n], and when s € [t—1,¢], then s+2 € [n+1,2n+3].
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It follows that

A0 = A O [ 1720+ 2), (s +2)) = f (5,205 + 2), (s +2)) | ds
" () (s 4 2) — (s + 2)] ds

IA

n—1
2n+1
£ () ly(s +2) — (s + 2] ds

A

2n+1
max |z(s+2) — x1(s + 2)| / Ei(s)ds
n—1

T s€[n—1,2n+1]
2n+1

Sé[nrilla,gfm-f-l] ly(s +2) —yi(s +2)] -

2n+1
< max ]yx(T)—xl(Tﬂ/ ki (s)ds
n—1

T T€[n+1,2n+3

2n+1
— ko(s)d
o max W) ()] [ ka(s)ds

k’g(S)dS

:andn+1 (.T, .1:1) + bndn+1<y7 yl)

Taking the maximum over [n, 2n + 1] yields

dn(A(.%? y),A(:z:l, yl)) S andnJrl (l’, xl) + bndnJrl(ya yl)

for every (z,y), (x1,%1) € X?. Similarly, for B,

dn<B(ma y)7B(x17 yl)) < andcp(n) (:L‘7 l‘l) + bndgo(n) (ya yl) (328)

for every (z,y), (z1,y1) € X2 Hence (3.5) holds. Furthermore, condition (3.8) is guar-
anteed by assumption (3.26). Also, for every n € N, M,, < M, and thus series (3.9) is
dominated by

> Mk
k=0
which is convergent in view of assumption (3.27). Hence (3.9) is satisfied. Therefore

Theorem 3.4 can be applied. U

3.2.2 An integral system without modification of the argument

Consider the system of integral equations
o(t) = fiy fs,2(s), y(s))ds
(3.29)
y(t) = [ 9(s,2(s), y(s))ds
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for ¢ € [0,00), where
z(t) =1(t) andy(t) =¢(t) fort e [—1,0]

and 1, ¢ are two given functions. We assume that inequalities (3.25) hold for every
z,21,Y,y1 € R,t € [0,00) and some k; € L}, .. ([0,00),R,), i =1,234 . For n € N\{0},

we denote
an, = [y k1(t)dt, b, = [o kao(t)dt

and we consider the matrix

Theorem 3.10. [13] Let f,g : [~1,00) x R? — R be two continuous functions, ¢, €
C[—1,0] and assume that inequalities (3.25) hold for some k; € Li,..([0,00),R,), i =
1,2,3,4. If for every n € N\{0}, matrix

M, is convergent to zero, (3.30)
then system (3.29) has a unique solution (x,y) € C([0,00),R?).

Proof. The result follows from Theorem 3.3 if we take into account Remark 1 about
Tarafdar’s situation. Here X = C[0,00), A = N\{0}, for each n € N\{0}, d,, : X x X — R,
is given by

dofa,9) = max fa(t) = ()

¢ : N\{0} = N\{0}, p(n) =n, and A,B : C([0,00),R?) — C[0,00) are defined by
Az, y)(t) = [y f(s,2(s), §(s))ds

B(x,y)(t) = [y 9(s,%(s),5(s))ds
where

~ P(t) for —1<t<0 o(t) for —1<t<0
I(t) = { g(t) = {
z(t) fort >0, y(t) fort >0
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Conclusion and perspective

The scientific basis of the fixed point theory was established in the 20th century. The
fundamental result of this theory is the Banach contraction principle (from the 30s), which
generated important lines of research and applications of the theory of functional equations,

differential equations, integral equations .

In this work, We studied some fixed point theorems on some generalized spaces, and
we saw how the contraction condition in Banach fixed point replaced by generalized
contraction. Besides that we show some application of fixed point theorems in previous

cases to find a solution for the existence and uniqueness of some systems.

We hope for the future, we will study new fixed point theorems in metric generalized

space and generalized gauge space endowed with a graph.
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Abstract

The propose of this memoir is to study some fixed point theories in generalized
metric spaces as well as in the generalized gauge spaces, We focused on perov's
theorms and its extensions . Besides that, we applicable these results to prove the
..existence of solutions to differential equations with impulse and equations integrals.

Key Words .

Metric generalized space, matrix convergence , ,Fixed point theorem, theorem Peroyv,
generalized gauge spaces, differential equations with impulse ,equations integrales .

Résumé

Le but de ce mémoire est d’étudier quelques théories du point fixe dans les
espaces métriques généralisés ainsi que dans les espaces de gauge généralisés , nous
sommes concentrés sur la théorie de Perov et ses extensions. Ensuite on applique
certaines de ces théories pour montrer |'existence de solutions aux équations
différentielles avec impulsion et intégrales.

Mots clés

Espace métrique généralisé , convergence matricielle, theorem de point fixe,
theorem de Perov, espace de gauge généralisé, équation différentielle avec
impulsion, éguation integrale.
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