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Symbol Description Notations

The most frequently used notations, symbols, and abbreviations are listed below

d(z,y) The distance betweenz and y.
(X,d) The metric space X.
(X,]l.I)  The linear normed space X.

Bx The family of all bounded sets in X.
Nx The family of all relatively compact sets in X.
M Closure of M with respect to the norm topology .

co(M) The convex hull of M.
) The closed convex hull of M.
diam(M) The diameter of the set A, where A is a subset of a metric space X.
Bx The unit ball of X.
B(x,r)  The ball centred by x with radius r, B, if x = 0.

MNC Measure of noncompactness.
o} The Kuratowski MNC.

X The Hausdorff MNC.

X* Dual topology of X.

X Bidual topology of X.

(-;)x+=x  The bilinear mapping from X* x X into R (Duality bracket).
o(X,X*) The weak topology.

o(X*, X) The weak star topology.

Ty — T T, converges strongly to x.

Ty — T T, converges weakly to .

MY Closures of M with respect to the weak topology .
MWNC  Measure of weak noncompactness.

Wx The family of relatively weakly compact sets in X.
w The De Blasi MWNC.

D(T) The domaine definition of the operator 7.

BOM Block Operator Matrix.

meas(.)  The Lebesgue measure.

L' The vector space of classes of functions whose absolutely integrable
in the sense of Lebesgue.

C(J,X)  The set of continuous functions from Jinto X.




Introduction

Fixed point theory is a powerful and fruitful tool in modern mathematics and may be
considered as a core subject in nonlinear analysis. In the last 50 years, fixed point theory
has been an active area of research with a wide range of applications in several fields.
In fact, this theory constitutes an harmonious mixture of analysis (pure and applied),
topology, and geometry. In particular, it has several important applications in various

fields, such as physics, engineering, game theory, and biology (see [3]-[7]).

It has been observed that many, if not a majority, of equations can be modified to fit
the following general scheme. We are given a set M and a transformation 7" which assigns
to each x € M a point y = Tx € M: The solutions we seek are represented by points

invariant under 7 These are the points satisfying
r="Tuz. (1)

A fixed point theorem is a result saying that a mapping 7" will have at least one fixed
point under some conditions. Depending on the nature of this conditions, we can divide

fixed point theory into two main branches|28] :

e In the first one, we may consider results which may be deduced from metric assump-

tions.

e In the second one, results are obtained using topological and geometrical properties

of the set M.
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Perhaps, the most well-known result in the first kind is Banach’s contraction principle.
More precisely, in 1922, S. Banach formulated and proved a theorem which focused, under
appropriate conditions, on the existence and uniqueness of a fixed point in a complete
metric space [29]. Concerning the second branch, the main two results are Brower’s fized
point theorem in 1910 and its infinite dimensional version, Schauder’s fixed point theorem
in 1930 [29]. In both theorems, notice that compactness plays an essential role.

Since in some Banach spaces we do not know the complete description of the family
of all relatively compact sets in those spaces, in 1930 K. Kuratowski defined a function
a on the family of all bounded set of metric space into the real half-axis, this function
is the first Measure of Noncompactness. This latter became a very important branch of
nonlinear functional analysis, are widely applied in fixed point theory, as like Darbo’s
fized point theorem in 1955 [8] and Sadoveskii’s fized point theorem in 1967 [31] which
generalized Schauder’s fixed point theorem.

From a mathematical point of view, many problems arising from diverse areas of natural

sciences involve the existence of solutions of nonlinear equations having the following form
Te+ Sr=z, x¢eM; (2)

where M is a nonempty, closed, and convex subset of a Banach space X, and where
T,S: M — X are two nonlinear mappings. In 1958, M. A. Krasnoselskii [29] combined
between the two branches of the fixed point theory to solve equation (2); actually he

combined the Banach contraction principle and the Schauder fixed point theorem where

(i) S is compact and continuous;
(ii) T is a contraction; and
(ili) Te+ Sy e M (Vz,y € M).

Then there exists © € M such that Sz + Tz = x.

The loss of compactness of mappings in some problems oblige us to focus on fixed
point results under the weak topology. The Measure of Weak Noncompactness is a very
important tool used in this case. This measure was first introduced by F. S. De Blasi in
1977 [17], who proved the analogousness of Sadovskii’s fixed point theorem for the weak
topology.
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This memoir is intended to study some generalisation versions of fixed point theorem of
Schauder and Krasnoselskii on Banach spaces and product of two Banach spaces furnished
with its norm and weak topology using the most useful technique of Measure of (Weak)
Noncompactness to find a solution for some nonlinear integral equations.

The content of the memoir is organized in four chapters. Each chapter contains a
number of section of theorems and applications. Chapter 1 is devoted to discuss Measures
of (Weak) Noncompactness in the Banach space and give the main and most frequently
used measures of (weak) noncompactness. In addition, we investigate some definitions
and fundamental theorem in weak topology and basic fixed point theorem in metric space.

In Chapter 2, we present some generalisation of Schauder fixed point theorem that
is Darbo’s and Sadoveskii’s fixed point theorems using the measure of noncompactness.
Moreover, we study the sufficient conditions which ensure the invertibility of (I —T) to
find some user-friendly versions of fixed point theorems for the equation (2), in the setting
that the involved operators are not necessarily compact and continuous. Next, with this
fixed point results, we try to prove the existence and uniqueness in special case of solutions

for some kind of Volterra-Hammerstein’s integral equation

(1) = g(t, 2(1)) + )\/: k(t,5) £ (5, 2(s))ds, (3)

posed in Banach space X = C([a, b],R) with the usual supremum norm ||z|/» = gl[zub(] |z (t)],
by imposing some conditions on f, g and k.

In Chapter 3, we show some generalized fixed point results of the Schauder-Tychonoff
and Krasnoselskii type in the context that the involved operators are not weakly compact,
invoking the technique of measures of weak noncompactness in Banach spaces. Finally, an

application in Hammerstein’s integral equation

o(t) = glt,2(0) + A [ w(t,9)f(5,2(s))ds, (4)

in L'(0,1), the space of Lebesgue integrable functions on (0,1) with values in R. Here f, g
and k verify some conditions.
In the last Chapter , we study a coupled system of nonlinear functional integral

equations in suitable Banach spaces. This system is reduced to a fixed point problem for
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a 2 x 2 block operator matrix with nonlinear inputs.

A B
L= . (5)
C D
We starting by given some assumptions on its entries under a strong topology and then a

weak topology setting. Habitually, the last section is an application, we prove the existence

of a solution of the following system of nonlinear integral:

o) = f0)+ ([ ) s n(s))ds) -

Ax(t)

i By(t) (6)
o) = [ (a0 + [ plt.s.x(s).200)s) o] + gle.u00).

Dy(t)

Cz(t)

where u € X\{0} and v € X\{0}. We will seek the solutions of this system in the space
C(J, X) endowed with the norm || - ||, X is a Banach space and f, o1, k, f1, 1, q, 02, D, g

are given and verified some conditions.




Chapter 1

Basic Concepts

The study of fixed point need a lot of prerequisites from the general theories of topological
notions and nonlinear operators. In this chapter we discuss some concepts needed for the

results presented in this memoir.

1.1 Measure of Noncompactness

1.1.1 The General Notion of Measure of Noncompactness

The notion of measure of noncompactness was originally introduced in metric spaces.
In this memoir we are going to use an useful axiomatic definition for Banach spaces, which

was introduced in 1980 by Bana$ and Goebel [9].

Definition 1.1. [9] Let X be a Banach space and Bx the family of all bounded subsets
of X. A map
p: By — [0; 4+00),

is called a measure of noncompactness (for short MNC) defined on X if it satisfies the

following properties:
i) The family ker u(B) = {B € By : u(B) = 0} is nonempty and ker u C Ny.

ii) Monotonicity: A C B = u(A) < u(B), for all A, B € By.
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iii) Invariant under closure and convex hull: u(B) = u(B) = u(co(B)), for all B € Bx.

iv) Convexity: p(AA+ (1 —A)B) < Au(A)+ (1 —=A)u(B), for all A € [0,1], and A, B €
Bx.

v) Generalized Cantor intersection property: if {B,},en is a decreasing sequence of
nonempty, closed and bounded subsets of X with nh_>r20 w(By) = 0, then the intersection

B, of all B,, is nonempty and compact.

Proposition 1.1. [31] Let X be a Banach space and let B C Bx,the map:

0, if B is empt
diam(B) = P
sup{||z —y|| : z,y € B}, else

is MINC.
Proof. In fact:

i) The family ker diam(B) is nonempty because for all B consists exactly one point

diam(B) = 0.

ii) Let A, B two bounded subsets such that A C B so,
sup{||lz — y|| : z,y € A} < sup{||x — y||z,y € B} which means diam(A) < diam(B).

iii) a. We have B C B so, by monotonicity we get diam(B) < diam(B).
On the other hand, let ¢ > 0 and 7, ¥ € B so, there exist =, y € B such that
r € B(T, g), y € B(7, g); which means ||z — Z|| < g and ||y — 7| < °. The

2
use of triangular inequality give us:

IZ-gl=Z-7+z—2+y—yl

< |7 =zl + [le =yl + [[7 = vl
€
2
<e+l|z—y|, VYe>D0,

£
<S4itle—yl

S0,

diam(B) < diam(B) +¢, Ve > 0.

Now, let ¢ tends to 0 we get diam(B) < diam(B); we infer the equality.
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b. Let 2, y € co(B). Then z =Y _t;x; and y = Y _ s;y; with z;,y; € B, > t; =1

i=1 j=1 i=1
m

and Zsj = 1. Thus:
j=1

n m

|z —yll = (D tiwi = sy
=1

(]
i=1j=1 j=1i=1

=1
= Z_: D _tisimi— DY sty

<D sitillw =yl
j=1i=1
i—1i=1
J =1

= diam(B).

and it follows that diam(co(B)) < diam(B). Since the opposite inequality is

obvious, we infer that the diameter is invariant under convex hull.

iv) It’s clear that diam(A + B) < diam(A) + diam(B) VA, B € Bx. Moreover we have:

diam(AB) = sup{||Az — \y|| : 2,y € B}
= |A[sup{[|z — y[| : z,y € B}
= |\ diam(B) VB € Bx,V\ € R.

So, for all A € [0,1] :

diam(AA + (1 — A\)B) < diam(AA) + diam((1 — \)B)
= Adiam(A) + (1 — \) diam(B).

v) Cantor’s intersection theorem: If {B,},cn is a decreasing sequence of nonempty,
closed and bounded subsets of X and lim diam(B,) = 0 so, it is either empty or
consists of a single point. So it is sufficient to show that it is not empty. Pick an
element x,, of B, for each n. Since the diameter of B, tends to zero and the B,
are decreasing, the {x,},en form a Cauchy sequence. Since the Banach space is

complete this Cauchy sequence converges to some point x. But each B, is closed,

10
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and x is a limit of a sequence in B,,, x must lie in B,,. This is true for every n, and
therefore the intersection of the B,, must contain x, then the intersection B, of all

B,, is nonempty and consists of exactly one point. 0

Definition 1.2. [11] Let u be a measure of noncompactness in the Banach space X. We

will call the measure p semi-homogeneous if:
vi) u(AB) = |A|u(B) for A € R.

If it satisfies the condition:
vii) u(A+ B) < pu(A) + pu(B)

it is called sub-additive. The measure i being both semi-homogeneous and sub-additive is

said to be sub-linear.

Definition 1.3. [11] We say that a measure of noncompactness p has the maximum

property (or it is semi-additive) if:
viti) p(AU B) = max{ju(A),u(B)}.

The most important class of measures of noncompactness is described in the below given

definition.

Definition 1.4. [11] A sub-linear measure of noncompactness p which has the maximum

property and is such that ker u = Ny (fullness) is called regular measure of noncompactness.

Remark 1.1. Diameter is M NC non regular because it hasn’t the maximum property

and isn’t full (i.e., ker diam C Nx).

1.1.2 The Kuratowski and Hausdorff Measures of Noncompact-

ness and its Properties.

The most important examples of measures of noncompactness are

11
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Definition 1.5. [11] Let (X,d) be a complete metric space. We define the function a of
Kuratowski of the set B € By the infimum of the numbers € > 0 such that B admits a
finite covering by sets of diameter smaller than ¢, i.e.,
a(B) :inf{6>0:BC USi:SZ-CX, diam(S;) <5,i:1,2,...,n,n€N}.
i=1
Definition 1.6. [11] Let (X, d) be a complete metric space. We define the function x
of Hausdorfl of the set B € Bx the infimum of the numbers ¢ > 0 such that B can be
covered by finitely many balls of radius smaller than ¢, i.e.,
X(B):inf{s>0:BC U‘B(xi,n),xi e X, <5,i:1,...,n,nEN}.
i=1

if X is a Banach space the definition of y is equivalent to the following:
X(B) =inf {¢ > 0: B has a finite e-net},
=inf{e >0: BC S+By,5 C X, Sis finite }.

Proposition 1.2. [11] The function « of Kuratowski is a non-singular regular measure

of noncompactness in Banach space.
Proof. a) Fullness: We want to prove that a(B) = 0 <= B is relatively compact:

B is relatively compact in a complet metric space <= B it is totally bounded

<= Ve >0;395;;i=1..n such
that B C | J S; and diam(S;) < e
i=1

< a(B) =0.
Which means that ker « = N.

b) Monotonicity: Let A, B € Bx with A C B since any cover{B;}}" ; of B is a cover
of A so,
a(A) < a(B).

¢) Invariant under closure: By monotonicity of o we have clearly a(B) < «a(B).
Let € > 0, S; be a bounded subset of X with diam(S;) < e+ a(B) fori =1,2,... n,

and B C USZ-. Then B C UE By proof of Proposition 1.1 '"iii)-a." we get
i=1 i=1
diam(S;) = diam(S;) we conclude a(B) < a(B). So « invariant under closure.

12
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d) Maximum property : By monotonicity we have a(A4) < a(AU B) and a(B) <
a(A U B) so,
max{a(A),a(B)} < a(AU B).

In the other hand, let max{a(A),a(B)} = s and € > 0. By definition of o we know
that A and B can be covered by a finite number of subsets of diameter smaller than
s + €. Obviously, the union of these covers is a finite cover of AU B. Hence we have

a(AUB) < s+ ¢, and now we obtain the semi-additivity of .
e) Now we want to proof that « is sub-linear:

1. Semi-homogeneity:
Let S; be a bounded subset of X with diam(S;) < «(B) +¢ fori=1,2,...,n
and B C LnJSi. Then for any \,AB C CJ)\SZ- and we have proved that
diam(AS;) Z::1|)\\ diam(.S;). Hence it follows tflzalt a(AB) < |Ma(B). if A =0 the
claim is obvious, if not , analogously we have a(B) = a(A"Y(AB)) < |\ Ha(AB),
that is, |A|a(B) < a(AB). This proves the semi-homogeneity.

2. Algebraic sub-additivity:
Let S; be a bounded subset of X with diam(S;) < a(A) + ¢ for each

it =1,2,...,nand A C USi. Furthermore, let G; be a bounded subset of
i=1
X with diam(G;) < «(B) + ¢ for each j = 1,...,m and B C |JG;. Then
j=1
A+Bc |J S+ Gy) and

i=1j=1

diam(S; + G;) < a(A) + a(B) + 2¢, for alle > 0.
Let ¢ tends to 0, and this shows the inequality.

f) Invariant under convex hull: Clearly a(B) < a(co(B)), and it suffices to show
a(co(B)) < a(B). Let {S;}, be a bounded subset of X with diam (S;) < d for

eachi=1,...,nand B = U S;. We can assume that every .S; is a convex set since
i=1
diam(co(S;)) = diam(.S;). By definition of the convex hull we obtain:

i=1 i=1

13



1. BASIC CONCEPTS

n

Let € > 0 and S = {(Al,...,)\n):Z)\izl,AiZO, izl,...,n}. Then S is a

i=1
compact subset of (R™, || - |le), Where |[(A1,..., A\l = max |\l
<i<n

We put
M:sup{||x|| s USI}
i=1
And let
T:{(tj,17-~7tj,n> ]:1,,m}CS

be a finite m—net for S, with respect to the ||.||s-norm.
n

Hence if Z Aiz; is a convex combination of elements of B, where we suppose that
i=1
z; € §; for i =1,...,n, then there exists (¢;1,...,t;,) € T such that

€

||()\1, ce ,/\n) — (tj,b . 7tj7n)||oo < m,

since
n

Z i = th,ixi + Z (Ni — tj) 2, (1.3)
=1 i=1 i=1

it follows from (1.1), (1.2), and (1.3) that

where A; = {x € X : ||z|]| < M} fori=1,2,...,n. Now we have since « is monotone,

sub-linear and has the maximum property:

< dl%ag}fn;tj’ri_% <d+ 2e.

So « is invariant under convex hull.

14
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g)

h)

Non-singularity:
Let B = {z;}!, and we know that any singleton {z;} is a compact subset so,

a({x;}) =0Vi=1...n, and using the semi-additivity we obtain

a(B) = 04(0 x;) = max{a(z;) : i = 1,...,n} = max{0,0,...,0} = 0.

i=1

Verify the generalization Cantor’s intersection theorem: Let {B,},cn is a
decreasing sequence of nonempty, closed and bounded subsets of X and nh_)ngo a(B,) =
0 and let {z;}2, be a sequence such that z,, € B, Vn € N and C,, = {z;}i>n, so,

C, is also a decreasing sequence verifies C,, C B,, Vn € N and we have :
a(Ch) = a(rg U Cy) = max{a(xy),a(Cy)} = a(Ch).

So; for all n € N o(Cy) = «(C,,) and by monotonicity we infer a(Cp) = a(C,,) <
a(B,) =% 0 which imply that Cy is relatively compact set. Thus the sequence
(x,) has a convergent subsequence {z,, } with z =limx,, € X. Since B, is closed
in X, we get x € B, for all n > 0, that is, x € B, so, By is nonempty.

Moreover, as

a(By) < a(B,) =30

which means that B, is relatively compact,but {B,},>0 is closed so By, = ﬂ B, is
n=0

also closed, from all that we infer B, is compact. OJ

Theorem 1.1. [31] Let Bx be the unit ball in X. Then a(Bx) = x(Bx) =0 if X is

finite-dimensional, and a(Bx) = 2, x(Bx) = 1 in the opposite case.

The next theorem shows that the functions «v and y are in some sense equivalent.

Theorem 1.2. [31] Let X be a Banach space and B be a bounded subset of X. Then:

X(B) < a(B) <2x(B).

In the class of all infinite-dimensional spaces these inequalities are sharp.

15
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1.2 Basics of weak topology

There are two classes of topologies that by and large include everything of interest. The
first and most familiar is the class of topologies that are generated by a metric. The second
class is the class of weak topologies. To present some fixed point theory in a Banach spaces
we need to understand this latter ( which is different from the first topology and weaker
than it). The “weak topologies” arise naturally in this setting which is the subject of the

present section.

1.2.1 Weak and Weak* Topologies

Definition 1.7. Let X be a Banach space and X* its dual. The weak topology denoted
o(X, X*), is the most economical topology in X, in the sense that it has the fewest open

sets (ie., the coarsest topology) such that, each map f: X — R, f € X*, is continuous.
Proposition 1.3. [15] The weak topology o(X, X*) is Hausdorff.

Proposition 1.4. [15] Let (z,,) be a sequence in X. Then,
i) [on — o weakly in o(X, X*)] & [(f,aa) = (f.2) ,Vf € X"],
ii) If x,, — x strongly, then x,, — x weakly in o(X, X*).

Remark 1.2. When X is finite-dimensional, the weak topology (X, X*) and the usual

topology are the same.

Definition 1.8. Let X be a Banach space, we recall that

e A sequence {z, }nen is weakly Cauchy if for every x* € X*| the sequence {z*(x,,) }nen

is Cauchy in the scalar filed.

e X is sequentially weakly complete! if any weakly Cauchy sequence in X is weakly

convergent.

I Each reflexive Banach space is sequentially weakly complete, but there are nonreflexive spaces enjoying
this property. For instance, L'(Q), with  measurable in R, although non-reflexive, is sequentially weakly

complete.

16
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Definition 1.9. Let X, Y be tow Banach spaces and 7' : X — Y be a mapping. We say
that:

T is said to be weakly continuous if it is continuous from X weak o(X, X*) into YV’

weak o(Y, Y*).

T is said to be sequentially weakly continuous, if for every sequence x,, C X and

x € X such that z,, — x we have that Tx,, — Tz.

T is said to be sequentially weakly-strongly continuous on X, if for every sequence

{z,} with z,, = x, we have Tz,, — Tx.

T is said to have sequentially closed graph if its graph G(T') is sequentially closed in
X xY.

The dual space X* we may endow it with the weak topology, the weakest one such that

all linear forms in X** are continuous, on other words

Definition 1.10. The weak* topology of the dual space of a normed space X is the
coarsest topology for X* such that, for each z in X, the linear functional z* — (z*, x) on

X* is continuous.

Remark 1.3.

e All properties which are stated for weak topology of X can be adapted and hold for
the weak™ topology of X*.

e Neither the weak topology on X nor the weak® topology on X* is metrisable (except

for the case in which X is finite dimensional).

Definition 1.11. Let X be a Banach space and let J : X — X** be the canonical
injection from X into X** defined as follows: given z € X the map f —— (f,z) is a
continuous linear functional on X*, thus it is an element of X**, which we denote by .J,.
We have

(Jorf)x= x+ = (f,x)x-x, VeeX VfeX"

The space X is said to be reflexive if J is surjective, i.e., J(X) = X**.

17
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1.2.2 Closedness and Compactness in Weak Topology

Theorem 1.3. (Mazur’s Theorem, [15]) The weak closure of every convex subset in a

Banach space coincides with its strong closure.
Definition 1.12. The set M is weakly compact, if it is compact in the topology o (X, X*).

Theorem 1.4. (Kakutani’s Theorem, [15] ) A Banach space X is reflexive if and only if

its closed unit ball By is weakly compact.

Corollary 1.1. [4] Every closed, bounded, convex subset of a reflexive Banach space X

is weakly compact.

Proof. Let X be a Banach space. According to Kakutani’s Theorem 1.4, the closed unit
ball of X is weakly compact. Hence so, is any closed ball. According to Mazur’s Theorem
1.3, every closed, convex subset of X is weakly closed. Therefore any closed, convex,
bounded subset of X is a weakly closed subset of a weakly compact set and hence must

be weakly compact. O

Now, we present the Eberlein-Smulian’s criteria for weak compactness of subsets of a

Banach space.

Theorem 1.5. (Eberlein-Smulian’s Theorem, [4] ) Let A a subset of Banach space X the

following assertions are equivalent

(i) The set A is relatively weakly compact, i.e., A’s closure is weakly compact,

(ii) The set A is relatively weakly sequentially compact, i.e., every sequence of members

of A contains a subsequence weakly converging in X.

Some consequence of the Eberlein Smulian Theorem is the following result.

Theorem 1.6. (Krein-Smulian’s Theorem,[19] p. 434) The closed, convex hull of weakly

compact subset of a Banach space is weakly compact.

The following three theorems are fundamental tool for the proofs of the existence of
solutions for several functional integral equations (see Chapter 4). The proof of those

theorems can be found in [18] , [32] and [32] again respectively.

18
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Theorem 1.7. (Dobrakov’s Theorem) Let K be a compact Hausdorfl space and let X be
a Banach space. Let (f,), be a bounded sequence in C(K,X), and f € C(K, X). Then,
(fn), is weakly convergent to f if, and only if, (f,(t)), is weakly convergent to f(t) for
eacht € K.

Theorem 1.8. (Arzéla-Ascoli Theorem S) Let X be a Banach space. A subset F in
C([a,b],X) is relatively compact if and only if.

(i) F is equicontinuous on [a,b], i.e., for every ¢ > 0 there is a 6 > 0 such that

|f(xz) — f(y)| < e for all f € F whenever |z —y| <, and x,y € |a, b,

(ii) There exists a dense subset D in |a,b] such that, for eacht € D, F(t) = {f(t)|f € F'}

is relatively compact in X.

Theorem 1.9. (Arzéla-Ascoli Theorem W) Let X be a sequentially weakly complete
Banach space. A family F in the space C([a,b]; X), endowed with the uniform weak

convergence topology, is sequentially relatively compact if and only if:
(i) F is weakly equicontinuous on [a, b], that’s ¢(F) is equicontinuous for all ¢ € X*.

(ii) there exists a dense subset D in [a,b] such that, for each t € D, the section

F(t) ={f(t)| f € F} is sequentially weakly relatively compact in X.

Lemma 1.1. ( [19], p. 414) Let A be weakly closed, K is weakly compact subsets of a
Banach space, then A + K is weakly closed.

1.3 Measure of Weak Noncompactness

1.3.1 The Axiomatic Measure of Weak Noncompactness

Following [12], we will adopt the following axiomatic approach of measure of weak

noncompactness in several Banach spaces.

Definition 1.13. Let X be a Banach space and Bx the family of bounded subsets of X.
A map
¢ : BX — [O, + OO)
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is called a measure of weak noncompactness (for short MWNC) defined on X if it satisfies

the following conditions:
i) The family ker¢)(B) = {B € Bx : ¥(B) = 0} is nonempty and ker¢ C Wy.
ii) Monotonicity: A C B = ¢(A) < ¢(B), for all A, B € Bx.

iii) Invariant under weak closure and convex hull ¢(B) = %(B") = v(co(B)), for
allB € Bx.

iv) Convexity: Y(AA+(1—X)B) < A(A)+(1—N\)y(B), for allA, B € Bx and A € [0, 1].

v) Generalized Cantor intersection property: If (B,), -, is a sequence of nonempty,
weakly closed subsets of X with B; bounded and B; D B, O ... D B,,... and such
o0

that 1_1}141_17,0 (B,) = 0, then the set By, := ﬂ M, is nonempty and weakly compact.

n=1
Remark 1.4. A measure of weak noncompactness is said to be regular if it has properties

(i)-(v), full and has the maximum property. (see Definition 1.4)

1.3.2 The De Blasi Measure of Weak Noncompactness

Recall that the notion of the measure of weak noncompactness introduced by De Blasi

[17]; this is the map defined as follows:

Definition 1.14. Let B be a non void bounded subset of Banach space X. The Blasi

measure w(B) of noncompactness of B in the weak topology is defined by:
w(B) = inf {t > 0 : there exists C' € Wx such that B C C' +tBx}.
Proposition 1.5. The Blasi measure is a regular measure of weak noncompactness.

Proof. i) Fullness: The proof of the part “only if” is given in [21], while the “if” part

is trivial.

ii) Monotonicity: let By, By tow bounded sets such that By C By. By definition of w
there exists C' € Wx and t > w(By) such that :

B, C By, C+t8Bx
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iii)

S0,

W(Bl) < t,
let t — w(By) we get

w(By) < w(By).

Homogeneity: let B be a bounded set. By definition of w there exists C' € Wy
and ¢ > w(B) such that:
B cC+tBy, (1.4)

homogeneity is obvious if A = 0. So the multiplication (1.4) by A € R* we get:
AB C AC'+ MBx

and since AC is also weakly compact so, w(AB) < At, and let ¢ tends to w(B) we
will get
w(AB) < \w(B). (1.5)

And we have
w(B) = w()\)\*lB) < )Flw()\B); Ve R*
which means
Mw(B) < w(AB). (1.6)

By (1.5) and (1.6) w is homogeneous.

Sub-additivity: Let B;, By tow bounded sets such that. By monotonicity we have:

{ By C B1UB; N { w(By) < w(B1U By) = max{w(B1),w(B2)} < w(B1UDBy).

By C B; U By (BQ) < w(Bl U Bg)

In the other hand, using the definition of w; there exist Cy,Cy € Wx, and t; >
w(By), ty > w(Bs) such that :

B, CCi+4,B
{ ! ! X :>31UB2C(Cl‘i‘tl%X)U(C?—i_tZ%X)

B2 C 02 +t2€BX

= BiUBy C Cl U 02 —+ max{tl,tg}’BX,
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vi)

and since C4, Cy are weakly compacts sets so, C; U Cy is also weakly compact set so,
w(By U By) < max{t;,t}Bx
and let {t1, to} tend to {w(B), w(Bs)} we will have
w(B1 U By) < max{w(B),w(B2)}Bx.
And sub-additivity of w is hold.

Invariance under passage to the weak closure[17]: From the definition of w(B)
there exist C' € Wx and ¢ > 0 such that B C C'+tBx. Then B C co(C) +tBx and
@o(C) is weakly compact, by the Krein-Smulian Theorem 1.6. Then co(C) + tBx
being the sum of co(C'), which is weakly compact, and t®Bx, which is weakly closed,
by Lemma 1.1 is weakly closed. Thus B C @o(C) + tBx implies w(B") < t.

Let t tends to w(B) we will have:

w(B") < w(B).
The reverse inequality is obvious.

Invariance under passage to the convex hull[10]: Since B C co(B) then
w(B) < w(co(B)).

Conversely, we show that w(co(B)) < w(B). To see this, let t > w(B). From the
definition of the De Blasi measure of weak noncompactness it follows that there

exists a weakly compact set C' such that
BcC+tBx. (1.7)

We claim that co(B) C co(C) + tBx. Indeed, let € co(B). Then there exist
(x1,...,2,) € B"and (\1,...,\,) € R" such that zn:)\i =1land z = zn:)\lxz From
(1.7) it follows that for each x; there is ¢; € C suchi:tlhat lz: — ¢ < t%:zlmd we have
i)\icl- € co(C) so:

i=1
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vii)

n n n
2 =Y Ncill = 11D Niw — > Nic|
=1 =1 =1

n
< Z)\i i — cll
i=1

——
=1

<f.

This implies that co(B) C co(C) + tBx C @(C) + tBx. By the Krein-Smulian
Theorem 1.6 we know that co(C') is weakly compact and so w(co(B)) < t. Letting ¢
goes to w(B) we get the desired result that is w(co(B)) < w(B).

Cantor’s intersection property[10]: Obviously this measure is non-singular(i.e.,

w(BU{z}) =w(B),YB € Bx,Vx € X). Now choose x,, € B,;n =1,2,.... Then:
w (U {xn}> =w (U {xn}> < w(B).
n=1 n=~k

Since limw(B,) = 0 we have w((J{zn}) =0, and therefore (U{%}) is relatively

n=1 n=1

weakly compact. By the Eberlein-Smulian Theorem 1.5 {2, },en is weakly sequen-
tially compact which means it contains a subsequence which converges weakly to
some point x € X. Since all the sets are weakly closed then z € B, forn=1,2,....

(o)
Thus, z € ﬂ B,, so, B, is nonempty Moreover, as

n=1
w(Bs) < w(B,) “—= 0,
which means that B, is weakly compact and this completes the proof. 0

Theorem 1.10. [17] Let X be a Banach space. Then:

a) If X is reflexive, w(Bx) = 0,

b) w(Bx) = 1, otherwise.

To proof this theorem we need to state the following known result due to Radstrom.

Lemma 1.2. [27] Let M, N and L be given subsets of a Banach space X. Suppose that
N is convex and closed, L is bounded and M + L C N + L. Then M C N.
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Proof. (Theorem 1.10 )

a) By using Kakutani’s Theorem 1.4; it is known that X is reflexive if and only if B x

b)

is weakly compact and hence the first statement is obvious.

Now, let X be non reflexive Since Bx C {0} + 1B x then w(Bx) < 1. Suppose
w(Bx) < 1. From the definition of w there exist C' € Wx and t, w(Bx) <t < 1,
such that By C C +tBx. Thus

By C @(C) +tBx

and

(1 —t)%x +tBx C @(0) + tBx

Since ¢o(C) is strongly closed and convex, tBx is bounded, Lemma 1.2 implies
(1 —1)Bx C @(C) By the Krein-Smulian theorem ©5(C) is weakly compact. But
(1 —t)®By is closed, convex thus it is weakly closed in weakly compact so, it is too.
Since

r— (1—t) o
is weakly continuous, then B x is weakly compact and therefore X is reflexive. This

is a contradiction. Accordingly, w(*Bx) = 1 and the proof is complete. 0

1.4 Definitions and fundamental theorems

Definition 1.15. Let T be a map from a set X into Y.

i) T is said to be one-to-one (injective) if T'(x1) = T'(x3) implies z1 = x5 for x1 , 25 € X,

ii) T is said to be onto (surjective) if for each y € Y there exists an z € X such that

T(z) =y,

iii) 7 is said to be bijective if it is both one-to-one and onto.

Definition 1.16. Let (X, d) be a metric space and 7' : X — X a map. If there exists a

constant £ > 0 such that

d(Tl',Ty) < kd(l‘7y), Vx,y €X

24



1. BASIC CONCEPTS

then we say that T is k-Lipschitz. In particular, we call T' is contractive if k < 1.

In 1922 S.Banach stated one of the most important fixed point theorem in metric

spaces which is well known as Banach contraction principle (in short BCP) as follows:

Theorem 1.11. (Banach contraction principle [29]) Let (X, d) be a complete metric space
and T : X — X be a contraction. Then T has a unique fixed point z* € X.

Lemma 1.3. [29] Let (X, |.||) be a linear normed space, M C X. Assume that the
mapping T : M — X is contractive with constant v < 1; then the inverse of
F=1-T: M- (I —T)(M) exists, and

|tz — Pyl < L =l @y e FM). (1.8)

1—
An important generalization of contraction is the so-called nonlinear contraction

mapping.

Definition 1.17. Let M be a subset of X. The mapping T' : M — X is called a nonlinear
contraction, if there exists continuous and non-decreasing function ¢ : R™ — R satisfying

¢(r) < r for r > 0, such that
[Tz —Tyl| < o(lz —yl), Vr,y e M. (1.9)

In [14], Boyd and Wong obtained a general result of BCP, we will recall it with its important

result in such a way:

Lemma 1.4. Let X be a Banach space, and T : X — X be a nonlinear contraction so, T’

has a unique fixed point.

Lemma 1.5. If an operator T': X — X is ¢-nonlinear contractive, then F':=1 —T is a

homeomorphism of X onto X.

In 1968, Bryant [16] extended BCP as follows:

Theorem 1.12. Let (X,d) be a complete metric space and let T : X — X be a mapping
such that for some positive integer n, T™ is contraction on X. Then, T' has a unique fixed

point.

25



1. BASIC CONCEPTS

Proof. By BCP, T" has a unique fixed point, say z € X with 7" (z) = z. Since
T(z) =T(1T"(z)) =T"(T'(x)),

it follows that T'(x) is a fixed point of 7™, and thus, by the uniqueness of x, we have
T(x) = x, that is, T has a fixed point. Since, the fixed point of 7" is necessarily a fixed

point of T™ so, is unique. 0

Definition 1.18. Let (X, d) be a metric space and M be a subset of x and T: M — X
a map. If there exists a constant h > 0 such that d(T'z, Ty) > hd(x,y), Vz,y € M then

we say that T' is weakly expansive. In particular, we call T" is expansive if A > 1.

Remark 1.5. We note that an (weakly) expansive map 7' : M — X may not be

continuous. If T': M C X — X is a weakly expansive map, we will denote by
lip(T) = max{h > 0:d(Tz,Ty) > hd(x,y),z,y € M}.
As usual, Lip(T) denotes the Lipschitz constant for T if T" is a Lipschitz map.

Lemma 1.6. [33] Let X be a complete metric space and M a closed subset of X. Assume
that the mapping T : M — X is expansive and T(M) D M. Then T admits a unique
fixed point in M, that is, there is a unique x* € M such that T'x* = z*.

Corollary 1.2. In Theorem 1.12, if we are replaced the contraction condition of T™ by

T" is expansive and onto so, the result is hold.

Lemma 1.7. [33] Let (X, ||.||) be a linear normed space, M C X. Assume that the
mapping T : M — X is expansive with constant h > 1.
Then the inverse of F:=1—-T : M — (I —T)(M) exists and

1
h—1

HF_lx—F_lyH < e —yl, z,y€FWM).

Theorem 1.13. (Dominated convergence theorem S, Lebesgue, [15]) Let {2 a nonempty

set and (f,) be a sequence of functions in L' that satisfy

(i) fu(z) = f(z) a.c.on Q,
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(i) there is a function g € L' such that for all n,|f,(z)| < g(z) a.e.on Q.

Then f € L' and || f, — f ||, — 0. where || f ||, :/]f(x)|dx.
Q

Definition 1.19. Let f : X — Y, where (X, ¥,1) is a measure space and Y is a topological
vector space. We say that f is pettis integrable if

wo f e LNX,Z,u) forall p € Y*.

And there exist a vector e € Y so, that

Vo e Y (pie) = [ (o fla))dux).

Theorem 1.14. (Dominated convergence theorem W, [25] ) Let f be a function from M

into X satisfying the following two conditions:

(a) There exists a sequence of Pettis integrable functions

frn: M — X, neN, such that limx* f,, = x*f in measure, for each x* € X*,
n

(b) There exists a Pettis integrable function g : M — X such that |z* f,| <|z*¢| p.a.e
for each z* € X* and n € N.

Then f is Pettis integrable and h}}l/fndu = /fdu weakly for all E € 3.
E E

Definition 1.20. Let X be a Banach space. An operator f: X — X is said to be:
e Compact ? if f(B) is relatively compact for every bounded subset B C X.

e Weakly compact if f(B) is relatively weakly compact whenever B is a bounded
subset of X.

2There is some books which add the continuity condition.
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Chapter 2

Fixed Point Theorems Under Strong
Topology Using MNC

The aim of this chapter is to give some generalisation of Schausder’s and Krasnoselskii’s

fixed point using the measure of noncompactness.

2.1 Generalisation of Schauder’s Fixed Point Theo-

rem Using Measure of Noncompactness

At first, let us recall the well-known Schauder fixed point theorem that will be used and

generalised later.

Theorem 2.1. ( Schauder, 1930 [29]) Let M be a nonempty, convex and compact subset
of a Banach space X. Then, every continuous mapping T': M — M has at least one fixed

point.

2.1.1 Darbo’s Fixed Point Theorem

In 1955, Darbo extended the Schauder fixed point theorem to the setting of non-compact

operators, introducing the notion of (k, u)-set contraction as follows:

Definition 2.1. Let X be a Banach space, and let 1 a measure of noncompactness. A

self-mapping T': X — X is said to be a (k, u)-set contraction if 7" is bounded, and there
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exists some constant k£ > 0 such that
u(T'B) < ku(B),
for every nonempty bounded subset B of X.
Example 2.1. Any compact mapping is a (0, x1)-set contraction.

Theorem 2.2. (Darbo 1955 [§]) Let M be a nonempty, bounded, closed and convex
subset of a Banach space X and let T': M — M be a continuous operator. If T is a
(k, )-set contraction, where p is an arbitrary measure of noncompactness and k € (0, 1],

then T' has at least one fixed point, and the set of fixed points of T belongs to ker y; i.e.,
p(Fix(T)) = p{x e M : Tx = z}) = 0.
Proof. Consider the sequence of sets

MO =M ifn= O,
M, =
co(T'M,,_1) otherwise.
Then:
p(Myi1) = p(eo(T M) = (TM,) < kp(M,) < --- < K" pu(My),

and consequently:

lim p(M,) = 0.

n—oo

Because M, ;1 C M, and which means that (M,),ecn is decreasing sequence, and since
i generalise the Contor’s intersection theorem, we infer that M., = ﬁMn is a convex
closed compact set, and we have T M., C M, then by Schauder ﬁxegzgoint theorem T'
has at least one fixed point.

And we have:
pFix(T)) =p{r e M:Te=x}) =u({xr € My : Tx = z}) < u(My) = 0.

Which give us Fix(T) € ker p. O
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2.1.2 Sadoveskii’s Fixed Point Theorem

In 1967, Sadoveskii gave a fixed point result more general than the Darbo theorem using

the concept of condensing operator which is define in such a way:

Definition 2.2. Let X be a Banach space, and let 4 a measure of noncompactness. A
self-mapping 7" : X — X is said to be a p-condensing if 7" is bounded, and the inequality
holds:

w(T'B) < u(B),

for every nonempty bounded subset B of X.

Theorem 2.3. (Sadoveskii 1967 [31]) Let M be a nonempty, bounded, closed and convex
subset of a Banach space X, and let T' : M — M be a continuous operator. If T is a
p-condensing, where p is a measure of noncompactness which has the maximum property,

then T has at least one fixed point, and:
w(Fix(T)) = 0.

Proof. Let us choose a point m € M and denote by X' the class of all closed and convex

subsets K of C' such that m € K and T(K) C K that is:
Y ={K C M;K is closed, convex and T-invariant with m € K} .

Also set
B = ﬂ K,

KeX¥

and

C

(T (B) U {m}).

Obviously X #£ ) asm € X and B # () as m € B.

Furthermore, we have:
T(B) =1T( ﬂ K) C ﬂ T(K) C ﬂ K = B,
KeX KeX¥ KeX¥

and so, we have

T:B— B.
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Now we want to show that B = C'. Indeed, since m € B, T'(B) C B and B is closed and
convex; it follows that C'=¢co(7T(B) U {m}) C B. This implies T(C') C T(B) C C and so,
C € X, and hence B C C'. Therefore the properties of © now imply that

p(B) = p(C) = w(T(B) U {m}) = max{u(T(B)), u({m})} = p(T(B)).

Since T is u-condensing, it follows that pu(B) = 0 so, B is compact. Obviously B is also
convex. Thus from Schauder fixed point theorem there is a fixed point for the mapping
T: M— M.

And since we have T'(Fix(T")) = Fix(T'), and u is condensing then pu(Fix(T")) = 0. O

2.2 Non-compact Type Krasnoselskii Fixed Point

In 2015, Xiang and Georgiev gave some user-friendly forms of Krasnoselskii fixed
point theorems, where they showed the sufficient conditions which ensure the Lipschitz

invertibility of (I — 7). The following two subsections explain this.

2.2.1 The Expansive Case

Lemma 2.1. [33] Let T : X — X be Lipschitzian with constant 5 > 0. Assume that for
each y € X, the map T, : X — X defined by T,x = Tx + y satisfies that T is expansive
and onto for some p € N. Then (I —T') maps X onto X, the inverse of F :=1—-T: X — X

exists, and

|F~'e = Fly| < yllz =yl 2y € X, (2.1)

where
_ B -1
B =) ip (T7) — 1]

Proof. Let y € X be an arbitrary point. Because T¥ is expansive, it follows that

HTé’x - T;ZH > lip (Tg’) |z —z|, Vzx,zeX.

Now, we claim that both (I —T') and (I —7T?) map X onto X. Indeed, notice that T is

onto; thus, Lemma 1.6 ensures the existence of a unique z* € X such that TPz* = z*. It
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then follows by Corollary 1.2 that x* is the unique fixed point of 7},. Hence, we have
(I —T)z" =y,

which gives that I — T : X — X is onto. Observe that 7? is expansive and onto. Then an
application of Lemma 1.6 to Tyx = T?x + y shows there is a unique z* so, that Tyx* =¥,
implying I —T? : X — X is onto. So, the claim is proved. Next, for each =,y € X, by

expansiveness of TP, one easily obtains that
I =Tz = (I =T")yl = l[(z = y) = (T*(z) = T*(y))|
> [ (7% () =TI = (= = y)Il|
> [|(T%(z) = T*)Il = [ (= = v
> [lip (T7) = 1] flz —y[ = 0,
which shows that (I —T?) is one-to-one. Summing up the aforementioned arguments,

we derive that (I —T?)"" exists on X. Therefore, we infer that (I — T)~" exists on X,

because

exists
(I-T)'=(I-1T7)" Z T". (2.2)
ist
From the previous, Then Lemma 1.7 entails that

|(1=17)" e — (1 =T7)" Yo,y € (I —T7) (X).

. 1
A series of induction calculations yields that
|7 = 7% < BTz = Ty
(2.4)

< B*|lz -y, Vo,y€ X andk €N,

and for £ = p, and using the expensiveness of TP we get
lip (T7%) |l — yl| < | TPz = TPy|| < B¥llz —yll, Vz,y € X.

Recalling lip (7%) > 1, we obtain 8 > 1. So, we conclude from (2.2), (2.3) and (2.4) that
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Lip (I = T)™") < Lip (I - T7)7") 5 Lip (T*)
c g
~ lip(Tr) =1 /=
e
~(B-1)(lip(T?) 1)’
which proves the lemma. 0

Corollary 2.1. [33]
Let T : X — X be a bounded linear operator. Assume that TP is expansive and onto

for some p € N. Then the conclusion of Lemma 2.1 holds. In such case, Lip(T') = ||T||.

Proof. Because T is a bounded linear operator, Lip(T") = ||T||. Let y € X be fixed. By

induction, one deduces that

Tyxe=Tr+y
T;x:Ty(Tx+y):T(Tx+y)+y:T2x+Ty+y

T;x:Tkx+Tk_1y—l—---+Ty+y, for all k£ € N.
This shows

HTkx — Tsz = HT;ZL‘ — T;z‘ , for all £ € N and for all z,z € X.

Particularly, for k = p

lip (7) [lo — y|| < |77z — Tz|| = |T0x — 2=

’, for all z,z € X.
Consequently, TP is expansive and onto, and so, Lemma 2.1 works. 0

Lemma 2.2. [33] Let M be a subset of X. Assume that T': M — X is k-Lipschitz map,

that is,
[Te =Tyl < kllz —yll, ,yeM.

Then for each bounded subset ) of M, we have

a(T(Q)) < ka(Q).
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Now, we are ready to state and prove the first result of this section.

Theorem 2.4. [33] Let K C X be a nonempty, bounded, closed and convex subset
suppose that T : X — X and S : K — X such that

(i) T fulfils the conditions of Lemma 2.1;
(ii) S is a strictly ~, '-set contractive map (or a y-set contractive map with v < ,!);
(iii) [x =Tz + Sy,y € K] =z € K.
Then there exists a point x* € K with Sx* + Tax* = x*.

Proof. Because T : X — X satisfies all conditions of Lemma 2.1 (I —T') maps X onto
X. Because S : K — X it follows that for every x € I, there exists y € X such that

y—Ty=5Sr <+<— ([I-T)y=Sx.

By Lemma 2.1 again, there exists (I —7T)~!, and thus, from (iii) and the previous equality,
we obtain y = (I —T)" 1Sz € K. Now, let A be a subset of K. From (2.1), (I —T)™ ! is
vp-Lipschitz so, by the Lemma 2.2 we infer

a(((I=1)715) (A)) < al(S(A)),

which, together with (ii), implies that (I —7)~1S : K — K is a condensing map. Applying
Sadoveskii’s fixed point Theorem 2.3, we obtain that there exists an x* € IC such that

(I — T)"'Sz* = z*, which is the same as Sz* + Tz* = x*. The proof of the theorem is
thus complete. [l

An easy consequence of Corollary 2.1 and Theorem 2.4 is the following.
Corollary 2.2. [33] In Theorem 2.4 if only (i) is replaced by that

(i’) T : X — X is a linear and bounded operator, and TP is expansive and onto for some

p e N.

Then there exists a point z* € IC with Sx* + Tx* = x*.
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2.2.2 Contraction case

The following result is analogous to Lemma 2.1 and a basic tool to consider the case

when T¥ (for some p € N) is a contractive map.

Lemma 2.3. [33] Let T : X — X be Lipschitz with constant 5 > 0 Assume that for each
y € X, the map T, : X — X defined by T,x = Tx + y satisfies that T? is contractive for
some p € N. Then (I —T) maps X onto X, the inverse of F:= 1 —T : X — X exists and

|F'z = Fly| < ppllz —yll, zyeX, (2.5)
where
1—Lif)(TP)’ iff =1,
pp = 5 if B <1,
g1 if > 1.

(B-1)[1-Lip(TP)]’
Proof. Since TF is contraction, using Lemma 1.3, and using the similar arguments to
Lemma 2.1 we obtain that (I — TP)~! exists.

The contraction of T? is also give us the existence and uniqueness of z* such that
TPaz* = z*, now using Theorem 1.12 we deduce that T,z* = z* for all y € X which means
that (I —T) is onto.

And consequently, (I — 7)™ exists on X because of (2.2). Going back to (2.2) and (2.4),

one concludes that

p—1
(1) if =1, Zﬁk = p, and
k=0

. ) p
Lip (([_T) 1> 1 L1p Tp Zﬁk W.
p—1 _pp
@ its<1 Y5 =2 and
k=0 1-p5
| ) 1 1—p°
Llp((I—T) 1)§m kz;ﬁk Lip(TP))' 1-p"

since T is §-Lipschitz with 8 < 1 in this case, we infer that Lip(7%) = 57, so
1

Lip(I-7)") < =5
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p—1 1_51}
. E
(3) 1f5>17k2130/3 =123

, and

. 1 -5
Lip (T =T)") < s imwya — p)

In conclusion,

1—Liz;))(TP)’ if §=1,
(1-17)" < L ip<l,
po—1 if 8> 1.

(B—1)[1-Lip(TP)]”

This proves the desired estimate(2.5). O

Corollary 2.3. [33] Let T : X — X be a linear and bounded operator. Assume that TP

is contractive for some p € N. Then the conclusions of Lemma 2.3 hold.

Proposition 2.1. [33] Let T' be the same as Corollary 2.3. Then T has a unique fixed
point in X, and T is a ||T'||-set contractive map. Obviously, the number ||T'|| may be larger

than 1.

Combining Lemmas 2.3 and 2.2 and the ideas used to prove Theorem 2.4, one can easily

derive the following Krasnoselskii fixed point result.

Theorem 2.5. [33] Let K C X be a nonempty, bounded, closed and convex subset.
Suppose that T : X — X and S : K — X such that

(i) T satisfies the conditions of Lemma 2.3;

(ii) S is a strictly p,'-set contractive map (or a p-set contractive map with p < p;');

and
(iii) [x =Tz + Sy,y € K] =z € K.
Then the sum S + T possesses at least one fixed point in K.
Corollary 2.4. [33] In Theorem 2.5, if only (i) is replaced by that

(i’) T :X — X is a linear and bounded operator, and T? is contractive for some p € N,
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then S + T has at least one fixed point in K.

Inspired by the proofs of Theorems 2.4 and 2.5, we now can formulate an abstract fixed

point theorem that summarizes Theorems 2.4 and 2.5.

Theorem 2.6. [33] Let K C X be a nonempty, bounded, closed and convex subset.
Suppose that T : X — X and S : K — X such that

(i) (I —T)~! is Lipschitz invertible with constant v > 0;

(ii) S is a strictly y~-set contractive map (or a p-set contractive map with p < v!);

and
(iii) S(K) c (I = T)(X) and [x =Tz + Sy,y € K] = z € K.

Then the equation Sx + Tx = x has at least one solution in IC.

2.2.3 An general case

In this subsection, we study modifications of Krasnoselskii fixed point theorem given
by Xiang and Georgiev in the case where (I — T') is one-to-one. To do so, the following
notation will be employed.

Notation: Let M and K be two subsets of X; T: M — X and S : K — X two mappings.
We shall denote by F = F(M,K;T,S) the following set

F={xeM:xz=Tx+ Sy for some y € K}.

Theorem 2.7. [33] Let K be a nonempty, bounded, closed and convex subset of X with
KcD(T)C X and T : D(T) — X a map. Suppose that S : K — X is continuous such
that

(i) (I —T) is one-to-one;
(ii) a(T(A) + S(A)) < a(A) for all A C K with a(A) > 0;

(iii) if {xp},ey € F(D(T),K;T,S) with x, — v and Tz, — y, then x € D(T) and
y =Tx; and
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(iv) S(K) c (I = T)(D(T)) and [x = Tx + Sy,y € K] = z € K.
Then the sum S + T has at least one fixed point in K.

Proof. Because (I —T): D(T) — X is one-to-one, the inverse of (I —T)~! exists on its
range (I —T)(D(T)). From S : K — X and S(K) C (I —T)(D(T)), we conclude that the
operator N = (I —T)7'S : K — D(T) is well defined and that the set F is nonempty.
For each x € F, by the definition of F, there exists a y € K such that x = Tz + Sy, that
is, x = Ny. This shows F C N(K). On the other hand, if z € N(K), then there exists a
y € K so, that Ny = z or equivalently x = (I — T)"'Sy or (I — T)x = Sy. Consequently,
x € F, from which it follows N(K) C F and then F = N(K).

Let x € F. Then there exists a y € K such that z = Tz + Sy. The second part of (iv)
then gives x € K. Therefore, F C K and thus N maps K into itself.

Now, let ¢ € K and

A={A:2y€ ACK, Ais a closed, convex set and N(A) C A}.

Because z € K, K is closed, convex and F = N(K) C K, we obtain that K € A, that is,
A # @. Moreover, for any A € A, we have

(I-T)'S(A) =T -T+T)I-T)'S(A)=S(A)+T{I—T)'S(A).

The definition of A gives (I —T) 1S(A) = N(A) C A, and so, we obtain from the previous
equality
(I —=T)*S(A) cT(I-T)*S(A) +S(A) C T(A)+ S(A).

This fact, together with (ii), yields that
a(N(A)) <a(T(A)+ S(A)) < a(A) for all A € A with a(A) > 0. (2.6)

Put Ay = ﬂA. Then xzy € Ay C K, Ag is a closed, convex set and N (Ay) C Ao, and
AcA
therefore Ay € A. Notice that @6 {N (Ap),zo} C Ag.Hence, we have

N (co{N (Ao),w0}) C N (Ao) CcO{N (Ao), 0},

which implies that 6 { N (Ao) , zo} € A. The definition of Ay then yieldsco {N (Ay),zo} =
Ap. Thus, by the properties of a we obtain

a(Ag) = a (@ {N (Ao), x0}) = a ({N (Ao) , wo}) = (N (Ao)) - (2.7)
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Recalling that Ay € A, we then deduce from (2.6) and (2.7) that o (Ag) = 0, thus entails
that Ap is a nonempty compact convex subset of K and N (Ag) C Ap.

We next verify that N : Ay — Ag is continuous. Indeed, let {z,},en be a sequence in Ay
with z, — z. Set y,, = (I — T)" 'Sz, and y = (I — T)~'Sz (this is well-defined because
r € Ay C K). Then (I —T)y, = Sz, and (I —T)y = Sx. Hence, y,,y € Ao N F, and
50, {Yn}nen has a subsequence {y,, }reny converging to some yo € Ay. Evidently, by the

continuity of S,
Tynk = Yny, — (I - T)ynk — Yo — St = Yo — (] — T)y (28)

It follows from (2.8) and (iii) that yo — (I — T')y = Ty, and thus, yo =y = (I —T) 'Sz

because (I — T) is injective. Summing up the previous arguments, we have derived
(I -T) 'Sz, — (I —-T)'Sz.

We next claim that

(I-T) 'Sz, — (I -T) 'Sz

Suppose the contrary; then there exists a neighbourhood U of (I —T)~'Sz and a sub-

sequence {wn]} of {2}, ey such that (I —T)7'Sxz,, ¢ U for all j > 1. Naturally,

{xn].}jeN conver?ei to x; then reasoning as before, we may extract a subsequence {mnjk Hren
of {xnj}jeN so, that (I —T)~'Sx,, — (I —T)'Sz. But this is a contradiction, be-
cause (I —T)7'Sz,, ¢ U for all j > 1. The claim is hence confirmed, and finally,
(I —T)™'S: Ay — Ay is continuous.

Now, the celebrated Schauder fixed point theorem guarantees that N = (I —T)~1S has at

least one fixed point in Ay. This finishes the proof of the theorem. U

Corollary 2.5. [33] Let K be a nonempty, bounded, closed and convex subset of X and
T :D(T) C X — X a map. Suppose that S : K — X is continuous such that

(i) (I —T) is continuously invertible;
(i) a((I —T)'S(A)) < a(A) for all A C K with a(A) > 0; and
(iii) S(K) Cc (I = T)(D(T)) and [x =Tz + Sy,y € K] = z € K.

Then the sum S + T admits one fixed point in K.
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In the following theorem we are replaced the boundedness of K and the requirement of

K C D(T) by a compactness condition on the set F(D(T),K; T, S).

Theorem 2.8. [33] Let K C X be a nonempty, closed and convex subset and
T:D(T) C X — X a mapping. Suppose that S : K — X is continuous such that

(i) (I —T)is one-to-one;
(ii) the set F(D(T),KC;T,S) is relatively compact;
(iii) if {xn}, e C F for which x,, — x and Tz, — y, then x € D(T') and y = T'x; and
(iv) S(K) c (I = T)(D(T)) and [x = Tx + Sy,y € K] = z € K.
Then the sum S + T has one fixed point in K.

Proof. It is sufficient to show that the operator (I —T)™'S : K — K is compact and
continuous. Thanks to the fact F = (I —T)~1S(K) and (ii), we obtain that

(I —T)'S: K — K is compact. For the continuity, let y,,y € K with y, — y, and let
z, = (I —T)'Sy, and x = (I — T)"'Sy. The definition of F implies that z,, € F and
(I —T)x,, — Sy by the continuity of S. In view of x,, € F where F is relatively compact,
{2y },en has a subsequence {x, },  converging to some xy. Accordingly, Tz, — xo— Sy.
The closedness of T in F (condition (iii)) therefore tells us that xy — Sy = Tz, that is,
xg = (I —T)"'Sy. Because I — T is injective, it follows zy = z.

The same argument as performed at the end proof of Theorem 2.7 shows x,, — z, and
consequently, (I —T)71S : K — K is continuous.

Hence Schauder’s fixed point theorem works. O

2.3 Application

Let X = C([a,b],R) with the usual supremum norm ||z| = max |z(t)|. In this present
tcla,
section, our main objective is to prove some existence and unique (in a special case) results

for the following Volterra-Hammerstein’s integral equation

(1) = g(t 2(1)) + )\/: k(t,5) £ (5, 2(s))ds, (2.9)
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where k defined on A = {(¢t,s) : a <t < b ,a < s < t} is essentially bounded and
measurable and f, g : [a,b] x R — R are continuous with f is S-Lipschitz with § > 1. We
mention that the case where f = I in equation (2.9) was studying in [33], we add some
conditions in this study to find the existence where f is non linear. To perform such task,
we shall use an explicit formula for the Hausdorff MNC in the space C([a, b]; R), which
was introduced and studied in [11], this MNC defines as follows:
L.
x(B) = 5 lim {sug {ggﬁg |z — %HH :

where B € Bx and x, denotes the r-translate of the function z, i.e.,

z,(t) =

Let us now introduce the operators 7,5 : X — X as follows:
t

(Tz)(t) = )\/ K(t, s)f(s,z(s))ds, (2.10)

a

and
(Sy)(t) = g(t, y(?))- (2.11)

Then one can easily know that S : X — X is continuous and bounded because ¢ is
continuous. Let z € X we define the mapping T, : X — X by T,x = Tx + z. For each
z,y € X, one readily derives from (2.10) that

(T)(0) = (L) O <X [ Istt, )17 (s, 2(9) = F s, (s))lds
<X [ nlt, ) Ble(s) — yls)lds (212)
< cft — a)llz — yl.

where ¢ = A\.f.ess sup |k(t, s)| < 00.
(t,s)eA

41



2. FIXED POINT THEOREMS UNDER STRONG TOPOLOGY USING MNC

Again we have

(@20)(0) = (T2) )] < A [ (e, 9| (5.1 [ 5,00 (0, 2(0))do + 2(5))
1 (5.2 [ 5ls,0)f(0,y(0))do + 2(5)) | ds
< )\/at 5(t, )18 A [ (s 0)f(7,2(0))d = X [ w(s,0)f (,y(0))do]ds
<A [ n(t.9)l|is — @la(s) - y(s)lds

<y,
(2.13)
By induction, one can deduce from (2.13) and (2.12) that
() (1) — @) (0] < LWy
Hence,
77— 1yl < L2y (214
Notice that
Jim S~

Then

n!

b _ n
p:min{nEN:M<1}.
is finite, and TP is a contraction, thanks to (2.14). On the other hand, one can also easily

deduce from (2.12) that T is M-Lipschitz with M = ¢(b — a) so, the use of Lemma 2.3,
we obtain that (I —T') maps X onto X, the inverse of I — T : X — X exists, and

(=1 = (1 =T)Yy| < ppllz - yll,Va,y € X (2.15)
where
e r kIt it M =1,
Pp = =, if M <1,
MP_1 if M > 1.

(M—1)[1-Lip(T?)]’
we shall study Equation (2.9) by considering three cases: M < 1, M =1, and M > 1. Our
strategy is to apply Theorem 2.5 to find a fixed point for the operator S + 7" in X. The
proof will be broken up into several steps. In order to do so, assume that the functions

involved in Equation 2.9 fulfill the following conditions:
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(H1) & is non-negative on A.

(H2) There are two constants B > A > 0 such that
t
where m = A min / K(t, s)ds.
a<t<b Jq

(H3) For each fixed t € [a,b],z,y € [A, B] with x # y, we have
f(t,0)=0, =(t) < f(t,z(t)),

9(t,0) =0, |g(.,2) —g(,y)| < oz —yl),

where ¢ : Rt — R™ is a non-decreasing and continuous function satisfying the growth

condition ¢(r) < (1 — M)r for all r > 0.

Theorem 2.9. Suppose that the conditions (H1) —(H3) hold. Then Equation (2.9) has
one and only one positive solution x € C([a, b],R) satisfying A < x(t) < B for all t € [a, b].

Proof.

Claim 1: We want to prove the third condition in theorem 2.5. To see this, we define

K={reX:A<z(t)<B, telabl}.
Then K is a closed, convex, and bounded subset of X. Let 2,y € K. We have from (2.10),
(2.11) and (#3) that
(T@@%+@w@%=&[ﬂ@sﬁ@wﬁn—f@imk+g@y®>—ﬂt®
< Mlz(t) — 0] 4+ (1 = M)|y(t) — 0| (2.16)
<MB+(1-M)B=B.

On the other hand,

(1) (1) + (Su)(1) = A [ (t,) (s, 2(s))ds + g, (1)
>mA+(1—-m)A=A.

(2.17)
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It follows from (2.16) and (2.17) that Tz + Sy € K for all z,y € K. Hence, the condition
(iii) of Theorem 2.5 is satisfied.

Recall M < 1, and then T : X — X is a contraction; that is, the assumption (i) of
Theorem 2.5 is fulfilled and follows from (2.15) that (I — T')~! is Lipschitz invertible with
constant (1 — M)~

Claim 2: We show that S is a strictly (1 — M)-set contractive map. To this end, let
B be a subset of I and € B. Looking that

(S).(t) = g(C, 2. (1)),

where
= t+r, a<t<b-r,
b, b—r <t<hb.

And we have

|(S2)(t) = (). ()] < gt x(t)) — g(t, 2 (1) + 9(t, 2:(t)) — 9(C, 2, (1))]
< @l (t) — (1)) + [g(t, 2. () — g(C, 2 (1))].
Notice that ¢ is continuous and nondecreasing and the function g is uniformly continuous

on [a,b] x [A,B], thus, it follows from (2.18) that
iy {sup [ana (50) = (S, < 6 (tim {sup [ 1o — o]} )

< (1-M) (}g}] {ilelg Ljnglgg& |l — %H} }) :

(2.18)

which means that

X(5(B)) < (1 = M)x(B),

which illustrates that S is a strictly (1 — M)-set contractive map. Now, invoking Theorem
2.5, we obtain that Equation (2.9) has at least one solution in .
Finally, let z,y € K be any two solutions of Equation (2.9). Again we have

(1) —y(t)] <

[ 5)31(s) — y(s)lds| + ot 2(0) = gt y(0)

< Mllz —yll + g, () — g(t, y(?))].

Suppose now there exists ¢y € [a, b] such that z (ty) # y (ty) . Then (H3) give
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=yl < Mllz =yl + ol = yl])
< Mz —yll + (1 = M)z =yl

which is a contradiction. This completes the proof. [l

Next, let us investigate the supercritical case when M > 1. In this case, we rewrite p,

using the definition of p as

pp! : _
g = | FEb-ap it M =1,
P (MP—1)p! if M > 1.

(M—=1){p!=[c(b=a)]r}”
We now assume that the functions concerning Equation (2.9) satisfy the following hypothe-

sSes:

(H4) There exists an R > 0 such that p,gr < R, where
gr = sup{lg(t,y)| : (t,y) € [a,b] x [-R, R]}.
(H5) For each fixed ¢ € [a,b], we have

l9(t,z) — g(t,y)| < ¢p(lx —y]), Y2,y € [-R, R],

where ¢, : RT — R is non-decreasing continuous function satisfying ¢,(r) < Py r,

for all » > 0.

(H6) For each fixed t € [a,b] we have
f(t,0)=0

By invoking Theorem 2.5, we derive the following result.

Theorem 2.10. Suppose that the conditions (H4) , (H5) and (H6) hold. Then Equation
(2.9) has at least one solution in C([a, b],R).

Proof. The use of condition (H6) give us
(T0)(t) =0 V¥t € [a, D

which means that

(I=T)0)t) =0 Vtela, b
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by the invertibility of (I — T') we infer that
(I-T)10)(t)=0 VteE]a,b (2.19)
Now, if x = Tx + Sy with y € Bp, then one has

x(t) = (I =T) g(t,y(t).
Now, by (2.19) and (H4) we can easily deduce hat

|zl = sup |(7—T) " g(t,u(t))]

te(a, b]

— sup |(1 = 1) g(t,y(®) — (1 = T)"(0) (1)

t€la, b

< sup p,|g(t, y(t)) — 0]

t€la, b]

S PpIR S R

that is, x € B . The remaining argument is similar to that of Theorem 2.9 and therefore

is omitted. ]
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Chapter

Fixed Point Theorems Under Weak Topology
Using MWNC

In this chapter, we study some generalisation of Schauder’s and Krasnoselskii’s fixed
point theorems invoking the technique of measures of weak noncompactness in Banach

spaces, in the context that the involved operators are not weakly compact.

3.1 Generalisation of Tychonoff’s Fixed Point Theo-
rem Using Measure of Weak Noncompactness

Let’s us show some fixed point theorems. The following Tychonoft’s Theorem, stated

for Banach spaces endowed with it weak topology.

Theorem 3.1. (Tychonoff [20]) Let X be a Banach space and let M be a weakly compact,
convex subset of X. Then, each weakly continuous mapping T', T : M — M, has a fixed

point.

Definition 3.1. Let X be a Banach space. A map T : M C X — X is called
(k,1)-weakly set contractive (resp. ¢-weakly condensing), if it is (k,)-set contractive

(resp. ¢-condensing) for some measure of weak noncompactness .

Presently, we want to state Darbo’s fixed point theorem under weak topology.
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Theorem 3.2. [20] Let M is non void, bounded, closed, convex subset of X. Fach
weakly continuous mapping T', T : M — M C X, which is a (f,w)-weakly set contractive
mapping, has a fixed point.

Proof. Let M; = M and M, , = c (T'M,). It is clear that the sequence (M), .y
consists of nonempty closed convex decreasing subsets of M. Since T' is (5,w)-weakly set

contractive, then we have
w (M) =w(co(TM)) =w(TM;) < pw (M) .
Proceeding by induction we get:
w (Mp41) < f"w(M)

and therefore lim w (M,,) = 0. Using Contor’s property (vi) of w(-) we infer that
N = ﬂ M, is a nonempty closed convex weakly compact subset of M. Moreover, it is

n=1
easily seen that TN C N. Now, the use of Theorem 3.1 concludes the proof. U

Let N be a nonlinear operator from X into itself. In some cases, we deal with operators
which are continuous and weakly compact. Since neither the continuity implies the weak
continuity nor the weak compactness implies the strong compactness, we can’t use Schauder
or Tychonoff’s fixed point theorems, for this reason Latrach, Taoudi, and Zeghal[24] used

the following conditions:

If (zn),cy is a weakly convergent sequence in X, then

(A1)
(Nzp),en has a strongly convergent subsequence in X.
(A2) If (zn),cy is a weakly convergent sequence in X, then
(Nzy,),cy has a weakly convergent subsequence in X.

Remark 3.1. 1) Operators satisfying (A1) or (A2) are not necessarily weakly contin-

uous.

2) Continuous mappings satisfying (A1) are called ws-compact mappings and continuous

mappings satisfying (,42) are called ww-compact mappings.
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3) Every (f,w)-weakly set contractive map satisfies (\A2).

4) A map N satisfies (A2) if and only if it maps relatively weakly compact sets into

relatively weakly compact ones.

5) A map N satisfies (A1) if and only if it maps relatively weakly compact sets into

relatively compact ones.
6) The condition (\A2) holds true for every bounded linear operator.

7) In reflexive Banach spaces, a mapping N verifying (A1) is compact. This follows
from the fact that bounded sets in reflexive Banach spaces are relatively weakly

compact.

Theorem 3.3. [24] Let M be a nonempty closed convex subset of a Banach space X.
Assume that T': M — M is a continuous map which verifies (Al). If T(M) is relatively
weakly compact, then there exists x € M such that Tr = x.

Proof. Let C = co(TM) the closed convex hull of T M. Since M is a closed convex
subset of X satisfying T (M) C M, then C C M and therefore TC C TM C (T M).
This shows that T" maps C into itself. By hypothesis, T'M is relatively weakly compact,
so applying the Krein-Smulian theorem one sees that C is weakly compact too. Let
{0, }nen be a sequence in C, then it has a weakly convergent subsequence, say {6, }ren. By
hypothesis {T0 }ren has a strongly convergent subsequence and therefore T'C is relatively

compact. Now the use of the Schauder fixed point theorem concludes the proof. O

Theorem 3.4. [24] Let M be a nonempty bounded closed convex subset of a Banach
space X. Assume that T : M — M is a continuous map satisfying (Al). If T is

(B,w)-weakly set contractive, then there exists © € M such that Tz = x.

Proof. Let M; = M and M, , = & (T'M,). It is clear that the sequence (M), oy
consists of nonempty closed convex decreasing subsets of M. Since T is (f,w) -weakly set

contractive, then we have

W (MQ) = Ww (@ (TMl)) = W (TMl) < Bw (Ml) .
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Proceeding by induction we get:
w (Mp41) < f"w(M)

and therefore lim w (M,,) = 0. Using Contor’s property (vi) of w(.) we infer that
N = ﬂ M, is a nonempty closed convex weakly compact subset of M. Moreover, it is

n=1
easily seen that TN C N. Accordingly, TN is relatively weakly compact. Now, the use of
Theorem 3.3 concludes the proof. U

We can generalise this last theorem by weakly condensing hypothesis as follows:

Theorem 3.5. [30] Let M C X be a nonempty closed, convex and bounded subset.
Suppose that T : M — M is a continuous map satisfying the hypothesis (Al). If T is

weakly condensing, then there exists ©* € M such that Tx* = x*.

Arino, S. Gautier, and J.P. Penot in 1984, [6] established the following interesting fixed

point theorem for weakly sequentially continuous mappings between Banach spaces.

Theorem 3.6. (Arino, Gautier, Penot) Let M be a nonempty weakly compact convex

subset of a Banach space X. Then each sequentially weakly continuous map

T : M — M has a fixed point in M.

Theorem 3.7. [30] Let M C X be a nonempty, bounded, closed and convex subset.
Suppose that T : M — M is weakly sequentially continuous and weakly condensing map.
Then T has at least one fixed point in M.

Lemma 3.1. [2] Let M be a subset of X and T': M — X is k-Lipschizian map. Assume
that T satisfies the hypothesis (A2) (or is a sequentially weakly continuous map). Then :

w(T(A)) < kw(A)

for each bounded subset A of M; here, w(-) stands for the De Blasi measure of weak

noncompactness.

Proof. Let A be a bounded subset of M and r > w(A). There exist 0 < ry < r and a
weakly compact subset K of X such that A C K +B,,. Now we show that

TACTK + By CTK" + B, (3.1)
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To see this let € A. Then there is a y € K such that ||z — y|| < ro. Since T is
k-Lipschitzian, then ||[Tz — Ty|| < k|jlx — y|| < kro. This proves (3.1). Further, since T
satisfies (LA2), then the Eberlein-Smulian theorem implies that TK ' is weakly compact.

Consequently:
w(TA) < kro < kr.

Letting r — w(A) we get
w(TA) < kw(A).

Corollary 3.1. [30] Let T : X — X be a bounded linear operator. Then
w(T(A)) < ||IT||w(A) for each bounded subset A of X.

Proof. We know that any bounded operator 7' is ||T'||-Lipschizian, thus by the previous

lemma we get the conclusion. 0

The next lemma proves that the same property holds for nonlinear contraction mapping

provided that it is ww-compact.

Lemma 3.2. [1] Let T' be a ww-compact nonlinear contraction mapping on a Banach X .

Then for each bounded subset A of X one has

w(T'(A)) < d(w(A)).

3.2 Weakly Non-compact Fixed Point Results of the
Krasnoselskii Type

In 2013, Taoudi and Xiang used the techniques of measures of weak noncompactness to
obtain some new generalized fixed point results of Krasnoselskii type, where they replaced
the weak continuity of the involved operators by the hypotheses (A1) and (A2) and
interchange the weak compactness of S by a k-weakly set contractive map with k < 1 or
not. The following theorems illustrate this.

Notation: In what follows, we are denote by ¥ to a regular measure of weak noncom-

pactness.
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Theorem 3.8. [30] Let X be a Banach space and ¢ a measure of weak noncompactness
on X. Let K C X be a nonempty, bounded, closed convex subset and T : X — X be a
map. Suppose that and S : K — X is sequentially weakly continuous such that:

(i) (I —T) is invertible, S(K) C (I — T)(X) and (I — T)~'S is ¢-weakly condensing;
(ii) [x =Tx+ Sy,y e K] =2 € K (or S(K) C (I —T)(K));
(iii) if (z,,) is a sequence in F(X,K;T,S) with x,, — x for some x € K then Tx, — Tx.
Then the sum S + T possesses at least one fixed point in K.
Proof. For each y € I, by the second part of (i), there exists z € X with z — Tz = Sy

and by (ii) we have z = (I — T)~'Sy := Ny € K. Therefore, one obtains N(K) C K. Let
xp € K and

A={A:20€ ACK,Ais a closed convex set and N(A) C A}.

Clearly, A # () since K € A. Put Ay = ﬂA. Then xq € Ag C K, Ag is also a closed
AcA
convex set and N (Ag) C Ap. Notice that @6 {N (Ag),zo} C Ag. We thus have

N (@ {N (Ao), x0}) C N (Ag) Cco{N (Ao),zo},

which shows that co {N (Ay),zo} € A. It then follows that co {N (Ay),zo} = Ap. Using

the properties of measures of weak noncompactness we get:

Y (Ag) =¥ (CO{N (Ao),z0}) = ¥ ({N (Ao), m0}) = ¥ (N (Ao)) -

By the t-condensibility of N, we obtain ¢ (Ay) = 0, and therefore, Ay is a nonempty
weakly compact convex set. Now we show that N : Ay — A is weakly sequentially
continuous. To see this, let z,z, € Ag such that z, — z and set M = {z,:n € N}.
Clearly, N(M) is relatively weakly compact. Thus, there is a subsequence (z,,) of (z,)
such that

Nz, — u.

Using the equality
Nz, = Sz, + TNz,
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together with the weak sequential continuity of S and assumption (iii), we deduce u =

Tu+ Sz and thus u = (I —T)"'Sz = Nz. Accordingly
Nz, — Nz.
Now a standard argument shows that
Nz, — Nz.

Suppose the contrary, then there would exist a weak neighbourhood V% of Nz and a
subsequence (znj) of (z,) such that Nz, ¢ V* for all j > 1. Naturally, (zn].> converges
weakly to z, then arguing as before we may extract a subsequence (ank> of (znj) such
that Nz, — Nz, which is absurd, since Nz, ¢ V" for all kK > 1. Finally, N is weakly
sequentially continuous. Now an application of Theorem 3.7 yields a point z* € Ay with

x* = Na* = (I = T)"'Sa*, that is, Ta* + Sz* = z*. O

Corollary 3.2. [30] Let K C X be a nonempty, bounded, closed and convex subset.
Suppose that T maps X into X and S : K — X is sequentially weakly continuous such
that:

(i) (I —T) is Lipschitz invertible with constant v > 0 and (I — T)~! verifies (A2);
(ii) S is a (p,w)-weakly set contractive map with p < v~1;
(iii) S(K) C (I = T)(X) and [x =Tz + Sy,y e K| =2 € K (or S(K) C (I —T)(K));
(iv) if (x,) is a sequence in F(X,KC;T,S) with x,, — x for some x € K then Tz, — Tx.
Then the sum S + T has at least one fixed point in K.
Proof. Let A C K be bounded. We deduce from (i) and Lemma 3.1 that
W (1 =T)718) (4)) < 3(S(A)) < prlA) < w(A).

This implies that (I —T)~1S is w-weakly condensing. The result now follows from Theorem

3.7. U
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Lemma 3.3. [30] Let M, K be two subsets of a linear normed space X, S : K — X and
T : M — X be two maps. Assume that the condition (iii) of Theorem 3.8 holds. In

addition, suppose further that the following conditions are satisfied

(i) for all z € S(K), the map T, : M — X defined by T.x = Tx + z has a unique fixed
point in M; and

(ii) the set F(M,K;T,S) is relatively weakly compact.
Then S : K — X is weakly compact and S(K) C (I —T)(M).
Proof. For each x € K, one can easily know from (i) that the equation
Ty+ Sz =y, (3.2)

has a unique solution y = 7Sx € M. Thus, the mapping 75 : K — M given by x — 75z
is well defined. In addition, we observe that 7Sz € F and hence 7S(K) C F C M. It
follows from (3.2) that Sz = (I — T)7Sx for all x € K. Therefore, we infer that

S(K) = (I — T)rS(K) © (I — T)(F) (I — T)(M). (3.3)

It is easy to see from (iii) that (I —T") is sequentially weakly continuous on F. Notice that
F is relatively weakly compact. Thus, one can readily conclude from (3.3) that S : K — X

is weakly compact. This proves the lemma. [l

Corollary 3.3. [13] Let K, S, (ii), (iii) be the same as Theorem 3.8. In addition, assume
that

(i’) T : X — X is a contraction with constant o € [0,1);
(i”) the set F(M,K;T,S) is relatively weakly compact.
Then the conclusion of Theorem 3.8 holds.
We next see another version of Theorem 3.8.

Theorem 3.9. [30] Let X be a Banach space and 1) be a measure of weak noncompactness
on X. Let K C X be a nonempty, bounded, closed convex subset and T : X — X be a
map. Suppose that and S : K — X is sequentially weakly continuous such that
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(i) (I —T) is injective;
(ii) Y(T(A) + S(A)) < Y(A) for all A C K with ¢(A) > 0;
(iii) S(K) C (I —=T)(X) and [x =Tz + Sy,y € K] =z € K (or S(K) C ({ —T)(K));
(iv) if (x,) is a sequence in F(X,KC;T,S) with x, — x for some x € K then Tx,, — Tx.
Then the sum S + T possesses at least one fixed point in K.
Proof. For each y € I, by the first part of (iii), there exists z € X with
x—Tr = S5y.

Again by the second part of (iii) and (i), we have x = (I — T)~'Sy := Ny € K. Therefore,
one obtains N(K) C K. Let zp € K and

A={A:2p€ ACK,Ais a closed convex set and N(A) C A}.
Then A is nonempty. Furthermore, for any A € A one has that
(I —T)'S(A) cT(I—-T)"'S(A)+S(A) C T(A)+ S(A).
This fact couples with (ii) to yield
Y(N(A)) < ¢(A) for all A € A with ¢(A) > 0. (3.4)

Put Ay = [)A. Keeping in mind (3.4), then imitating the proof of Theorem 3.8 one
AcA
derives that Ag is a nonempty weakly compact convex subset of K and N (Ag) C Ap. The

reasoning in Theorem 3.8 shows that N : Ay — Ajg is sequentially weakly continuous. The

result then follows from Theorem 3.8. O

And we have this consequence of Theorem 3.9.

Corollary 3.4. [30] Let K be a nonempty, bounded, closed and convex subset of a Banach
space X. Suppose that S : IC — X and T : X — X are two weakly sequentially continuous
mappings satisfying:

(i) S(K) is relatively weakly compact;
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(ii) T is a strict contraction with constant 7;
(iii) (x =Tz + Sy,y € K) implies x € K.
Then T + S has at least one fixed point in K.

Proof. Since T is a strict contraction with constant 7 € [0,1), then by Lemma 1.3 the
mapping [ — 7' is a homeomorphism from X into (I —7)X. Next, let y be fixed in K.
The map which assigns to each x € X the value Tz 4+ Sy defines a strict contraction from
X into X. So, by the BCP, the equation x = T’z 4+ Sy has a unique solution x € X. By
hypothesis (iii) we have x € K. Hence, S(K) C (I — T')(K). Moreover, taking into account
the sub-additivity of the De Blasi measure of weak noncompactness and using Lemma 3.1

we get for any bounded subset A of K.
wW(T(A)+ S(A)) <w(T(A)) +w(S(A)) =w(T(A)) < Tw(A) <w(A). (3.5)
The result follows from Theorem 3.9. O

Together with Lemmas 1.7-3.1 and Theorem 3.5, some new forms of Krasnoseskii’s fixed

point theorem can be derived.

Theorem 3.10. [30] Let K C X be a nonempty closed, convex and bounded subset.
Suppose that T' and S map K into X such that

(i) T is an expansive mapping with constant h > 1;
(ii) (I —T)~! satisfies the hypothesis (A2);
(iii) S is ws-compact on co(F (K, IC; T, S));
(iv) z € S(K) implies T(K) + z D K, where T(K) + z = {y + z| y € T(K)};

(v) S is a strictly ((h — 1), w)-weakly set contractive map (or a (k,w)-weakly set con-

tractive map with k < h — 1).

Then there exists a point x* € K, with Sx* + Tx* = z*.

Remark 3.2. It is worthy of pointing out that co(F (K, KC; T',S)) C K and T' may not be

continuous since 7' is assumed only to be expansive.
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Proof. From (i) and (iv), for each y € K, we know that the mapping 7'+ Sy : K — X
satisfies the assumptions of Lemma 1.6. Hence the equation Tx 4+ Sy = x has a unique
solution = = 7y € K, so that the mapping 7 : K — K is well defined. In view of Lemma
1.7, we obtain that 7y = (I — T)~'Sy for all y € K. Let A C K be bounded. From (ii),
Lemmas 3.1 and 1.7, we conclude that
_ 1

wlr(A) = (T~ T)'S(4)) < 1 w(S(A)). (3.
Together with (3.6) and (v), one can see that 7 : L — K is weakly condensing. We denote
by C' =co(F(K,K;T,S)), then C C K. Observe that 7(K) C F. Thus, it is easy to know
that 7(C) C C. Let now zy € C' and

A={A:2y€ ACC,Aisa closed convex set and 7(A) C A}.

Then A is nonempty since C' € A. Repeating the proof of Theorem 3.8 we know that

Ag = ﬂ A is a nonempty, weakly compact convex subset of C' and 7 maps Ag into Ay. We
AcA
next show that 7: Ay — Ay is continuous and fulfils (A1). Indeed, let (z,,) be a sequence in

Ag with x,, — x in Ay. Notice that Ag C C and S are continuous on C. Hence Sx,, — Sz.
Furthermore, we have by Lemma 1.7 that (I — 7)~! is continuous. Since S fulfils the
condition (A1) on C' and (I — T)~! is continuous, it follows easily that 7 = (I —T)~1S is
continuous and satisfies the condition (LA1) on Ag. Now invoking Theorem 3.5, we achieve

the proof. 0

Corollary 3.5. [30] Under the conditions of Theorem 3.10, if only the condition (iv) of
Theorem 3.10 is replaced by T that maps K onto X, then there exists a point x* € K with
Sx* +Ta* = ™.

Proof. Since T maps K onto X, which means T'(K) = X, we infer that if z € S(K) so
T(K) + z D K; and we get the condition (iv) of Theorem 3.10. O

In general, the condition (iv) may be hard to be verified. The next result might be

regarded as an improvement of Theorem 3.10.

Theorem 3.11. [30] Let K C X be a nonempty closed, convex and bounded subset.
Suppose that T : X — X and S : K — X such that
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(i) T is expansive with constant h > 1;
(ii) (I —T)~! satisfies the hypothesis (A2);
(iii) S is continuous and fulfils the condition (A1) on K;
(iv) S(IK) (I —=T)(X) and [xr =Tz + Sy,y e K| =2 € K (or S(K) C (I -T)(K));

(v) S is a strictly ((h — 1),w)-weakly set contractive map (or a (k,w)-weakly set

contractive map with k < h — 1).

Then there exists a point x* € K with Sx* + Ta* = x*.
Proof. For each y € K, by the first part of (iv) there exists x € X such that
x—Tr=_8y.

By Lemma 1.7 and the second part of (iv) we have x = (I — T)"'Sy € K. As is shown
in Theorem 3.10 one has that (I —T)7'S : K — K is weakly condensing, continuous and
fulfils the condition (A1). Consequently, there is a point z* € K with z* = (I — T)~*Sz*.
This completes the proof. [l

With respect to the contractive map, thanks to Lemma 1.3 and Theorem 3.9 we obtain

two types of such results. The first one is a complement to Theorem 3.11.

Theorem 3.12. [30] Let K C X be a nonempty closed, convex and bounded subset.
Suppose that T': X — X and S : K — X such that.

(i) T is a ww-compact contraction with constant o < 1;
(ii) S is ws-compact on K;
(iii) [t =Tz + Sy,y e K] =2 € K (or S(K) C (I —T)(K));

(iv) S is a strictly ((1 — a),w)-weakly set contractive map (or a (f,w)-weakly set

contractive map with f < 1 — «).

Then there exists x* € K with Sx* 4+ Tx* = z*.
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Proof. For each fixed y € IC, the map of X — X defined by
x— Tr+ Sy,

is contractive. Hence there exists a unique € X such that = Tz + Sy. By (iii) and
Lemma 1.3, we have x = (I —T)"!'Sy € K for each y € K. Now, let A C K be bounded.
By Lemma 3.1 together with the equality :

(I-T)*'S=TI~-T)"'S+85,
we obtain that
w((I=T7)"5)(A) <aw((I -T)"'S(A)) +w(S(A)). (3.7)

Thus, for all A C with w(A) > 0, we have

1
11—«

w((I-T)"'S(A4) < w(S(A)) < w(A). (3.8)

This shows that (I —T)71S : K — K is a weakly condensing map.
Since (I —T)71S : K — K is continuous and fulfils the condition (A1), Theorem 3.5
works. O

Theorem 3.13. [30] Let X be a Banach space and ¢ be a measure of weak non-
compactness on X. Let K C X be a nonempty closed, convex and bounded subset.

Suppose that T : X — X and S : K — X such that
(i) T is a contraction;
(ii) S is ws-compact on K;
(iii) [xt =Tz + Sy,y € K| =z € K;
(iv) Y(T(A) + S(A)) < ¥(A) for all A C K with (A) # 0.
Then there exists a point x* € K with Sx* + Tx* = x*.

Proof. For each fixed y € K, the map of X — X defined by

x— Tr+ Sy,
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is contractive. Thus, there exists a unique z € X such that x = Tx + Sy. By (iii) and
Lemma 1.3, we have z = (I — T)"!'Sy := Ny € K for each y € K. Hence, we obtain
N(K) Cc K. Let 2y € K and

A={A:2y0€ ACK,Ais a closed convex set and N(A) C A}.
Clearly, A # ) since K € A. Moreover, for each A € A we have that
(I-T)"'S(A) cT(I-T)"'S(A) + S(A) C T(A)+ S(A).

This fact together with (iv) yields that (N (A)) < ¥(A) for all A € A with ¢(A) > 0.

Putting Ay = ﬂA and repeating the proof of Theorem 3.7 one obtains that Ag is a
AceA
nonempty weakly compact convex subset of K and N (Ay) C Ayp. It follows from Lemma

1.3 that (I —T)~! is continuous. Thus, it is easy to show that N is continuous and satisfies

(A1) on Ap. Then Theorem 3.5 gives the desired result. O

The following results are consequences of Theorem 3.13. The proofs are more easier to be

shown due to Lemma 1.3, and Theorem 3.8.

Corollary 3.6. [30] Let K be a nonempty bounded convex convex subset of a Banach

space X. Suppose that S : K — X and T : X — X such that:
(i) S is ws-compact;

(ii) there exists v € [0,1) such that (T (A) + S(A)) < y(A) for all A C K. Here v is

an arbitrary measure of weak noncompactness on X;
(iii) T is a contraction;
(iv) (x =Tz + Sy,y € K) implies x € K.
Then there is a x € IC such that Sx +Tx = .

Corollary 3.7. [30] Let KC,T,S and (iii) be the same as Theorem 3.13. In addition,

assume that the following conditions are satisfied.

(i) T is a contraction with constant « € [0,1) and satisfies (A2);
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(ii) S(K) is relative weakly compact, S is continuous and fulfils (A1).

Then the conclusion of Theorem 3.13 holds.

Corollary 3.8. [30] Let KC be the same as Theorem 3.13. Assume that S : K — K is

continuous and verifies the condition (Al). If S(K) is relatively weakly compact, then

there exists x* € KC such that Sxz* = x*.

3.3 Application

Consider the following variant of Hammerstein’s integral equation

z(t) = g(t, z(t)) + /\/01 k(t,s)f(s,z(s))ds, (3.9)

in L'(0,1), the space of Lebesgue integrable functions on (0,1) with values in R. Here
f(), g(+,-) and k(+,-) are measurable functions and A is a non-negative real parameter.
Let us mention that in general it is very difficult to express the measure w with help of
a convenient formula in a concrete nonreflexive Banach space X as like in the case of the
Lebesgue space L'(0,1) [19]. But on the other hand in this space the following convenient

criterion of weak compactness is known [19]:

Theorem 3.14. A bounded set B in L'(0,1) is weakly sequentially compact if and only if

lim z(s)ds =0,
meas(E)—0 J @
EC(0,1)

uniformly with respect to x € B.

Let us notice that the above theorem may be rewritten in the following equivalent form:

Theorem 3.15. [12] A bounded set B in L'(0,1) is weakly sequentially compact if and
only if

b
lir%{sup / ]x(t)|dt:0<a<b<1,b—a<€”:O,
E— a

uniformly with respect to x € B.

The following definition and lemma give a characterization of w(B) for any bounded

subset B of L!.
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Definition 3.2. Let B be a bounded subset of L' (0,1). We call the following real number

b
m1(B) = lim {sup {sup {/ lz(t)|dt:0<a<b<1l,b—a< 5}}} :

e—0 zeK

the measure of nonequiabsolute continuity of B.

This formula was obtained by Appell and De Pascale [5].

Lemma 3.4. [23] Let B is a bounded subset of L' (0,1), then w(B) = m(B).

Recall that a function f: (0,1) x R — R is said to be a Carathéodory function if

t — f(t,x) is measurable on (0,1) for all z € R,

x — f(t,z) is continuous on R for almost all ¢ € (0,1).

To every function = being measurable on (0,1), we may assign the function

(Nysz) (t) = f(t,z(t)),t € (0,1). The operator N defined in such a way is called Nemytskii
operator or the superposition operator generated by the function f. The superposition
operator enjoys several nice properties. We recall the following results which states a basic

fact for the theory of these operators on L' spaces.

Lemma 3.5. [30] Let f: (0,1) x R — R be a Carathéodory function. Then the superpo-
sition operator Ny maps L'(0,1) into L'(0,1) if and only if there exist a constant b > 0
and a function a(-) € L% (0,1) such that

[F(t,2)] < alt) + blz,
where LY, (0,1) denotes the positive cone of the space L'(0,1).

Remark 3.3. Under the conditions of Lemma 3.5 the operator Ny is obviously continuous

and maps bounded sets of L*(0,1) into bounded sets of L'(0,1).

Lemma 3.6. [30] Suppose f : (0,1)xR — R is a Carathéodory function and N ; maps L*(0,1)
into itself, then Ny satisfies (A2).

The problem (3.9) will be discussed under the following assumptions:
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(H1) there is a h > 1 such that for all z,y € L'(0,1) and for all ¢ € (0,1) we have
l9(t, 2(t)) = g(t, y(1)] = hlz(t) —y(1), (3.10)

(Hs) for each x € L'(0,1), g(-, z(+)) is integrable on (0,1) and for each ¢ € (0,1),
g(t,”) : L*(0,1) — L'(0,1) is onto;

(Hs3) f:(0,1) x R — R is a Carathéodory function and there exist a constant b > 0 and a
function a(-) € L1 (0,1) such that |f(¢,z)| < a(t) 4 blz| for all t € (0,1) and = € R;

(H4) The function & : (0,1) x (0,1) — R is strongly measurable and
1

//4;(-, s)z(s)ds € L*(0,1) whenever € L*(0,1) and there exists a function

0
p : (0,1) — R belonging to L>°(0,1) such that |k(t,s)| < p(t) for all (¢,s) €
(0,1) x (0,1);

(H5) h—1=A[pl[b>0.
The following theorem provides an existence result for equation (3.9).

Theorem 3.16. [30] Assume that the conditions (H1)-(Hs) are satisfied. Then the
problem (3.9) has at least one solution in L'(0,1).

First, notice that the problem (3.9) may be written abstractly in the form:
r=Tz+ Sz, xcL'01),

where T is defined on L'(0,1) by (Tz)(t) = g(t,x(t)) — g(¢,0) for z € L'(0,1) ¢t € (0,1).
The map S is defined for z € L*(0,1) by

Sz =g(-,0) + KNy, (3.11)

where Ny is the superposition operator associated to f and K denotes the linear integral

operator defined by
1
K2 LN0,1) — LN0,1) : u(t) s Ku(t) = )\/ k(t, s)u(s)ds.
0

Note that, for any = € L'(0,1), the function Sz + Tz belongs to L'(0,1) which is a
consequence of the assumptions (Hs), (Hs) and (Hy).
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Our strategy is to apply Theorem 3.11 to find a fixed point for the operator S + T in
L. The proof will be broken up into several steps.
Claim 1: We first show that S is continuous. To see this, first notice that the assumption
(H3) and Lemma 3.5 guarantee that Ny maps continuously L'(0,1) into itself. To complete
the proof it remains only to show that K is continuous, to this end; let u € L'(0,1) from

the hypothesis (H,4), we get

1
[ :/0 | Ku(t)|dt

= /01 )\/01 K(t, s)u(s)ds
<[t lus) s e
< A/Ol (1) /01 lu(s)|ds dt

< Allpll o meas((0,1))[u]] s

dt

= Allpll poeleel| 21
which give us that K is bounded linear operator; hence S is continuous.

Claim 2: We then illustrate that S verifies (A1). To see this, let (6,), . be a weakly

neN

convergent sequence of L'(0,1). Using Lemma 3.6 the sequence (N (6,)). _ has a weakly

neN
convergent subsequence, say (Nf (0, )),cy- Let 0 be the weak limit of (N (6, )). Accord-

ingly, keeping in mind the boundedness of the mapping x(t,.) we get

/01 Kt 8)F (.00, (5)) ds — /01 K(t, 5) f(s,0(s))ds.

The use of the dominated convergence Theorem S 1.13 allows us to conclude that the
sequence (S6,, ) converges in L*(0,1).

Claim 38: We prove that S maps bounded sets of L*(0,1) into weakly compact sets.
To this end, let A be a bounded subset of L'(0,1) and let M > 0 such that ||z||;: < M for
all z € A. For x € A we have

(S2)(0)] < lgft,0)1 + A [ (e, )17 (s, 2(5) s

< lg(t,0)] + A [ Ip(0)a(s) + bia()])ds

< lg(t,0)| + Ap(t)(flall L + bM).
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Consequently,

L 10wt < [ ot 0)ldt+Alall s +001) [ o)l at,
for all measurable subsets E of (0,1). Taking into account the fact that any set consisting
of one element is weakly compact and using Theorem 3.14, we obtain

lim / lp(t)|dt =0 and lim / lg(t,0)|dt = 0.
E E

meas(E)—0 meas(E)—0

Since S(A) is bounded, applying the sufficient condition of Theorem 3.14 we infer that the
set S(A) is sequentially weakly compact, and by Eberlein-Smulian’s Theorem conclude
that S(A) is weakly compact.

Claim 4: We will examine that there is a r > 0 such that for all z € L'(0,1) we have
(x =Tz + Sy,y € B,) that implies = € B,.. To perform this, put

_ g o)l + Allellal
h=1=AXpllo

,
and let z € L'(0,1) and y € B, such that x = Tx + Sy. Then for all ¢ € (0,1) we have

o0) = ot 5(0) + 2 [ w(0,9) 5, y())ds.
Thus, )
z(t) — g(t, 2(t)) + g(£,0) = g(t,0) + A/O k(t,5)[f(s,y(s))ds.
The use of condition (H;) give us

|z(t) — g(t. z(t)) + g(t,0)] = |g(t, z(t)) — g(t,0)] — |z (?)]
> (h—1)]z(t)].

(3.12)

Therefore,
(h = DJa0)] < 2(2) = g(t,2(0) + g6, 0)] = gt 0|+ A [ It )15, (s)) s,
In view of our assumptions
)] < 5 (101 + MO [ ()] + tly(s)as)

Hence

o(0)] < - (g6, 0) + Nlp(t) (el + by
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By integration on (0,1) we get

1
lzll < 7—= (g, 0}l + Allpllllall + Abllpl[ly)-

As a consequence,

1
lzll < 7= (llgC, 0}l + Allpllllall + Abllplir) = 7.

Thus, x € B,.
Claim 5: We shall illuminate that

w((I =T)(M)) = (h = Dw(M), (3.13)

for any bounded subset M of L'(0,1). This obviously implies that (I — T)~! verifies (A2).
To do so, note first that for all z € L'(0,1) and for all ¢ € (0,1) by (3.12) we have

(h—1D))z(t)| < |z(t) — Tx(t)]. (3.14)

Hence,

1 / 2 (t)|dt < / (1) — Tx(t)]dt, (3.15)
for any subset D of L'(0,1). This leads to (3.13).
Claim 6: We shall prove that S (8,) C (I —T) (L'(0,1)). To see this, let y € L'(0,1) be
fixed. We define U : L*(0,1) — L'(0,1) by

(Uy) () = (Tx)(t) + y(t) = g(t, 2(1)) = g(t,0) + y(t)

Then U, is expansive with constant h. From Assumption (5) it follows that U, is onto. By
Lemma 1.6 we know there exists * € L*(0,1) such that U,z* = 2*, that is (I — T)a* = y.
Hence S (%B,) C L'(0,1) C (I —T) (L*(0,1)).

Thus, the hypotheses of Theorem 3.11 are all fulfilled. This gives a fixed point for
S + T and hence an integrable solution to equation (3.9).

Ezxzample: Consider that following Hammerstein integral equation

x(t) = 7 i_ : +/ —(t+s)y {32 :_ . + 2$i— 193(3) sin(z(s))| ds, (3.16)
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where t € (0,1). It is easily seen that equation (3.16) is a particular case of equation (3.9)

where
k(t,s) = e F9)¢,
and
(t2) = e+ =
T) = rsinz
’ 241 2t+1 ’
and

ot0(0)) = 5y +22(0),

Clearly, we have

k(t,s)| = le” )¢l <t = p(t),
p

where p € L*°(0,1) and since f is continuous in (0,1) x R, so it is a Carathéodory function,

and
1 t )
< || + | asinal
rsinz
241 2t+1
< 1 N 1 2]
— |zl
241 3

—_—— =
a(t) b

Obviously, g satisfies the conditions (#H;)-(Hz) with constant h = 2, and

1 2
h—1-— b=2—-1—-=->0.
Il =:

Now, applying Theorem 3.16 we obtain that the equation 3.16 has at least one solution in

the space L'(0,1).
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Chapter I

Fixed-Point Theorems for Block Operator
Matrix

In this chapter, we are interesting to show some fixed point theorems for a 2 x 2 block
operator matrix with nonlinear entries (in short BOM) acting on a product of two Banach
spaces. We will prove some theorems by combining the results studied in Chapter 2,

Chapter 3 and some ideas in the book [23].

4.1 Schauder’s and Krasnoselskii’s Fixed Point The-
orems for BOM

Let M be a nonempty, bounded, closed, and convex subset of a Banach space X. We

consider the 2 x 2 block operator matrix

A B
L= ) (4.1)
C D
in the space M x X that is, the operators
AC  M— X,

B,D:X — X.

In this section, we impose some conditions on the entries to discuss the existence of fixed
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points for the block operator matrix (4.1). This discussion is based on the invertibility or

not of the diagonal terms of Z — £. The study will be broken into three cases as follow:

The both of the diagonal entries of Z — L is invertible
We assume that the entries of (4.1) fulfils :

(H1) The operator A fulfils the conditions of Lemma 2.1 or Lemma 2.3 (resp. the operator
D fulfils the conditions of Lemma 2.1 or Lemma 2.3) with the constant v4 (resp.

with the constant vp );
(H2) The operator B is kp-Lipschitz and C' is nonlinear contraction with the function ¢¢;
(H3) (I — A)"'B(I — D)"'C(M) is a subset of M .

Theorem 4.1. Under the assumptions (H1) — (Hs) , the block operator matrix(4.1) has,
at least, a fixed point in M x X provided that v4 - vp - kg < 1.

Remark 4.1. We are going to show only the case when the both of A and D satisfy all

the conditions of Lemma 2.1, the other cases are similar.

Proof. Since D fulfils the conditions of Lemma 2.1 so, (I — D)™! exists on X and
~vp-Lipschitz. Using the condition (Hz) we get
IB(I = D)~'Cx — B(I = D)"'Cy| < kg(||(I = D)"'Cx — (I — D)~'Cyl|)
< kp - ypl|Cz — Cy||
< kp-vp - dc(llz — yl))
< kg -7pllr —yl|

So, by the Lemma 2.2
S:=B(I-D)'C: M —X

is kp - vp-set contractive.

But A is also verifies all the conditions of Lemma 2.1 so, (I — A) is Lipschitz invertible

, and maps X onto X. And because S : M — X, it follows

with the constant y4 <
kgD
that for every y € M, there exists © € X such that
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r—Ar=8y <+ ([—-Azxz=>75y
— 2= (I — A)Sy,

now from (Hs), x € M. So all the conditions of Theorem 2.6 are satisfy which means that

there exists xog € M such that
AIO + SCL’O = Tg <~ (I — A)_lsl‘o = 29
~ (I — A)_lB([ — D)_lcflfg = 2.

Let yo := (I — D)"'Cxg, hence;

Ao + Byo = x¢ Zo Zo
=L =
Czo + Dyo = Yo Yo Yo
d
Notation: We denote by Ts\ﬁ’B’C’D) the following set:

PP = [z € M such that = = Az + B(I — D)~'Cy; for some y € M} .

Theorem 4.2. Let M be a nonempty,bounded, convex and closed subset of a Banach
space X. Assume that A,C' : M — X, and B, D : X — X are four operators satisfying

the following conditions:

(H4) (I — A) is one-to-one;

(Hs) A is a-condensing with sequentially closed graph in Tf\f‘l’B’c’D);

(He) (I — D) is continuously invertible on C(M);

(H7) B and C' are continuous mappings with C (M) is relatively compact;
(Hs) B(I = D)~'C(M) C (I = A)(M).

Then the BOM (4.1) has at least one solution in M x X.

Proof. Since (I — D) is continuously invertible, the operator

S=:B(I-D)'C: M- X,
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is continuous. Let now € be a nonempty subset of M with «(£2) > 0. By the subadditivity
of the Kuratowski’s measure of noncompactness, the first part of (#s) and the last part of

(Hr7) we get
a(AQ+ B(I —D)7'CQ) < a(AQ) + a (B(I — D)~'CQ)
< ().

Which means that the second condition (ii) of Theorem 2.7 is hold. Obviously the other
conditions of Theorem 2.7 are satisfying, then BOM (4.1) has at least one solution in

M x X. O

Just one of the diagonal entries of 7 — L is invertible

We shall treat only the case of invertibility of I — D, the other case is similar just simply

exchanging the roles of D and A and C' and B. Assume that:

(Ho) The operator D fulfils the conditions of Lemma 2.1 with the constant vp;
(Hip) B is nonlinear contraction with the functions ¢p;

(H11) C is contraction with the constant ko < 751;

(H12) A is a continuous compact operator;

(H13) (A+ B(I — D)~'C)(M) is a subset of M.

Theorem 4.3. Under the assumptions (Hg) — (H13) , the BOM (4.1) has, at least, a fixed
point in M x X.

Proof. We only have to prove that the map
''=A+B(I-D)'C: M — M,

is condensing with respect to a. (The continuity of I' is obvious.)

Using the ideas used to prove Theorem 4.1, one easily derive that S := B(I — D)7'C is a
ke - vp-set contractive.

Let now Q be a nonempty subset of M with «(2) > 0. By the subadditivity of the

Kuratowski’s measure of noncompactness, we get
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a(I'Q) < a (AQ+ B(I - D)'C9Q)
< a(AQ) +a(B(I - D)'CQ)
< a(Q).
This latter inequality means that I" is a condensing map with respect to «, and Sadoveskii’s

fixed point theorem works. O

None of the diagonal entries of (Z — £) is invertible

In this case, we discuss the existence of fixed points for the following perturbed block

operator matrix by laying down some conditions on the entries.

- A, B PO
L= " + . (4.2)
C D1 0 PZ
Let M’ be a nonempty, bounded, closed, and convex subset of a Banach space Y.
Assume that the operators A; and P; map X into X, B from M’ into X, C from M
into Y, and D; and P, from Y into itself. Suppose that the operator (4.2) respects the

following assumptions:

(H14) A fulfils the conditions of Lemma 2.1 (resp. the operator D; fulfils the conditions

of Lemma 2.1) with the constant v4, (resp. with the constant vp, ),

Hi5) the operators Py, P», B and C' are kp,-Lipschitz, kp,-Lipschitz, kg-Lipschitz, kc-
1 2
Lipschitz respectively,

(Hm) For every xrp € X, x9 € M and Y1 € Y, Yo € M,, (I—Al)_1P1I1+<[—A1)_1By2 e M
and ([ — Dl)_ICI'Q —+ ([ — Dl)_IPle e M.

Theorem 4.4. Under the above assumptions (H4) — (Hie) , the block operator matrix

(4.2) has, at least, a fixed point in M x M’ provided that

-k -k
va - kB Vo - ke }<1'

max kP'IYA?kP'fYD? )
{ LA IO ke 1 —p - kp,

To prove this theorem we need the following theorem which is define a MNC in

Cartesian product X = X; x X5 x ... x X,, based on its MNCs 1, pio, . . ., 4, respectively.
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Theorem 4.5. [9] Assume the function F : |0, 4+ 00)" —]0, + 00) is convex and

F(zy,x9,++ ,2x,) =0 ifand only if x; = 0 for i = 1,2,...,n. Then
/’L(B>:F(M1(Bl>7:u2<B2)77,un(Bn)> VBEBX,

defines the measure of noncompactness in X = X; X Xo X ... x X,,.

Here B denotes the natural projection of B into X;.
Corollary 4.1. The function

F(B) :=max{u (B') ,pu2 (B?) ..., (B")} VB € By,
defines a MNC' in Cartesian product X = X; x Xo X ... x X,,.

Now we are ready to prove Theorem 4.4.

Proof. Let us consider the following matrix equation

<A1+P1 B ><x> <x>
= . (4.3)
C D+ P, Y Yy

This latter is equivalent to

P1 B T I—Al 0 T
C p2 Y 0 I_Dl Yy

By using the assumption (H14) we deduce that the right block matrix above is invertible and

(I — A 0 P B T T
(e ) () 6)- ()
or, equivalently
(I—A)"'P, (I-A)'B z\ [ =
<<ID1>1C <ID1>1P2><y><y>'
Hence, this latter may be transformed into

f(0)=<()-(0)
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where
T (I—A) "' P 0
0 (I-Dy) "' P,
and
5 0 (I-A)"'B
(I-Dy)~'C 0

In one hand, we have

max {kp, - va,,kp, - YD1, } < 1

it give us that the both operators (I — A;)~' P, and (I — D;)~' P, are contractions, so;
1 1

(Z —T) " exists in X xY and Lipschitz with the constant m, = max
In the other hand, S is m_ *-set contractive with respect to the measure of non compactness
a(-) = max{ax(.),ay(.)}.

Using the condition (H16) we see that all the conditions of Theorem 2.6 are satisfy, hence,

the block operator matrix (4.2) has at least one fixed point. O

4.2 Schauder’s and Krasnoselskii’s Fixed Point The-
orems for BOM under Weak Topology

In this section, we will use the results studied in Chapter 3 in order to develop a general

matrix fixed point theory under weak topology.

Theorem 4.6. Let M be a nonempty, bounded, convex and closed subset of a Banach
space X. Assume that A,C': M — X, and B, D : X — X are four operators satisfying

the following conditions:
(i) (I — D) is weak sequential continuous invertible;

(ii) B and C' are sequentially weakly continuous, in addition the operator B(I — D)~'C

is k-contractive, k > 0;

(iii) A is ¢-nonlinear contraction with ¢(r) < (1 — k)r, sequentially weakly continuous in

TS@’B’C’D) and satisfies the condition A2;
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(iv) B(I — D) 'C(M) C (I — A)(M).
Then BOM (4.1) has at lest one fixed point.
Proof. Using (i) and the first part of (ii) we deduce that
B(I-D)'C:M— X

is weakly sequentially continuous. The fact that A is ¢-nonlinear contraction by Lemma
1.5, (I — A) is a surjective operator and invertible, so the first and part of condition (i)
and condition (ii) in Theorem 3.8 hold. We next claim that (I — A)~™'B(I — D)~C is

w-weakly condensing. Indeed, we have the equality

(I-A)'BI-D)'C=(I-A+A)I—-A)""'BI-D)'C

(4.4)
=B(I —-D)'C+A(I-A)"'B(I-D)'C,

let 2 a bounded subset of M, keeping in mind the first and the second part of (iii), and

using the condition (ii) and Lemmas 3.1 and 3.2 we obtain

W((I = A)'B(I - D)'C(9) < w(B(I - D) C(Q) +w(A(I — A) ' B(I - D)™C(Q)
< kw(Q) + o(w((I — A)'B(I - D) C(9)))
< kw(Q) + (1 — k)w((I — A)'B(I — D)~'C(Q)).
This shown that, (I — A)~'B(I — D)~1C is w-weakly condensing. Now the use of Theorem
3.8 achieves the proof. 0

Corollary 4.2. Let M be a nonempty, bounded, convex and closed subset of a Banach
space X. Assume that A,C': M — X, and B, D : X — X are four operators satisfying

the following conditions:
(i) (I — D) is weakly sequentially continuous invertible;
(ii)) B and C' are sequentially weakly continuous;
(A,B,C,D) |

(iii) A is ¢-nonlinear contraction and sequentially weakly continuous in Ty, ;

(iv) the set T%‘[’B’C’D) is relatively weakly compact;
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Then BOM (4.1) has at lest one fixed point.

Proof. Let z € B(I — D)"*C(M), and we define the map A, : X — X by A,x = Az + 2.
We claim that A, has a unique fixed point in X. Keeping in the mind that A is ¢-nonlinear

contraction, and we have
|A,z — ALy|| = || Az + 2z — Ay + z||
< ¢(|| Az — Ay|).

Which means that A, is ¢-nonlinear contraction and by Boyd and Wong Theorem 1.4, it
has a unique fixed point.

By the second part of (iii) and (iv), together with Lemma 3.3 we conclude that
B(I - D)7'C : M — X is weakly compact operator and B(I — D)"*C(M) C (I — A)(M).
Now, we claim that (I — A)~'B(I — D)~'C is weakly compact. If this is not the case,
then d = w((I — A)"'B(I — D)"'C(Q2)) > 0, VQ € By. The use of (4.4) yields

w((I — A)"'B(I — D)"'C(Q)) < w(B(I — D)"'C(Q)) +w(A(I — A7 B(I — D)'C(Q))

< ¢(w((I —A)7'B(I - D)~'C(Q)))
<w((I - A)™'B(I - D)"'C(Q)).

which is a contradiction and consequently w((I —A)~'B(I—D)~'C(Q)) is relatively weakly
compact whenever 2 is a bounded subset in By, that means (I — A)"'B(I — D)~'C' is

weakly compact operator in the other words is O-contractive, hence, Theorem 4.6 works.
O

Theorem 4.7. [22] Let M be a nonempty, bounded, convex and closed subset of a Banach
space X. Assume that A,C : M — X, and B, D : X — X are four weakly sequentially

continuous operators satisfying the following conditions:
(i) C' is weakly compact operator;
(i) D is a ¢-nonlinear contraction and (I — D)~*C(M) is bounded;
(iii) A is k-contraction, and;

(iv) Az + B(I — D)"'Cx € M for all x € M.
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Then BOM (4.1) has at lest one fixed point in M x X .

Proof. Since D is ¢-nonlinear contraction, by Lemma 1.5 (I — D)~! exists on X.

Now, we claim that (I — D)~'C(M) is relatively weakly compact. The use of
(I-D)"'C=C+D({-D)'C, (4.5)
and also the weak compactness of W yields
w((I—=D)'C(M)) <w (DI —D)'C(M)).

Let € > w ((I — D)"'C(M)). By using the definition of w, there are 0 < &5 < ¢ and a set
K € Wx of M such that

D(I — D) C(M) € D(K) + Byey).

Taking into account that D is weakly sequential continuous and using the Eberlein-

Smulian’s theorem, we infer that D(K) is a relatively weakly compact subset of X and
w(D(I = D)'C(M)) < d(e0) < ¢(e)
Letting ¢ — w ((I — D)~'C(M)), we obtain
w (I = D)'C(M) < w (D(I — D) C(M)) < 6(w (T - D) (M)
<w((I=D)'Cc(M)),
which is a contradiction and consequently (I — D)~!C' is weakly compact.
Next, let us show that the mapping F' : M — X defined by the formula

F(z) = Az + B(I — D) 'Cz,

is weakly sequentially continuous. To do so, let (§,), be a sequence in M which converges
weakly to €. Since (I — D)~1C(M) is relatively weakly compact, there exists a subsequence
(&,,) of (&) such that (I — D)~'C (&,,) — ~. Taking into account the weak sequential
continuity of the maps C' and D and using the equality (4.5), to obtain v = (I — D)~'C/(¢).
Thus,

(I = D)'C (€0) — (I - D) 'C(9).
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Now, we show that

(I =D)"'C (&) = (I = D)"'C(&).

Suppose the contrary, then there exists a weak neighbourhood V¥ of (I — D)~!'C(&) and
a subsequence (fnj) of (&,) such that (I — D)~'C <£nj) ¢ V¥ for all j > 1, since (&)
converges weakly to &, and arguing as before, we find a subsequence <£njk) of (fnj) such
that (I — D)~'C (fnjk) — (I —D)~'C(¢). Which is absurd, since (I — D)~'C <§"ak) ¢ V.
As a result, (I — D)7'C is weakly sequentially continuous.

We only have to show that the operator F'is a weakly condensing operator with respect to
w. Indeed, let Q be a subset of M with w(£2) > 0. From the above discussion, it is easy to
see that F(€2) is a bounded subset of M. Besides, since A and B are weakly sequentially

continuous, it follows that

w(F(Q) <w[A(Q)+ B(I — D)'C(Q)]
w(A(Q)) +w (B(I — D)'C(Q))
k(w(€2)).

IN

IN

This inequality means that is F' is weakly condensing with respect to w. Hence, F' has, at

least, one fixed point x in M in view of Theorem 3.7. 0J

Theorem 4.8. Let M be a nonempty, bounded, convex and closed subset of a Banach
space X. Assume that A, C' : M — X, and B, D : X — X are four operators satisfying

the following conditions:
(i) D is expansive mapping with the constant h > 1, and C(M) C (I — D)(M);
(ii) C is sequentially weakly-strongly continuous and B is weakly sequentially continuous;

(iii) B and C' are Lipschitzian with Lipschitz constants kg and k¢ respectively, such that
kpko <h—1;

(iv) A is weakly compact operator, and sequentially weakly continuous;
(v) Az + B(I — D)"'Cz € M, for all z € M.

Then BOM (4.1) has at lest one fixed point in M x M.
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Proof. Since D is expansive, the inverse operator (I — D)~ ! exists on (I — D)(X) and, for
all z,y € (I = D)(X), and (I — D)~ is ;25-Lipschitz. Moreover the use of (ii) give us that
B(I — D)~'C is sequentially weakly continuous, and by (iii) this latter is contractive. Thus,
B(I — D)7'C(M) is bounded. Now, let © a bounded subset of M, using the subadditivity

of w and Lemma 3.1 we obtain

w(AQ+ B(I — D) 'C(Q)) <w(B(I — D)*C(Q)) + w(A(Q))

Now, Theorem 3.7 completes the proof. U

4.3 Application

Let X be a Banach space. Consider the following system of nonlinear integral equations

occurring in some biological problems, and also in ones dealing with physics:
o1 (t)
o) = ftale) + ([ n(t.s) o wtn(s))ds ) -
Ug(t)
o) = |(a0)+ [ bt o(5).20)ds) o + gt y(0).

where u € X\{0} and v € X\{0}. We will seek the solutions of the system (4.6) in the
space C(J, X) of all continuous functions on J = [0,7],0 < T" < oo endowed with the

Y

(4.6)

norm || - || Looking that, we can rewrite th equation (4.6) in the following form

{ 2(t) = Az(t) + By(t),
y(t) = Cux(t) + Dy(t);
where

= f(t,x(t)),t € J;
o1(t)

k: t,s)fi(s x(n(s)))ds) cu; t € J and u € X\{0};

4.7
(Cx)( <q /p(t s x(s))ds) v 47

where t € J,0 < A <1, v € X\{0}, and
(D)) = glt,2(t)) 1 € 7
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Let us assume that the functions involved in Eq.(4.6) satisfy the following assumptions:
(H1) k:J x J — R is nonnegative and continuous function.

(Hs) o1,09,m: J — J are continuous,

(Hs3) q: J — R is continuous,

(H4) The function p: J x J x X x X — R is weakly sequentially continuous such that,
for an arbitrary fixed s € J and z,y € X, the partial function t — p(¢, s, z,y) is

continuous.
(Hs) The mapping f: J x X — X is such that:

(a) f is weakly sequentially continuous, and

b is a contraction operator with a constant k’.
p
(Hg) The function f; : J x X — R is such that:

(a) fi is weakly sequentially continuous with respect to the second variable, and
() [[fr(z()I < Ay if [floe < 7, for > 0.
(H7) The function g : J x X — X is such that:

(a) g is weakly sequentially continuous with respect to the second variable,

(b) g is a ®-nonlinear contraction with respect to the second variable, and

(¢) ®(r) < (1= MN)r, for all r > 0.

Theorem 4.9. [23] Suppose that the assumptions (H,) — (Hz) are satisfied. Moreover,

assume that there exists a real number rq > 0 such that

Ip(t, s, z(s),x(As))| < 1o, for x € C(J, X) such that ||z||. < 19, and

|f(t,z(t)]] < Kz(t)], forte Jandx e C(J,X) such that ||z]. <7 -
lg(,2( )N < Allzlloo, for z € C(J, X) such that ||z]le < 7o - (4.8)
0 < g, with u € X\{0},

where K = sup&(t, s), A0 = (||¢||oc +T70) ||v]|c + 70, and v € X\{0}.
t,s€J

Then, the nonlinear system (4.6) has at least, one solution in C(J, X) x C(J, X).
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Proof. Let M be the closed ball 8, on C(J, X) with ry > 0. In order to apply Theorem
4.7, we have to verify the following steps.

Claim 1: (I — D) 'C(M) is bounded. Indeed, since D is a ®-nonlinear contraction, then
the inverse operator (I — D)~! is well-defined on C(J, X). Let (z,y) € M x C(J,X) be
such that y = (I — D)"'Cz. Then, for all ¢ € J, we have

( + / p(t, s, 2(s (As))ds) gt y(t).
since y € C(J, X) then, there is t* € J such that
Iyl = Iy ®)]
<o)+ [ p sl o) ds
g (5 () = g (02 (D] + g ()|
< (e + Tro) ol + (1= )l (Ol + s ()1D + Al

< (lgllce + Tro) lvll + (1 = A [ly @) + [l
< (lalloe + Tro) lvll + 7o 4+ (1 = M|yl

o]

Consequently,
[9lloe <6,

where

5=~ (gl + Tro) ol + ).
Hence, (I — D)~'C(M) is bounded with a bound § which end the first claim. It should
be noted that the operators defined in (4.8) are well-defined. Indeed, the maps Ax and
Dy are continuous on J in view of assumptions (Hs) (b) and (Hy) (b), for all
(x,y) € M x C(J,X). Now, we claim that the two maps Cz and By are continuous on .J
for all (z,y) € M x (I — D)"'C(M). To see this, let {t,} be any sequence in J converging
to a point ¢ in J. Then

o1(tn)
1(By) (tx) — (By) @)|| < Uo |k (tn, 5) — K(¢, )| [ f1(s,y(n(s)))| ds

il

/Utfl(t) k(t,s) f1(s,y(n(s)))ds

l(tn)

+ |-

Moreover, taking into account that (I — D)~*C(M) is bounded with a bound §, and using
the assumption (Hg) (b), we get
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1(89) () = (B O < | [t 5) = (e ) 30|l + [ [ sl

/ [K(tn, 5) — Ki(t, )| ds + K |y (¢ )—o—l(t)@ A6l

The continuity of x and o on [0, 7] implies that the function By is continuous. And we

have,

o2(tn) o2(t)

[(C)(tn) = (Cx)D)] <

o2(tn)
/ P(tn,s,3(s),x(As)) = p(t,s,(s), (AS))dS} o]
O'Q(tn
+ p(t,s,2(s),x(As))| ds| [[v]| + lq(tn) — q(@)]]|v]]
o2(t)

/Ip (tn,s,2(5),x(As)) —p(tas,w(S),w(AS))ldS] [v]]

+ (ro |oa(tn) — a2(8)] + la(tn) — gD ]o]l-

Since t, — t, so, (tn,s,2(s),x(As)) — (t,s,2(s),x(As)), for all s € J. Taking into account
(H4) the hypothesis, we obtain

p(tn,s,x(s),z(As)) — p(t,s,z(s),z(As)) in R.
Moreover, the use of the first inequality in (4.8) leads to

1p(tn,s,x(s),x(As) — p(t,s,2(s),z(As)| < 21,
for all ¢,s € J, A € (0,1). Consider

e:J =R
s = p(s) = 2r.

Clearly ¢ € L'(J). Therefore, from the dominated convergence Theorem S 1.13 and
assumption (Ha) — (Hs), we obtain

(C)(t) — (Cz)(t) in X.
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It follows that Cz € C(J,X).

Claim 2: In the proof of Theorem 4.7 we need to show that B is weakly sequentially
continuous on (I — D)™'C'(M) and A and C' are weakly sequentially continuous on M.
We begin to show the property for the operator B. Let {z,} ., be a weakly convergent
sequence of (I — D)~'C(M) to a point z. Since (I — D)~*C(M) is bounded, we can apply
the Dobrakov’s theorem 1.7 in order to get

z,(t) = x(t) in X.
The use of assumption (Hg) and the Dobrakov’s theorem 1.7 allows us we obtain

fi(t,xa(t) = fi(t,z(t)) inR.

Which implies that

K(t, s)f1 (t, x,(t)) — k(t, s) fi(t,z(t)) in R.

Moreover, the use of the condition (b) Hg, the boundedness of k the, and dominated

convergence Theorem W 1.14 leads to

a1(t)

o1 (t)
lim rlt, 5) fi (Swn(n(S)))dsz/o Rt s) f1(s, 2(n(s)))ds.

n—o0 Jo
Hence,
(Biy)(t) — (Bz)(t)

Since (Bz,,), is bounded by TK\d||u||, then by using Dobrakov’s Theorem 1.7, we get
that Bz, — Bz and so B is weakly sequentially continuous on (I — D)~*C(M). Therefore,
since g is weakly sequentially continuous with respect to the second variable and by the
third inequality in (4.8) g (-, z,) is bounded, then the operator D defined in (4.7) is also
weakly sequentially continuous. Moreover, taking into account that M is bounded and
using the Dobrakov’s theorem 1.7 we show that A is a weakly sequentially continuous
operator on M.

Now, we show that C' is weakly sequentially continuous on M. To see this, let {z,} -, be
any sequence in M weakly converging to a point x € M. Then by using the Dobrakov’s
Theorem 1.7, we get for all t € J, z,(t) — z(t). Then, by assumption (H,) and the

dominated convergence Theorem W 1.14, we obtain

(Ca) (t) — (Cz)(t) in X.
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Thus, C'x,, — Cx. As a result, C is weakly sequentially continuous on M.
Claim 3: Next, let us show that C' is weakly compact and that A is condensing on M.
We should prove that C'(M) is relatively weakly compact. By definition, we have

forallt € J, CM)(t) ={(Cx)(t); ||]lec <70} -
Then, C'(M)(t) is sequentially relatively weakly compact in X. To see this, let {z,,} -, be
any sequence in M, we have (Cx,,) (t) = rn(t) v, where
+/U2 (t, s, Tn(s), xn(As)) ds,

since |1, (t)] < ||q]|so +T'ro in view of the first inequality in (4.8), it follows that that {r,} is
a uniformly bounded sequence in C(J,R). Next, we show that {r,(¢)} is an equicontinuous

set. Let t1,t, € J. Then, we have

7n (t1) — 7 (t2)| < g (t1) — q (t2)] +

o) (tz)
[ s, a(s),2(3s)) s

o2(t1

7 105,09, 200) = 02, 5,209).2009) s

<

/OT Ip (t1, s, 2(s), x(As)) — p(t2, s, x(s), z(\s)) |ds

+1q (t1) — q (t2)] + 7o |0 (t1) — 02 (t2)],

since p, ¢, and o9 are uniformly continuous functions, we conclude that {r,} is an equicon-

tinuous set, thus by Arzela-Ascoli’s Theorem S 1.8, {r,} is a compact set. As a result,
C'(M)(t) is sequentially relatively weakly compact. Next, we will show that C'(M) is a
weakly equi-continuous set. If we take ¢ > 0,2 € M, 2* € X* and t,t € J such that
t <t t'—t<e, and using the first inequality in (4.8) we obtain

()0 — (o) | = | [ plts,0(6),508) = p(¢.s.005). 20D ds] 0]

oa(t)
o) =@l @1+ | [7 7 o500 20 ds

< (w(g,€) + Tw(p, €) + row (02, ) [z (v)]],

[l ()

where
w(q,e) =sup{|q(t) —q ()] : t,t' € J;|t —t'| < e},
w(p,e) = sup{|p(t,s,z,y) —p(t',s,z,y)| : [t —t| < e}, and

t,t! s,
z,yeM

w (09,¢) = sup{|oa(t) — oo ()] : t,t' € J;|t —t'| < e}.
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By taking into account the assumption (#,4), and in view of the uniform continuity of the
functions ¢ and o on the set J, it follows that w(q, ) — 0,w(p,e) — 0 and w (09,€) — 0 as
e — 0. By applying Arzela-Ascoli’s Theorem W 1.9 we conclude that C' (M) is sequentially
weakly relatively compact in X, Again, an application of Eberlein-Smulian’s theorem
implies that C' (M) is relatively weakly compact. As a result, C' is weakly compact. Now,
the use of the assumption (#H5) and Lemma 3.1 allows us to deduce that the operator A is
weakly condensing.

Claim 4: To finish, it is sufficient to show that
Az + B(I — D) 'Cz € M for all z € M.
Let y € C(J, X) be arbitrary, with
y = Az + B(I — D)"'Cu,
for some x € M. Then, for all ¢t € J, we have
()l < (A (O + [ BU - D) ().

We should notice that, for all x € (I — D)~'C' (M), there exists a unique z € C(J, X)
such that z = x, with ||z]| < . Therefore

I < e o)+ ([ st ) s 200Dy -
<ol + ([ bett, Nt )

< K'ro + AKT6|u) .

where

K = sup |k(t, s,
t,seJ

since y € C(J, X), there is t* € J such that ||y|lec = ||y (t*)]| and so, ||y||cc < ro in view of
the last inequality in (4.8). Hence, the hypothesis (iii) of Theorem 4.7 is satisfied, which

achieves the proof. O
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Conclusion and perspective

The fixed point theory plays an important role to proof the existence of solutions of
different types of equations.

The work presented in this Master thesis focused on the study several extensions of
Schauder and Krasnoselskii fixed point theorems in Banach spaces endowed with its strong
and weak topologies in the context that the involved operators are not (weakly) compact,
invoking the technique of measures of (weak) noncompactness.

Besides that, under which conditions we also study some theorems which unsure the
existence of fixed points for a 2 x 2 block operator matrix. In addition, this memoir gives
three applications of fixed point theorems in previous cases.

Consequently, in the direct continuity of our work, in the near future, we aim at
investigating the fixed point theorems of Krasnoselskii in Fréchet spaces under its weak
topology by using the family of measures of (weak) noncompactness - which is used the

first time by Olszowy [26]- and show some applications.

86



Bibliography

1]

R. P. Agarwal, N. Hussain, and M.-A. Taoudi. Fixed point theorems in ordered
banach spaces and applications to nonlinear integral equations. In Abstract and

Applied Analysis, volume 2012. Hindawi, 2012.

R. P. Agarwal, D. O'Regan, and M.-A. Taoudi. Browder-Krasnoselskii-type fixed point
theorems in Banach spaces. Fized Point Theory and Applications, 2010(1):243716,
2010.

A. B. Amar, A. Jeribi, and B. Krichen. Fixed point theorems for block operator
matrix and an application to a structured problem under boundary conditions of

rotenberg’s model type. Mathematica Slovaca, 64(1):155-174, 2014.

A. B. Amar and D. O’Regan. Topological fized point theory for singlevalued and

multivalued mappings and applications. Springer, 2016.

J. Appell. Su alcuni parametri connessi con la misura di non compattezza di hausdorft

in spazi di funzioni misurabili. 1984.

O. Arino, S. Gautier, and J. Penot. A fixed point theorem for sequentially continu-

ous mappings with application to ordinary differential equations. Funkcial. Ekvac,

27(3):273-279, 1984.

G. Bal. Diffusion approximation of radiative transfer equations in a channel. Transport

Theory and Statistical Physics, 30(2-3):269-293, 2001.

87



BIBLIOGRAPHY

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[18]

J. Banad. On measures of noncompactness in Banach spaces. Commentationes

Mathematicae Universitatis Carolinae, 21(1):131-143, 1980.

J. Bana$ and K. Goebel. Measures of Noncompactness in Banach Spaces, vol. 60
of Lecture Notes in Pure and Applied Mathematics. Marcel Dekker, New York, NY,
USA, 1980.

J. Banas, M. Jleli, M. Mursaleen, B. Samet, C. Vetro, et al. Advances in nonlinear

analysis via the concept of measure of noncompactness. Springer, 2017.

J. Bana$ and M. Mursaleen. Sequence spaces and measures of noncompactness with

applications to differential and integral equations. Springer, 2014.

J. Bana$ and J. Rivero. On measures of weak noncompactness. Annali di Matematica

Pura ed Applicata, 151(1):213-224, 1988.

C. S. Barroso and E. V. Teixeira. A topological and geometric approach to fixed
points results for sum of operators and applications. Nonlinear Analysis: Theory,

Methods € Applications, 60(4):625-650, 2005.

D. W. Boyd and J. S. Wong. On nonlinear contractions. Proceedings of the American
Mathematical Society, 20(2):458-464, 1969.

H. Brezis. Functional analysis, Sobolev spaces and partial differential equations.

Springer Science & Business Media, 2010.

V. Bryant. A remark on a fixed-point theorem for iterated mappings. The American

Mathematical Monthly, 75(4):399-400, 1968.

F. S. De Blasi. On a property of the unit sphere in a Banach space. Bulletin
mathématique de la Société des Sciences Mathématiques de la République Socialiste

de Roumanie, pages 259-262, 1977.

I. Dobrakov. On representation of linear operators on Co(T,X). Czechoslovak

Mathematical Journal, 21(1):13-30, 1971.

88



BIBLIOGRAPHY

[19]

[20]

[21]

[23]

[25]

[26]

N. Dunford and J. T. Schwartz. Linear operators, volume Part 1. Wiley-Interscience,

1958.

G. Emmanuele. Measure of weak noncompactness and fixed point theorems. Bulletin
mathématique de la Société des Sciences Mathématiques de la République Socialiste

de Roumanie, pages 353—-358, 1981.

A. Grothendieck. Espaces vectoriels topologiques: Curso de extensdo universitdria da
Faculdade de Filosofia, Ciéncias e Letras da Universidade de S. Paulo. Publicacdo da
Sociedade de Matematica de S. Paulo, 1958.

A. Jeribi, N. Kaddachi, and B. Krichen. Fixed-point theorems for multivalued
operator matrix under weak topology with an application. Bulletin of the Malaysian

Mathematical Sciences Society, pages 1-21, 2019.

A. Jeribi and B. Krichen. Nonlinear Functional Analysis in Banach Spaces and
Banach Algebras: Fized Point Theory under Weak Topology for Nonlinear Operators
and Block Operator Matrices with Applications. Chapman and Hall/CRC, 2015.

K. Latrach, M. A. Taoudi, and A. Zeghal. Some fixed point theorems of the Schauder

and the Krasnosel’skii type and application to nonlinear transport equations. Journal

of Differential Equations, 221(1):256-271, 2006.
K. Musial. Pettis integral. Handbook of measure theory, 1:531-586, 2002.

L. Olszowy. Fixed point theorems in the Fréchet space C (R+) and functional
integral equations on an unbounded interval. Applied Mathematics and Computation,

218(18):9066-9074, 2012.

H. Radstrom. An embedding theorem for spaces of convex sets. Proceedings of the

American Mathematical Society, 3(1):165-169, 1952.

Z. Sahnoun. Théorie du point fixe pour les sommes et produits d’opérateurs dans des
espaces localement convezes, et applications. PhD thesis, Ecole Normale Supérieure,

Kouba(Alger), juin,2011.

89



BIBLIOGRAPHY

[29] D. R. Smart. Fized point theorems, volume 66. CUP Archive, 1980.

[30] M. A. Taoudi and T. Xiang. Weakly noncompact fixed point results of the Schauder
and the Krasnosel’skii type. Mediterranean Journal of Mathematics, 11(2):667-685,
2013.

[31] J. M. A. Toledano, T. D. Benavides, and G. L. Acedo. Measures of noncompactness

in metric fived point theory, volume 99. Springer Science & Business Media, 1997.
[32] L. I. Vrabie. Co-semigroups and applications, volume 191. Elsevier, 2003.

[33] T. Xiang and S. G. Georgiev. Noncompact-type krasnoselskii fixed-point theorems
and their applications. Mathematical Methods in the Applied Sciences, 39(4):833-863,
2015.

90



oashe

Gl 3 SebadnlS 5 53a) sualal bl O b Slacess Gam Gnlys 5o 550 ods e O
U ks & cu@\,:’“ o) Camdll L) 5 ol e U8 56 pllal il ar o) sk 5 ey o3l
oand oo 3y SN Ob Ll ods am Ledsal B 4 ccamld 2 X 2 % im0 W& 5sla)) Laidl dulys U
sl el Y sl
i@ (k1) @l el A paad Gl L) (o)) poe U elal) dad) Gl i edl) LSS
Bhae 0 e ) B Dolall (dlime Crnir K5 jates Bl ) (S ) il

0C);\&:u

— e D
Abstract

The propose of this memoir is to study some generalisation versions of fixed point theorem
of Schauder and Krasnoselskii on Banach spaces and product of two Banach spaces furnished
with its norm and weak topology by using the most useful technique of Measure of (Weak)
Noncompactness. Besides that we applicate this results to find a solution for nonlinear integ-
ral equations.

Key words. Fixed point theorem, Measure of (Weak) Noncompactness, (k, t)-set contrac-
tion mapping, Condensing mapping, Expansive mapping, Sequentially weakly continuous,

Nonlinear integral equation, Block Operator Matrix.

—_—— e O e——————
Résumé

Le but de ce mémoire est d’étudier quelque généralisation des théorémes de point fixe de
Schauder et Krasnoselskii dans des espaces de Banach et produit de deux espaces de Banach
munis de leurs topologies forts et faibles, par 'usage des techniques de la mesure de non-
compacité et mesure de non-compacité faible. Ensuite on applique ces théorémes pour prou-
ver des résultats d’existence de solutions pour certaines équations intégrales non linéaires.
Mots clés. Theorem de point fixe, Mesure de non-compacité (faible), Application (k, ;1)-ensemble
contractive, Application condensante, Application expansive, sequentiellement faiblement conti-

nue, équation intégral non linéaire, Bloc des opérateurs matrices.
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