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Introduction

The Fixed Point Theory is one of the most powerful and productive tools from the
nonlinear analysis. It is an important mathematical discipline because of its applica-
tions in different areas such as differential equations, optimization theory and variational

analysis. We can model these problems by the equation
18 =%

where T is a nonlinear operator defined on a metric space. The solutions of this equation
are called fixed points of T; see |1, 9, 11, 13, 37, 38, 57, 62|.

For this reason, we have found numerous researches that assert the existence of fixed
points of a mapping 7" of X into itself under certain conditions (on the mapping 7" and
the space X).

In this context, several results have been found in two different fields: The topological
fixed point (Brouwer’s fixed point theorem, Schauder’s fixed point theorem); see |28, 60,
90, 98|, and the metric fixed point (Contraction mapping theorem); see [18, 20, 30, 31,
61, 69, 82|.

The most important result of metric fixed point is the Banach fixed point theorem,
also known as the Banach contraction principle, first appeared in 1922 in Banach’s thesis
18]. This theorem quickly became one of the central results of analysis. Because of its
major impact, this theorem is considered as the cornerstone of metric fixed point theory.

Many results have been obtained in recent years extending Banach’s theorem to par-

tially ordered spaces; see |2, 10, 29, 72, 73, 76, 79, 81|. Knaster and Tarski |63, 98]
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Introduction

established the first fixed point result with considerations of order. Their theorem asserts
that if (X, <) is a complete lattice and T': X — X is order-preserving, then 71" has a fixed
point and the set of fixed points of 7" is a complete lattice. In 2004, Ran and Reurings
81| proved the existence of fixed point of a continuous and monotone mapping 7', with
some restriction, a classical contractive condition, and such that for some zy € X, either
rg = Txy or Txy = xo in complete metric space (X, d) endowed with a partial ordering
<. They also presented 1ts applications to linear and nonlinear matrix equations.

Subsequently, Nieto and Rodriguez-Lépez 72| extended Ran and Reurings result by
replacing the continuity with an assumption ensuring that for every nondecreasing (or
non-increasing) sequence {x,}, if x, — x then x, < x (or x < x,,) for every n € N. As
an application, they obtained a theorem on the existence of a unique solution for periodic
boundary problems relative to ordinary differential equations. Further improvements of
the above results can be found in |73, 76]. The main characteristic of these works is that
the contractivity condition 1s only assumed to hold on comparable elements with respect
to the partial order, and their main strategy involves combining the ideas of iterative
methods with those of monotone methods.

Nadler [70] is the first to generalize the contraction principle to multi-valued contrac-
tions with nonempty closed bounded values defined on a complete metric space.

In 2008, Jachymski [59| gave a more general unified version of the previous results
by considering graphs instead of partial orders and by introducing the notion of single-
valued G-contraction in complete metric spaces endowed with a graph. In recent years,
a substantial amount of researches based on Jachymski’'s technique has been published,
studying different contractions for single-valued [23-26, 51, 89, 95].

In 2015, Monder |5| extended the conclusion of the results given by Ran and Reurings
81| to the case of monotone multi-valued mappings in metric spaces endowed with a
craph. There have also been various generalizations in different spaces in this direction;
see (35, 42, 56, 71].

On the other hand, in 1987, Guo and Lakshmikantham [50] introduced the concept

of Coupled fixed point. Several years later, Bhaskar and Lakshmikantham [21| presented
the coupled fixed points results in the setting of ordered metric space. They also gave

an application in which they proved the existence and uniqueness of a solution for a

7 Ahmed Draia University 2022-2023



Introduction

boundary value problem. Many researchers have obtained coupled Fixed Point results
in metric space, ordered metric spaces, b—metric space, tuzzy metric spaces, and other
spaces; see 74, 78, 87, 91, 102|.

In 2014, Chifu and Petrusel [33] generalized the results obtained by Gnana Bhaskar and
Lakshmikantham [21] to metric spaces endowed with a directed graph. As an application,
they obtained the existence of a continuous solution for a system of Fredholm and Volterra
integral equations. Several researchers have obtained coupled fixed point in metric spaces,
b—metric space, fuzzy metric spaces, and other spaces endowed with directed graph; see
6, 14, 34, 36, 97, 100].

The purposes of this dissertation are to create a new concepts of contraction and prove
a coupled fixed point theorems in b-metric space and b-fuzzy metric space endowed with
a direct graph. As application, we apply our rsults to obtain the sufficient conditions for
the existence and uniqueness of solutions different type of differential equations.

The dissertation has been organized into five chapters. The 1% Chapter, Prelimi-
naries, is a brief overview of the prerequisites of this dissertation. Throughout the three
sections, we refer to the concepts of graphs, b—metric and b—fuzzy metric space, basic
notions and some recent coupled fixed point theorem.

The other chapters are organized into two parts, each with two chapters. The first
part deals with coupled fixed points of single-valued mappings, while the second part is
devoted to coupled fixed points of multi-valued mappings.

Chapter 1 in Part I is devoted to coupled fixed points theorems in a b-metric space
with a graph. In the first Section of the chapter, the concept of contraction given by
Seshagiri Rao and Kalyani [93| has been extended by introducing b—contraction. Based
on this notion, we obtain the existence and uniqueness of coupled fixed points in b—metric
space with a graph. Additionally, to support the applicability of these results, an appli-
cation to impulsive differential equations is given. Section two deals with the gener-
alization of the results of Isik and Tiirkoglu [58| by introducing a new contraction who
that generalize their contraction in b—metric space endowed with a direct graph. Some
coupled fixed point theorems in complete b—metric spaces have been investigated under
this contraction. To demonstrate the usability of the presented results, we applied them

in differential equations with infinite delay:.

8 Ahmed Draia University 2022-2023



Introduction

Chapter 2 is intended to establish some coupled fixed points results for mappings
satisfying o-fuzzy contraction in b—fuzzy metric space. The result is applied to prove the
existence of a continuous solution for a system of fractional differential equations of the
Caputo type.

In the first Chapter in Part 1I, we introduce the concept of u — -contraction
for multi-valued mapping in b—metric space endowed with the directed graph. Then,
some coupled fixed point theorems have been established. Additionally, we present an
application to fractional differential equations of the Caputo type.

The objective of the second Chapter is to define p-multi-fuzzy contraction of multi-
valued mapping and demonstrate an existing and unique coupled fixed point result in
b—fuzzy metric space. We validate these results using an application to fractal-fractional
differential equations.

At the end of this dissertation, we present the conclusion of the present study, with a

suggestion of perspectives for future research.

9 Ahmed Draia University 2022-2023



Chapter

Preliminaries

To provide adequate background for consequent chapters. This preliminary chap-
ter presents some properties of graph theory, basic definitions and some recent results
connected to this work. However, some basic definitions will be rehashed in numerous

chapters for convenience.

1.1 Graph theory

Graph theory is the study of mathematical structures used to model pairwise rela-
tions between objects from a certain collection. It is an essential part of many disciplines,
including mathematics, engineering, physical, social, biological, computer science, linguis-
tics, and many others (see |4, 32, 40, 45, 46, 49, 53, 55, 77, 96|). Many of the early concepts
and theorems of graph theory came about indirectly, often from recreational mathematics,
through puzzles or games or problems that could be phrased in graphs. The very first
of these was a puzzle called the Konigsberg Bridge Problem. This problem was an old
puzzle concerning the possibility of finding a path over every one of seven bridges that
span a forked river flowing past an island but without crossing any bridge twice.

The history of graph theory can be traced back to 1735 when Leonhard Euler (1707-
1782) published a paper in which he only involved references to the physical arrangement
of the bridges. Still, he proved the first theorem in graph theory, which gave birth to graph
theory. Because graph theory is thought to have begun in 1736 with the publication of

10



1. PRELIMINARIES

Fuler’s solution to the Konigsberg bridge problem, FEuler became known as the ”Father

of Graph Theory”.

Figure 1.1: The seven bridges of Konigsberg.

A graph is a pair G = (V,E) of sets satisfying £ C [V]*; thus, the elements of E
are 2-element subsets of V. The elements of V' are the vertices (or nodes, or points)
of the graph G, the elements of E are its edges (or lines). The usual way to picture a
oraph is by drawing a dot for each vertex and joining two of these dots by a line if the
corresponding two vertices form an edge. Just how these dots and lines are drawn is
considered irrelevant: all that matters is the information which pairs of vertices form an
edge and which do not.

A graph with vertex set V is said to be a graph on V. The vertex set of a graph GG
is referred to as V((G), its edge set as E/((G). These conventions are independent of any
actual names of these two sets: the vertex set W of a graph H = (W, F) is still referred to
as V(H), not as W(H). We shall not always distinguish strictly between a graph and its
vertex or edge set. For example, we may speak of a vertex v € G (rather than v € V(G)),

an edge e € (&, and so on.

11 Ahmed Draia University 2022-2023



1. PRELIMINARIES

®«=—— |Solated node

Figure 1.2: Graph H.

On V ={A,...,G} with edge set £ = {{A,D}{B,C}{B,D}{C,D}{E ,F}}.

Definition 1.1. A directed graph (or digraph) is a graph that is made up of a set of

vertices connected by edges, where the edges have a direction associated with them.

D

Figure 1.3: Directe graph G.

Definition 1.2. A weighted graph is a graph obtained by assigning to each edge the

distance between the vertices.

Figure 1.4: Weighted graph.

12 Ahmed Draia University 2022-2023



1. PRELIMINARIES

Definition 1.3. By G~ we denote the conversion of a directed graph G that is a graph

obtained by G reversing its edges; i.e.

E( G ) ={(yzr)e X x X :(zy) € E(G)}.

Figure 1.5: Conversion graph obtained from digraph G.

G denotes the undirected graph obtained from G by ignoring the directions of the
edges of G. We consider GG as a directed graph whose set of edges is symmetric, thus we

have

E(G) = E(G)U E(G™).

Figure 1.6: Undirected graph obtained from digraph G.

Definition 1.4. A subgraph of a graph H is a graph L such that V(L) C V(H) and
E(L) C E(H).

13 Ahmed Draia University 2022-2023



1. PRELIMINARIES

Figure 1.7: Subgraphs ot graph H.

Definition 1.5. If  and y are vertices in a graph G, then a path in G from x to y of
length N (N € N) is a sequence {z;};", of N + 1 vertices such that

.’,U():.’IJ?./L'N:y?
and

(zi,xi41) € E(G),i=1,.....N.

Definition 1.6. The number of edges in G constituting the path between any two vertices

of 5.

Figure 1.8: Path from ‘B’ to ‘D’ of length 2.

Definition 1.7. A graph G is connected if there is a path between any two vertices of

;. GG 1s weakly connected if G is connected.

14 Ahmed Draia University 2022-2023



1. PRELIMINARIES

D :
D :
C
A C

Figure 1.9: Connected digraphs.

If G is not connected then it is called disconnected and its different paths are called
the components of GG. If GG is such that E(G) is symmetric and x is a vertex in (G, then
the subgraph G, consisting of all edges and vertices which are contained in some path
beginning at x is called the component of G containing x. Thus V(G) = |z|g where |z|q

is the equivalence class of the following relation R defined on V(&) by the rule:
yRz if there is a path in G from y to z.

Clearly, GG, is connected. For more information about this subject, see [41].

Loop

Figure 1.10: Components of the digraph G.

Fach of which is a subgraph.

15 Ahmed Draia University 2022-2023



1. PRELIMINARIES

The tollowing property and definition will be used to prove the main results in this

dissertation.

Property 1.1. 1. for any {x, },en in X such that (z,,z,.1) € E(G) and
lim x, =z, then (x,,x) € E(G),

n—-+oo

and

2. for any {x,}nen in X such that (z,,.1,2,) € E(G) and hrf i = il
N—00
then (x,x,) € E(G),

Alfuraidan and Khamsi 6| presented the following property of mixed G-monotone.

Definition 1.8. Endowed the complete metric space (X,d) with the direct graph G. The
mapping 1 : X X X — X possesses the mixed G-monotone property if

(E’ljﬂfg) = E(G) —> (T(.ﬁl’)ljy)jT((Egjy)) = E(G)j
for all 1,29,y € X, and

(y1,92) € E(G) = (T'(x,42), T(x,91)) € E(G),

for all x,y;,y2 € X.

1.2 b—metric space and b-fuzzy metric space

In this section, we will recall the main notions we will need.

1.2.1 b-metric space

The study of b-metric spaces was initiated in 1993 by Czerwik [39]|, he put another

axiom which is weaker than the triangle inequality.

Definition 1.9. Let X be a set, and let s > 1 be a given real number. A function

d: X xX — RT is said to be a b-metric on X, and the pair (X,d) is called a b-metric
space if, for all z,y,z € X,

16 Ahmed Draia University 2022-2023



1. PRELIMINARIES

1) d(x,y) = 0 if and only if z = v,

i) d(r,y) = d(y,r),

1) d(x,z) < sld(z,y) + d(y,2)].

Example 1.1. let X :=[,(R) with 0 < p < 1 where

[,(R) := {:IZ ={z,} CR: Z " = oo} .

Then d(xz,y) = O, |zn — un|P)? is a b-metric on X with s = 21/7.

Obviously, each metric space is a b-metric space (for s = 1). However, b-metric on X

need not be a metric on X. The following simple examples can be used to show this.

Example 1.2. Let X = {x,x0,23} and d : X x X — R™ be such that d (z1,29) = x > 3,
d(r1,x3) =2, d(x9,23) =1, d(x,,x,) =0, d(x,,21) = d(x,x,) for n,k = {1,2,3}. Then

d(z,,xr) < = |d(xn,x;) +d(z;,x8)], nki={12.3}.

*
3

Hence, (X,d) is a b-metric space (with s = 2/3), and not a metric space if x > 3.

Note that, in general a b-metric is not continuous.
Example 1.3. Let X = NUoo and let d: X x X — R™ be defined by

Oif x =y
11

dzy)=q " 7
5 it x,y are odd and x # vy

it x,y are even or Xy = oo

2 otherwise

Then (X,d) is a b-metric with s = 3 but it is not continuous.

Definition 1.10. Let (X,d) be a b-metric space.

1. A sequence {x,} converges to x if and only if d (x,,,2z) — 0 as n — oco. In this case,

we write llm z, = 7.
n—oo

17 Ahmed Draia University 2022-2023



1. PRELIMINARIES

2. A sequence {x,} is said to be Cauchy if and only if d (x,,z,,) — 0 as m,n — oc.

Definition 1.11. When every Cauchy sequence is convergent, the b-metric space (X,d)

1s sald to be complete.

Now, we define the continuity notion of multi-valued mappings.

Definition 1.12. Let S: X x X — P(X) be a multi-valued mapping. We will say that
S is continuous if for any sequences {x, } and {y,} which converge respectively to x and

y, we have

lim H(S(zy,yn),S(x,y)) = 0.

Nn—00

Lemma 1.1. /27 Let (X,d) be a b-metric space with constant s > 1, A,B € P(X) and
A > 1. Then, for every a € A there exists b € B such that d(a,b) < \ey(A,B).

1.2.2 b-Fuzzy metric space

The concept of fuzzy set theory was introduced by Zadeh [101]|. After that, Kramosil
and Michalek (64| introduce the concept of fuzzy metric space. Then, George and Veera-

mani (47| changed the definition of fuzzy metric, which was presented by Kramosil and

Michalek.

Definition 1.13. Let % : |0,1] x [0,1] — [0,1] is a binary operation. If it meets the

following criteria, it is a continuous ¢-norm:
1. x 1s commutative, associative and continuous,
2. ax1=a for all a € [0,1],

3. axb < cxdwhenever a < ¢ and b < d, for each a,b,c,d € [0,1].

Definition 1.14. [101]| A fuzzy set is a class of objects with a continuum of grades of
membership. Such a set is characterized by a membership function which assigns to each

object a grade of membership ranging between zero and one.

18 Ahmed Draia University 2022-2023



1. PRELIMINARIES

Definition 1.15. Let % is a continuous t-norm, X is a non-empty arbitrary set and M
is a fuzzy set on X* x (0,00) verifying the following conditions for each z,y,z € X and

t,s > 0,
1. M(xz,y,t) >0,
2. M(z,yt)=11if and only if x = v,
3. M(xz,y,t) = M(y,x,t),
4. M(zy,t) * M(y,z,s) < M(x,z,t + s),
5. M(z,y,.) : R% — |0,1] is continuous.
The triple (X,M,x) is called fuzzy metric space.

Then, Sedghi and Shobe [92| introduced the notion of b-fuzzy metric space in 2012, in

which the tuzzy metric space triangle inequality is replaced by a weaker one.

Definition 1.16. Let x is a continuous t-norm, X is a non-empty arbitrary set and M
is a fuzzy set on X* x (0,00) verifying the following conditions for each z,y,2 € X and

t,c > 0 and a given real number s > 1,
1. M(z,y,t) >0,
2. M(xz,y,t)=1if and only if x = v,
3. M(x,y,t) = M(y,z,t),
4. M(z,y,2) * M(y,2,%) < M(z,z,t + c),
5. M(x,y,.): (0,00) — [0,1] is continuous,
Then, the triple (X,M x) is called a b-fuzzy metric space with s > 1.

It should be noted that the class of b-fuzzy metric spaces is effectively larger than that
of tuzzy metric spaces, since a b-fuzzy metric space is a fuzzy metric space when s = 1.
We present an example that shows that a b-fuzzy metric on X need not be a fuzzy

metric on X.

19 Ahmed Draia University 2022-2023



1. PRELIMINARIES

Example 1.4. Let X = R and a x b = ab for all a,b € [0,1]. For each t € (0,00) define

[z —y|P

M(xyt)=e &

where p > 1 is a real number. Then (X,M *) is a b-fuzzy metric space with s = 2P~

We noted that if p = 2, (X,M,%) is not a fuzzy metric space.

Definition 1.17. Let (X,M,x) be a b-fuzzy metric space.

1. A sequence {z,} converges to x if and only if M(x,,x,t) — 1 as n — oo for each

t > 0. We write im z,, = x 1in this situation.

N— 00

2. If for all 0 < a < 1 and ¢t > 0, there exists ng € N such that M(x,, x,,t) > 1 —a for

all p,qg > ng, the {x,} is termed a Cauchy sequence.

Definition 1.18. When every Cauchy sequence is convergent, the b-fuzzy metric space

(X,M %) is said to be complete.

Lemma 1.2. [92/ We have the following in a b-fuzzy metric space (X,M x):
1. If a sequence {x,} in X converges to x, then x is unique;

2. If a sequence {x,} 1 X converges to x, then it is a Cauchy sequence.

Definition 1.19. Let (X,M . x) be a b-fuzzy metric space with s > 1. Then M (x,y.t) is

b-nondecreasing with respect to ¢; that is,
if £ > sb implies M (xz,y,t) > M (x,y,b).

Definition 1.20. Let S : X x X — P(X) be a multivalued mapping. We will say that

S is continuous if for any sequences {z, } and {y,} which converge respectively to x and

Yy, we have

lim Hpy (S(zn,yn), S(z,y),t) =0, Vt>0.

n— 00

We will use the following lemmas to prove the main results in the second part of this

dissertation.
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Lemma 1.3. [85/ Allow (X, M) to be a b-fuzzy metric space in which M s a continuous
function on X x X x (0, 4+ 00). Then, for each a € X, B € P.,(X) and t > 0, there s

bo € B such that

M(a,B,t) = M(a,by,t).

Proof. Let a € X, B € P(X) and ¢t > 0. By the continuity of M and by the compactness
of B, there exists by € B such that sup,.gz M(a,b,t) = M(a,by,t), i.e.,
M(a,B,t) = M(a,bg,1).

Lemma 1.4. /9] Let (X,M x) be a complete b-fuzzy metric space, such that (P.,(X),H,*)
is a hausdorff b-fuzzy metric space on P.,(X). Then, for all A, B € P.,(X), for each
a € A and fort > 0, there exists b, € B, satisfies M (a,B,t) = M(a,b,,t), then

Hy(AB, 1) < M(a,b,,t).

1.3 Some Elementary Coupled Fixed Point Theorems

in 1987, Guo and Lakshmikantham [50| introduced the notion of coupled fixed points.

Definition 1.21. The pair (x,y) € X X X is called a coupled fixed point of

T: X xX—> X1t
v =T(zy) and y = T(y,z).

A.Petrusel, G Petrusel, B.Samet and J.Yao |75| introduced the concept of coupled

fixed point for multi-valued mappings.

Definition 1.22. The pair (x,y) € X x X is called a coupled fixed point of
S: X xX— P(X)if
re S(xy)and y € S(y,x).

Denotes the graph of a multivalued mapping S : X x X — P(X) by
Graph(T) := {(z,y,2) € X° : 2 € S(x,y)}.

We will present in the first chapter of Partl a generalization of the following result

obtained by Seshagiri Rao and Kalyani.
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Theorem 1.1. /93] Endowed the set X with partial order <. On (X.,d, <), let the con-

tinuous map 1: X x X — X with a strict mixed monotone property on X satisfies:

d(z,T(x,y))|1 + d(u,T(u,v))
d(T(x,y),T(uw)) <« L+ d(z.u)

+ Bld(z,T(z,y)) + d(u,T (u,v))] + vd(z,u).

where o, 3,y € [0,1) such that 1 > o + 28 + . If there exist two points xqy, yo € X with
ro = T'(xo,y0) and T (yo,xq) =X Yo, then T possesses a coupled fized point (x,y) € X x X.

[sik and Thirkoglu [58| introduced the set T of pair of functions (y,1), where
p,0: [0,00) — [0,00) satisfying the following conditions:

1. ¢ 1s continuous and non-decreasing;
2. p(t) =0 if and only if £ = 0;

3. p(t+s) <p(t)+ p(s), Vt,s € |0,00);
4. 1 1s continuous;

5. o(t) > () for all t > 0.

And they proved the following results that we will offer a generalization of them in

the first chapter of Part I.

Theorem 1.2. Let (X, =X,d) be a complete partially ordered metric space. Let
T : X xX — X be a mixed monotone mapping for which there exist (p,20) € T such that
for all x,y,u,v € X withx >~ u,y 2 v,

p(d(T(z,y), T(u,v))) < F(d(z,u) + d(y, v)).

1
2
Suppose either

1. 1" 18 continuous

or

2. X satisfies the following property
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if {x,} is a nondecreasing sequence with x,, — x then x, < x for all n,

if {yn} 28 a monincreasing sequence with y, — y then y < vy, for all n.

If there exist xg,yg € X with xog = T (xg,y0) and T (yo, To) =X Yo, then T has a coupled
fized point.
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Coupled Fixed Points of
Single-valued Mappings
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Chapter 2

Coupled Fixed Points Theorems in a b-metric

opace with a Graph

In this chapter, we offer new coupled fixed point theorems that are a generalization
of certain recent developments using directed graphs with the connotation of b—metric
spaces.

Throughout this chapter, (X,d,G) stands to a complete b-metric space with s > 1,

endowed with directed graph G such that the set V(G) = X, A C E(G), G is transitive
((a,b) € E(G) and (b,c) € E(G) implies that (a,c) € E(G)) and has no parallel edges.
The mapping 1': X X X — X possesses the mixed G-monotone property.

Further, we endow the product space X x X by another graph denoted also by G,
such that

(z,y),(u,w)) € E(G) < (z,u) € E(G) and (v,y) € E(G),

for any (x,y), (u,v) € X x X.

20



2. COUPLED FIXED POINTS THEOREMS IN A B-METRIC SFACE WITH A GRAPH

Figure 2.1: Graph with parallel edges.

2.1 Coupled Fixed Point Theorems for b-contraction
Mappings

We considered the following contraction.

Definition 2.1. The mapping 7" : X x X — X 1is called b—contraction if there exist
o,y € (0,1) with

o0

Zsi(lf;jﬁ)!w

g —

such that

d(z,T(x,y)) |1 + d(u,T(u,v))]
d(T(x,y),T(u,v)) <« 1+ d(x,u)

+ Bld(z,T(z,y)) + d(u,T(uw))] + vd(z,u),

holds for all (z,y),(u,v) € X x X with ((z,y), (u,v)) € E(G).

Using the previous contraction, we proved a generalization of Seshagiri Rao and

Kalyani [93] results in b-metric space endowed with a directed graph.

2.1.1 Existence of Coupled Fixed Points

In the sequel of this section, we assume that d is continuous.

Theorem 2.1. On (X.,d,G), suppose that T is continuous and b— contraction mapping.
If there exist xg,yo € X such that ((xo,y0) , (T (x0,y0),T (yo,20))) € E(G), then T possesses
a coupled fixed point.
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Proof. Set x1 = T'(x¢,y9) and y; = T'(ygp,z0). The assumption implies that
((Iouyo) ; (ﬂflayl)) = E(G) Hence

d(xy,T(x1,y1))[1 + d(z0, T (x0,0))]
1 -+ d(ﬂ?ljﬂl'o)

+ Bld(xo, T (x0,y0)) + d(x1, T (x1,91))] + vd(w0,21).

d(x2,21) = d(T (x1,91),T (0,50)) <

S0,

Similarly, since ((y1,21), (yo.x0)) € E(G), then

b+
l — o —

d(y2,y1) < 505(3/1:@0)-

Further, for n = 1,2,..., we let
Ln+1 = T(mn?yn)? and Yn+1 = T(yn?$ﬂ)

Referring to the fact that 71" possesses the mixed (G-monotone property on X, we have

((ZnsYn) s (Tng1,Yn41)) € E(G) and ((Yng1,%n41) » (UnsTn)) € E(G).

Then
_|_
d(xn—l-luxn) < 1 f(ﬁ)é j [Bd(xnﬁxn—l)ﬂ
and
B+
d T 12T g d Ny I —
(Ynt1,Yn) 1_@_5(yy 1)
Therefore, for n € N we get
s < (T2 ) dana) 2.1)
and
B+ yl
A(Yn HIS( d(y1,Y0)- 2.2
(Yn+1,Yn) " (Y1,%0) (2.2)

For n € N and p € N*, by (2.1) we gain

A(Tn,Tptp) < 8A(Tn,Tpi1) + 8°d(Tns1,Tn2) + oo + S A(Tnip—1,Tnip)

1 n+p—1
— Sn—l Z S%d(iliijil’f?;_ﬂ)
n—+p—1 0
1 i b+
< 2 o (7o) dee
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By assumption, we get lim d(z,,z,,) = 0.

n—o0

By the same process we obtain

n+p—1 i
1 i B+
o) < o D 8 (7o) dlomn)

Then lim d(y,,Ynsp) = 0.

Nn—00

This imply that {x,},en and {y, }neny are Cauchy. The completeness of X implies
that z*,y* € X with

lim z, = 2" and lim y, = y".
n—oo n—oo

The continuity of T" implies that

r* = lim z, = lim T(x,_1,yn_1) =T ( lim z,_, lim ynl) =T{# 9" )

n—0o0 n—oo n—o0 n—0o0

Nn—r0o0 n—oo (?’1—)'00 n—oo

y* = lim Yn = lim T(yn—ljmn—l) lim Yn—1, lim 33?1—1) — T(y*:w*)u

i.e., T" possesses (x*,y*) as a couple fixed point.

The continuity of 7' in Theorem 2.1 can be discarded by adding some new conditions.

Now, assume that (X, d,G) possesses propertyl.1.

Theorem 2.2. Endowed (X,d,GG) with the propertyl.1. Suppose that T' is b-contraction
mapping. If there exist xg,yo € X such that ((xo,y0), (T (x0,y0),1 (yo,x0))) € E(G), then

1" possesses a coupled fixed point.

Proof. By referring to the proof of Theorem 2.1, we need only to show that
v* =T (z*y*) and y* = T (y*,x*).
Since lim z,,; = lim T'(z,.y,) = «2*, lim y,.1 = lim T(y,.x,) = y* and

n—oo n—oo n—oo n—oo

(n,xny1) € E(G) and (Yn11,yn) € E(G), the propertyl.1 implies that
(xn,x”) € E(G) and (y",y,) € E(G).

S0,
((zn,yn),(x",y7)) € E(G).
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Thus, we get

d(2n, T (Tnyn))[1 + d(z™,T(2"y"))]

1 + d(x,,z*)
+ Bld(zn, T (#n,yn)) + d(z™,T(2",y"))] + vd(zn,27)
d(2,Tnq1) |1 + d(2*,T(2",y"))

= X 1 + d(In;ZC*) + 5[d($na$n—b—l) T d(m*T(x*?y*))]

A(T (2n,yn), T (2" ") <

YAd(Tp,T™).

By the same way, we have

d(yﬂﬂyﬂ—l—l)[l + d(y*?T(’y*?I*))]
1+ d(y,,y*)

+ Bld(YnsYnt1) + Ay T (y"x))| + vd(yn.y").

(T (Yyn,xn),T(y 7)) < @

letting n — oo, we arrive x* = T'(z*,y*) and y* = T'(y*,x*), i.e., T possesses (x*,y*) as a

couple fixed point.

Referring to the fact that every metric space is a b-metric, we derive the next results:

Corollary 2.1. Endowed the complete metric space (X,d) with the direct graph G.
Let T: X x X — X be a mixed G-monotone property on X. Assume that there exist
a,B,v € |0,1) with 1 > a+ 3 + v such that
d(z,T'(x,y))[1 + d(u,T(u,v))]
d(1 T(u,v)) <
(T'(x,y),T(uw)) < a L+ @)
+ Bld(z,T(z,y)) + d(u,T(u,w))] + vd(z,u),

holds for all (z,y),(u,v) € X x X with ((z,y), (u,v)) € E(G). Suppose either
1. 7" 1s continuous
or

2. (X,d,G) possesses propertyl.1l.

If there exists xg,yy € X such that ((zo,y0) ., (T (x0,y0), T (yo.x0))) € E(G), then T

possesses a coupled fixed point.
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2.1.2 Uniqueness of Coupled Fixed Points

Theorem 2.3. Suppose T satisfies the hypotheses of Theorem 2.1 (Theorem 2.2). If the
coupled fized point (x*,y*) of T satisfies ((x*,y*),(xo,y0)) € E(G), then (x*,y*) is unique.

Proof. If we suppose that there is another coupled fixed point (u,v). By referring to the
proof of Theorem 2.1 or Theorem 2.2, we construct two sequence {x, },en and {y, }nen

such z,,.1 = T(x,,y,) and y,+1 = T (yn,x,) for n € N with lim z,, = 2* and lim vy, = y*.

n—oo n—oo

Since T possesses the mixed G-monotone, then ((u,v),(z,,y,)) € E(G). Therefore,

d(uﬂfn—l-l) :d(T(uﬂv) ﬁT(Z‘U’n ayn))

d(w, T (u,v))|[1 + d(x,,Tpe1) |
< « |+ d(U,ZI?n) | 5[d(uvT(u?U)) T d(wnﬂn—b—l)]

+ vd(u,x,)
— Bd($n3$n+1) + P}/d(ujl‘n)a

and

d(vﬂyﬂ—l—l) :d(T(’UﬂL) ?T(y?’b 1$ﬂ))

- Oéd(va(U,,u))[l + d(Yn Yn+1)] |
- 1+ d(v,y,)

,)/d(vﬁyﬂ)
= BA(Yn,Yn+1) + YA(V,Yn)-

On letting n — 00, we arrive to

" =wu and y* = v.

Theorem 2.4. Suppose T satisfies the hypothesis of Theorem 2.1 (Theorem 2.2).
(37*;3/:%) S E(G); then x* = y~*.

Proof. Since (z*,y*) € E(G), we have ((z*,y*),(y*,2*)) € E(G). Thus,

d(z"y") = d(T(z"y"),T(y"x7))

— 1+ d(x*,y*)

+ Bld(z*T(z"y")) + d(y", T (y",z%))] + vd(z",y")

< vd(x*,y").
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Hence 5" =4,

2.1.3 Application

Impulsive differential equations have become more important in recent years in some
mathematical models of real processes and phenomena studied in control, physics, chem-
istry, population dynamics, biotechnology and economics; see the monographs |19, 48, 60,
88].

us consider the following system

wf(t) — f(t.ﬁ(t)}y(t)),, y,(t) — f(t.},y(t),,l?(t)),, L€ ‘]\{tl} (23)
v(t]) —x(ty) = Liz(t)y(t), y(t) —yty) = Ly(t),z(t)), (2.4)
2(0) = xo = y(0), (2.5)

where 0 < t; < 1, J = [0,1], f: J xR xR — R, I; € C(R x R,R). The notations
r(tT) = lim z(t+ h) and 2(t7) = lim x(t — h).

h—0T h—0T
In order to define a solutions for Problem (2.3)—(2.5), consider the space of piecewise

continuous functions:

PC(JR) ={y: J = R, ye C(J\{t:1},R); such that y(¢;) and y(¢;)

exist and satisty y(t;) = y(t1)},
endowed the following b-metric space

d(z,y) = sup |z(t) — y(t)|* with s = 2.

teJ

Definition 2.2. A functions (x,y) € PCx is said to be a solution of (2.3)(2.5), if (z,y)
satisfies (2.3)—(2.5).

Consider on PC(J,R) x PC(J,R) the partial order relation:
(21,91) < (22,92) & 21(t) < 22(F) and yi(t) = v2(t), t € J.
We define the graph G by

V(G) = PC(JR) and E(G) ={(z,y) € PC(JR) x PC(JR), x <y},
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and we endow the product space PC(J,R) x PC(J,R) by another graph denoted also by
(&, such that

((z,y),(u,w)) € E(G) & (x,u) € E(G) and (v,y) € E(G),

for any (z,y), (u,v) € PC(JR) x PC(J,R). We study the existence of a solution to the

previous system.
Assumption 2.1. Assume the following assertions:

I. f: J xR xR — R is continuous.
2. For all z,y,u,v € PC(JR), with x < wu and v < y, we have

ftx(t)y(t) < f(tu(t)v(t) and Li(x(t),y(t)) < Liu(ti)v(t)) Ve

3. There exist a5,y € [0,1) with ) 2’ (15&75)% < 00 such that

alz(t) = f(tx(t),y(t)[?[1+ [u(t) — f(tu(t),o(t))]
) L+ [2(t) — u(t)]?
e

-5 [l2(8) = FEa(®)y )P + |ult) = F(Eu®)v()].

f(t2(t),y(t) — f(tu)v()] <

and

Li(a(t)y(t) = h(u(t) w() < 2 (l2(t) = u(®)P)

for each t € J, x,y,u,v € PC(JR), x <wu and v < y.

We shall obtain the solution of Eqs. (2.3)-(2.5). This problem is equivalent to the

integral equations:

r(t) = xo + fgt f(s,2(s).y(s))ds + I (z(t1),y(t1)),

t € J. (2.6)
y(t) = yo + fgt f(s,y(s),x(s))ds + L (y(t1),z(t1)),
We define for t € J,
T (x,y)( —ng—I—/fS.CU s))ds + I, (x(t1),y(t1)), teJ

Note that if (z,y) € PC(J,R) x PC(J,R) is a couple fixed point of T', then we have

z(t) = T(x,y)(t) and y(t) = T(y,z)(1),

for all £ € J, and (x,y) is a solution of (2.6).
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Theorem 2.5. Assume the Assumption 2.1 holds. Assume that there exists

(ug,v9) € PC(JR) x PC(JR) such that

uo(t) < xg + /0 f(s,ug(s),vo(s))ds 4+ I (u(ty),v(tr))
and

vo(t) > xg —I—/O f(s,vo(s),up(s))ds + I (v(ty),u(ty)), teJ

Then the system (2.3)—(2.5) possesses a solution.

Proof. We prove that the integral system (2.6) has a solution by showing that the oper-
ator 7: X x X — X has a coupled fixed point in X x X. To do this, we have to show
that 7" satisfies the conditions of Theorem 2.1 or Theorem 2.2.

By using Assumption 2.1, we obtain for all x, vy, x1, 2, y1, y2 € PC(JR).
if (z1,22) € E(G), then

T(21,y)(t) = 20 + / F(s,21(8)(s))ds + I (21 (t) (1))

<z + / F(5,22(5)w(5))ds + T (x2(t) w(t1)) = T(@ap)(2).

Thus (T'(z1,y),T(z2,y)) € E(G).
Also, if (y1,y2) € E(G) we have

T(x,y2)(t) = 2o + /0 f(s,x(s),y2(s))ds + I (x(t1),y2(t1))

< Zo+ /0 f(s,2(s)y1(8))ds + I (x(t1),y1(t1)) = T'(2,y1) (%)

Then (T'(z,y2),T(x,91)) € E(G).
Thus 7" possesses the mixed G-monotone property.

Now, let us consider (x,y),(u,v) € PC(JR) x PC(J,R) such that
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+2m v(t)y(t) — L(u(t)w(t)
2(s) — £(5,2(5),(8))2[L + u(s) — F(su(s)0(s))]?
3/0 * 1+ J2(s) — ul

Bllz(s) — f(s.2(s).y(s)I” + |u(s) — f(s,u(s),v(s))["]ds

Yz (t) — u(t)]”.

Therefore,

dlz,T'(z,y))|1 + d(u,T(u,v))
1 + d(x,u)

+ Bld(2,T(2,y)) + d(u,T(u,v))| + yd(z,u).

d(T(x,y),T(uw)) < a

Now, by hypotheses we can conclude that

((UO,’U()):,(T(U(),’U[)) jCT(‘UO:,@L()))) - E(G)

Since 1" is a continuous mapping and (X,d.G) possesses the propertyl.l, which show
that all hypotheses of Theorem 2.1 and Theorem 2.2 are satisfied. Thus 7" has a coupled
fixed point in PC(JR) x PC(J,R).

2.2 Coupled Fixed Point Theorems for p—1-contraction
Mappings

In this section, we establish a new generalization for coupled fixed point in partially

ordered complete metric spaces, which was previously presented by Isik and Turkoglu
58]

Firstly, we present the following contraction that we will use in this section.
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Definition 2.3. The mapping 7" : X x X — X is called ¢ — v —contraction if there exist

a pair (¢,1) € T such that

o (AT () T(w0)) < 50 (d(a) +d(y0)) 2.7

holds for all (z,y),(u,v) € X x X with ((z,y), (u,v)) € E(G).

2.2.1 Existence of Coupled Fixed Points

Betore introducing our main result in this subsection, we formulate and prove the

following result:

Lemma 2.1. Let (X,d) be a b-metric space with s > 1. Let {x;} and {y;} be two

sequences in X. Assume that there exists o € [O,é) satisfying

d(Ijnwj-l-l) + d(yjnyj-i-l) st Od[d(xj—lﬂxj) + d(yj—lﬂyj)]? (28)
for any j € N. Then {x;} and {y;} are Cauchy sequences.

Proof. Let 7,7 € N and 7 < j. Then

VA

s\d(x;,xi1) + d(xip1,25)] + s|d(YiYiv1) + A(Yiv1,Y;))
sld(xi,ziv1) + d(Yi,yir1)] + 5 d(Tis1,%i42) + d(Yiv1,Yiv2)]
T SQ[d(Sﬁiw;ﬂfj) + d(ywzjyj)]

d(zi,xz;) + d(ys,y;)

FA

A

< sld(s,Tiv1) + d(Yi,yir1)] + 57 d(Tiy1,Tiy2) + d(Yiv1,Yit2))

+ oo 8T A2, 1) + d(@0,75) + d(yi-2,y5-1) + d(Yi-1,95)]
< sld(zi,ip1) + d(Wiyis1)] + 87 [d(Tis1,Tiv2) + A(Yis1,Yiro)]

+ o 8T T d (2, 1) + d(Yjo,yi-1)] + 8T d(x1,m5) + d(yi-1,5)]-

Using Equation (2.8) and the fact that sav < 1, we have

d(x;,z;) + d(y;,y;) < [Saz L e e gt g4 Sj_i@j_l](d(:vgjml) + d(yo,y1))

= 5052[1 +sa+ 4 VTV 4 Sj_i_locj_i_l](d(ilfoafl?ﬂ + d(yo,v1))
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Hence,

lim [d(x,2;) + d(yi,y;)] = 0,

1—> 00

and thus, {z;} and {y,} are Cauchy sequences.

Theorem 2.6. On (X,d,G), suppose that T s continuous and @ — 1)—contraction map-
ping. If there exist xg,y9g € X such that ((xo,yo), (T (x0.y0),T (yo,20))) € E(G), then T

possesses a coupled fixed point.

Proof. Set x,.1 = T(x,,y,), and y,4+1 = T(yn,x,), n = 1,2,.... By assumption we get
((xo,y0) , (x1,41)) € E(G) which implies that

(T (x1,51),T (x0,Y0)))

o, (S2d(f132,,$1 ) (
Y (d(z1,20) + d(y1,90)) -

i
1
2

[\

Similarly, since ((y1,71), (yo,%0)) € E(G), we have

1

P (s d(y2,u1)) < 59 (d(y1,90) + d(w1,20)) .

Since 1" has the mixed G-monotone property on X, we get for n = 1,2,...

(#nsyn)  (Tng1,9ns1)) € E(G), ((Unt1:%n11) 5 (UnsTnt1)) € E(G).

Then
0 ((Tni1,20)) < 5 (d@n Tar) + Ay tnr) (2.9)
and
o (d(yns1.m)) < 50 (At ) + d(ntn 1)) 2,10

Adding the above inequalities (2.9) to (2.10), we obtain

P (Sgd(a:n—l-lﬁmn)) T P (SQd(yn—l-lﬁyn)) S w (d(xmwn—l) 29 d(ynayn—l)) .

Due to the properties of (¢,1)), we have

2 (32 (d(mn—l—lamﬂ) T d(yn—!—hyn))) <@ (d(mmmn—l) + d(ymyn—l)) '

Since ¢ is non-decreasing, imply

$° (d(Tps1,%0) + d(Ynt1,Un)) < d(TnsTn1) + A(YnyYn-1).
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Then
1
d(:ljn—l—l:xn) d(yn—l—layn) < ? (d(xn:xn—l) d(yn:nyn—l)) .

Since 0 < % < =, then by Lemma 2.1 we conclude that {z,} and {y,} are Cauchy
sequences. The completeness of the space X implies that, there exist *,y* € X such that

lim z, =2" and lim vy, =vy".
n——+o0 n——+0o0

We have by the continuity of 1’

ot = Mm zn = Hm T(@n-1gn-1) = T Im 2o, Im yn) =T(e"y"),

yﬂc — hm Yn — 111’11 T(yn—hxn—l) :T( 11111 Yn—1 hm m”_l) :T(y){{’mﬂ:)j

n—-+oo n—-+oo n—-+oo n—-+oo

i.e., (z*,y*) is a couple fixed point of T'.

Example 2.1. Let X =R, d(z,y) = |r — y|* be a b—metric space with s = 2. Let G be
the directed graph defined on X by

((z,y), (u,v)) € E(G) s xz<uiv<y.

And let T: X x X — X be defined by T'(z,y) = =¥, (z,y) € X x X.
1

Then 7" is mixed G-monotone and satisfies condition 2.7 with ¢(¢) = 5t and

(t) = +t. Indeed, it is clear that (¢,10) € T, then for any (z,v), (u,v) € X x X such

that ((z,v), (u,v)) € E(G), we have
r+1y u+v\?
( 4 4 ) )
(& —u) + (y —v))’

(z—u)” + (y —v)°)

d(z,u) + d(y,v)).

< =00 = N =

F I

o (s°d(T(x,y),T(uw))

|\
* il
DO
)

A

—

Notice that ((0,0),(0,0)) € E(G). So by Theorem 2.6, we have that T" has a coupled
fixed point (0,0).

Now, we give another sutficient condition for the existence of couple fixed point in the

case where the mapping 7' is not continuous and the triple (X, d,G) has propertyl.1.
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Theorem 2.7. Endowed (X,d,G) with the propertyl.1. Suppose thatT" is ¢—1)— contraction
mapping. If there exist xo,y9 € X such that ((xo,y0), (1T(x0,Y0),1 (vo,20))) € E(G), then

T’ possesses a coupled fized point.

Proof. We follow the proof of Theorem 2.6 and prove that x* = T'(z*,y*) and

" =Ty 3% )
Since lim z,,; = lim T'(z,.y,) = «2*, lim y,.1 = lim T(y,.r,) = y* and
n—oo n—oo n—oo n—eoo

(TnsTnt1), (Yns1,yn) € E(G), then by Property 1.1 we have
(xp,x") € E(G) and (y*,y,) € E(G).

Then
((Znyn),(x",y7)) € E(G),

and hence we get

o (AT (i) T (" 7)) < 5 (dat”) + ()

Similarly, we have

1

o (8T (Yn,wn) T (y"2"))) < 50 (dyny”") + d(wn,z"))

Letting n — +00 we have

lim d(T(x,,y,),T(x",y")) =0and lim d(T(y,,z,),T(y",z")) =0,

n—-+0oo n—-+oo

then
lim z,. =T (z"y") and lim vy, =T (y",x").

n——+oo n——+0oQ

Thus, z* = T(xz*,y*) and y* = T'(y*,x*), i.e., (*,y*) is a coupled fixed point of 7.

[f we take (t) =t and ¥ (t) = kt in Theorem 2.6 and Theorem 2.7 with s = 1, we
have the following result which is an extension of the results given by Alfuraidan and

Khamsi |6].

Corollary 2.2. Let (X,d) be a complete metric space endowed with a direct graph G.
Let T: X x X — X be a mapping that has the mixed GG-monotone property on X for
which there exists k& € [0, 1) such that

d(T'(zy),T(u,w)) <

for any (x,y),(u,v) € X x X with ((z,y), (u,v)) € E(G). Assume that either
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1. 7" 1s continuous
Or
2. the triple (X,d,G) has the property 1.1.

If there exist xq,yo € X such that ((xo,y0). (T (x0.y0),T (yo,x0))) € E(G), then T has a
coupled fixed point.

From Theorem 2.6 and Theorem 2.7 we deduce the following result.

Corollary 2.3. Let (X,d) be a complete metric space endowed with a direct graph G.
Assume the mapping 7': X x X — X has the mixed G-monotone property on X. Let
(p,1)) € T such that

o(d(T(z,y),T(u,w))) < d(x,u) + d(yjfu))

o () + d(y.v) v (T

1
2
for all (z,y),(u,v) € X x X with ((z,y), (u,v)) € E(G). Assume that either

1. 7" 1s continuous

or
2. the triple (X,d,G) has the property 1.1.

If there exist xg,yo € X such that ((zo,y0), (T (x0,y0),T(yo,x0))) € E(G), then T has a
coupled fixed point.

Note that, the above result i1s an extension of the results obtained by Luong and Thuan

99] in metric space endowed with a graph.

2.2.2 Uniqueness of Coupled Fixed Points

Theorem 2.8. In addition to the hypothesis of Theorem 2.6 and Theorem 2.7, suppose
that for any (z,y),(x*,y*) € X x X there exists (u,v) € X X X such that
((z,y),(u,w)) € E(G) and ((z*,y*),(u,v)) € E(G). Then T has a unique coupled fixed

DOINt.
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Proof. Suppose that there exist two couple fixed point (x,y) and (x*,y*) of T". By
assumption, there exists (u,v) € X x X such that ((z,y),(u,v)),((x*,y"),(u,v)) € E(G).

We define the sequences {u,} and {v,} as follows

Ug = U, Vg =10, Upi1 =1 (Up,v,) and v,41 = T'(v,,u,) for all n € N.

Since ((x,y),(u,v)) € E(G) and T has the mixed G-monotone property we can prove
that ((x,y),(un,v,)) € E(G). Then

o, (Sgd(xjunﬂ)) =

and

Adding the above two inequalities and using the property of (©,1)), we get

o (s*(d(z,tns1) + d(y,vni1))) < Y(d(z,un) + d(y,vn)). (2.11)

Since ¢ is a nondecreasing function and ¢(t) > ¢ (t) for t > 0, we have

32(d(xﬂuﬁ—|—1) T d(y?vﬂ+1)) = d(xﬂuﬂ) 43 d(yiv’n)'
Since s > 1
d('r:aun-}-l) T d(yﬁvn-l-l) < d('xﬁun) T d(yﬁvﬁ)

This gives us {d(x,u,) + d(y,v,)} is a nonnegative decreasing sequence, and

consequently, there exists 0 > 0 such that

lim d(x,u,) + d(y,v,) = 9.

n—0o0

Since ¢ and 1 are continuous functions, letting n — oo in (2.11), we have

p(s70) < Y(6).
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It implies, by the properties of ¢ and © that 0 = 0. Hence

lim d(x,u,) + d(y,v,) = 0.

n—oo

Then,
lim d(z,u,) =0 and lim d(y,v,)=0.

n—oo n—od

Following the same process, we can show that

lim d(z*,u,) =0 and lim d(y*,v,)=0.

n—oo Nn—o0

By letting n — oo in the following inequality
d(z,x") < sld(z,u,) + d(u,, z*)|.

d(y,y") < sld(y, vn) + d(vn,y)].

Therefore, d(z, x*) = d(y,y*) = 0 and hence xr = 2* and y = y*.

Theorem 2.9. If (z*,y*) is a coupled fized point of T'. Assume that (x*,y*) € E(G) and
the hypothesis of Theorem 2.6 and Theorem 2.7 hold. Then x* = y*.

Proof. Since (z*,y*) € E(G) we have ((x*,y*),(y*,2*)) € E(G). Hence,

p(s*d(z*y")) = p(s*d(T(x*y"), T (y" ,x")))

Since ¢ is non-decreasing function, we have

s*d(z*y*) < d(x*y").

Hence d(z*,y*) = 0 and so z* = y*.
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2.2.3 Application

Delay differential equations are a type of functional differential equations where the
evolution of the system depends not only on the current state of the system but also on
its past history. Such equations are frequently encountered as mathematical models of
population dynamics, epidemiology, immunology, physiology, and neural networks , etc.
For details, see the monographs [17, 22, 65, 80, 83, 84|. For example, any time when in
physics or technology we consider a problem of a force, acting on a material point, that
depends on the velocity and position of the point not only at the given moment but at
some moment preceding the given moment.

Consider the following system of differential equations:

() = f(t,xe,y), v ()= flty,x), ted (2.12)

r(t) = wi(t), y(t) =wq(t), te (—00,0], (2.13)

where J := [0.L], f: J x Q x Q = R", w,wy € €, and x4,y; present the history of the
state from —oo up to the present time t. We assume that the histories x;,y; belong to (2.
Where (€2, ||.||o) the seminormed linear space of functions mapping z: (—o0,0] — R" and

satisfying the following axioms that were introduced by Hale and Kato|52| for ordinary

differential equations.

1. If x: (—oo,L] — R™, L > 0is continuous on J and z( € €2, then there exist constants

a, [, v > 0 such that for every t € |0, L) the following conditions hold:

1) x; is in ),
i) ||z|] < aflzd|q,

tii) [|ze|lo < Bsupil[z(s)], 0 <s <t} +7][zolla.
2. For the function z(.) in 1, z; is a 2-valued continuous function on |0, L).

3. The space () is complete.

In order to define a solutions for Problem (2.12)-(2.13), consider the following space

X ={z, 2:(—00,l] = R", € CXRY), x(t)=w(t), te(-o000], weql,
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endowed with the following seminorm

|2l|x = [|zolla +sup ||y(?)]]
t€J

Definition 2.4. A functions (x,y) € X x X, is said to be a solution of (2.12)-(2.13) if
(x,y) satisfies (2.12)-(2.13).

We define the operator 7: X x X — X by

w1 lT), if ¢ —00,0
Iyt =" sl
) + fo S, xs,Ys)ds ifteJ
W2 ; if _OO.JO
T'(y,x)(t) = . ak )

) + fo $,Ys,Ls)ds it e J

Let wq, Wy: (—o0; L) — R™ be the functions defined by

) wi(t), ifte(—o0,0) wo(t), ift € (—o0,0)
wl(t) — ng(t) —
wi(0), ifteJ wo(0) ifte J

Then w1y = wy and Wy = we. For each v, ¥, € C(JR") with ¥1(0) = 0 and
95(0) = 0, we denote by ¢ and J the functions defined by

_ 0, ifte(—o00) _ 0, ifte (—o00,0)
191(75) — ﬁﬁQ(t) —

9, (), ifted 9y(t) ift € J

If z(.), y(.) satisfy the integral equations,

/ T8, )d
/ f(s,ys,xs)d

we can decompose x(.) as x(t) = V1(t) + 1 (t) and y(.) as y(t) = J2(t) + @o(t) for every
t € J, and the function ¥ (.), and 9, satisfies

t
= / f(Saﬁ_ls - dJlSJEQS 0 LDQS)dS
0
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and

t
?92(75) — / f(Sjggg + (:*’23:.@13 - Cbls)dS.
0

Set Cp = {v € C(JR™),9(0) =0} endowed with the following b-metric with s = 2

d(z,y) = sup ||z(t) — y(t)]]

teJ

Consider on Cy x Cy the partial order relation:
(1,41) < (T2,y2) & 21(t) < 22(t) and y1(t) > yao(t), t € J,
the graph GG such that V(G) = Cy, and
E(G)={(z,y) € Cy x Cy, x<y}.
We endow the product space Cy x Cy by another graph denoted also by &, such that
(z,y),(u,v)) € E(G) & (z,u) € E(G) and (v,y) € E(G),

for all (x,y), (u,v) € Cy x C.
We define the operator F': Cy x Cy — Cjy by

F(xy,x9)(v) = / f (8,15 + wis,Tas + Was)ds.
0

Clearly, if 1" has a Couple fixed point, then /' has a Couple fixed point and vice versa.
So we will show that F' has a Couple fixed point by using Theorem 2.6 and Theorem 2.7.

Assumption 2.2. 1. f:J xQ x — R"is continuous;

2. For all z,y,u,v € R", with x < wu and v <y,
f(txy) < f(tu,w);

3. Foreacht € J, z,y,u,v € R", x <wu and v <y we get

1 1

1
Hf(t?;z:?y)—f(t}ujvmz £ 372 In (BH$_U’H2 | /BHy—UH2—|—1)
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Theorem 2.10. Consider the system (2.12)-(2.13) suppose that the Assumption 2.2 is
satisfied. Assume that there exists (u,v) € Cy x Cy such that

t
S / f(Saﬂs =+ (1713:,@5 =+ @2s)dsﬁ
0
and

/ f Us —|—£:J25)d8? t € J.

Then the integral system (2.12)-(2.13) has unique solution.

Proof. We obtain the existence solution of the integral system (2.12)-(2.13) by showing
that the operator F': Cy x Cy — Cy has a coupled fixed point in Cy x Cy. To do this, we
verity that F' satisfies the hypotheses of Theorem 2.6 or Theorem 2.7.

Using Assumption 2.2, we obtain for all z, y, m, n, w € Cy, if (x,m) € E(G) then we

have
t
F(xiy)(t) = / f(S:rES =+ (-Dl.srrys T CDQS)dS
0

t
< / f(sums T LblSﬂgs + LD?S)dS
0

= F(m.y)(t)
Therefore, (F(xz,y),F(m,y)) € E(G).
Also, if (n,w) € E(G) we have
t
Flzaw)(t) = | f(s,Ts 4+ Wis,Ws + Wog)ds

Hence, (F(x,w),F(x,n)) € E(G) and thus I’ has the mixed G-monotone property:.
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Now, let us consider (z,y),(u,v) € Cy x Cy such that ((x,y),(u,v)) € E(G). Then

{ t
| EF'(x,y)(t) — F(fz,L;U)(t)H2 = | / f(s,Ts + W15,y + Wos)ds — / f(8,Us + Wig,ts + LDQS)dSHQ
0 0

Therefore,

¢
S L/ Hf(smfs T @1555 T @25) o f(S:wﬁs T d}ls:w@.s T CDQS)HQdS
0

8 B b
< o1 (sup la(t) — u@) I + sup lly(®) — )|+ 1)
o (SPA(F (). F(u)) < 30 (dxu) + d(yv)).
where o(z) = x and ¥(x) = In(x + 1). Clearly (p,30) € T.

Now, by hypotheses we can conclude that

(u,0),(F(u,w),F(vu))) € E(G).

Since F' is a continuous mapping and the triple (Cy,d,G) has the Property 1.1, which

show that all hypotheses of Theorem 2.6 and Theorem 2.7 are satisfied. Therefore,

F' has a coupled fixed point in Cy X Cy. And by Theorem 2.8 we obtain the uniqueness

of coupled fixed point.
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Chapter 3

Coupled Fixed Points Theorems in a b-fuzzy

Metric Space with a Graph

This chapter deals with presenting new contractive mappings and gives sufficient

conditions for the existence of coupled fixed points in b—fuzzy metric spaces endowed
with a directed graph. Finally, we use our results to confirm the presence of a continuous
solution for a system of fractional differential equations.

Let (X,M,*,G) stands to a complete b-fuzzy metric space with constant s > 1 such that
a*a > a* and lim M(z,y,t) = 1, endowed with directed graph G such that V(G) = X,

t— 00

FE(G) O A and G has no parallel edges. Let T: X x X — X be mapping.

Further, we endow the product space X x X by another graph denoted also by G,
such that
((z,y),(u,v)) € E(G) < (z,u) € E(G) and (v,y) € E(G),

for any (x,y), (u,v) € X x X.

3.1 Coupled Fixed Point Theorems for p-fuzzy con-
traction Mappings

We denote by €2 the set of function ¢: R™ — R that meets all of the following criteria:

1. ¢ 1s nondecreasing;
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2. for all a € R™ and t € R™ we have ¢(at) = ap(t);
3. > g ¢'(t) converges for all ¢ > 0.
Obviously, if ¢ € €, then ¢(t) < t for each t > 0.

Definition 3.1. The mapping 1" : X x X — X is called o-fuzzy contraction if there exist
p € () such that:

1. for all x,y,u,v € X, T is edge preserving, i.e.,
((z,y),(u,v)) € E(G) then ((T'(z,y), T(y,x)),(T (u,v), T(v,u)) € E(G);

2. for all (z,y),(u,v) € X x X such that ((z,y), (u,v)) € E(G),

M (T (x,y),T(u,v),p(t)) > M(xju,st)% % M(ijjst)%. (3.1)

3.1.1 Existence of Coupled Fixed Points

Theorem 3.1. On (X, M, x,G), suppose that T' is continuous mapping and ©-fuzzy con-
traction mapping. If there exist xo,yp € X such that

((z0,y0) , (T(x0,y0). T (yo,20))) € E(G), then T possesses a coupled fized point.

Proof. Set x,.1 = T(x,,yn), and ynr1 = T (yn,x,), for n = 1,2,.... By assumption we get
((zo,y0) , (z1,41)) € E(G) and ((y1,21) , (yo,x0)) € E(G) which implies

M (x1,22,0(t)) = M(T(x0,Y0),T(x1,91),(1))

M (xg,x1,5t)2 * M(yojyl,st)%

b | =

AV,

and

M (y2,y1,5(1))

M (T (y1,21),T (yo,0) (1))
> M(yl,yg,st)% * M(a:ha:ojst)%.

Since 7' 1s edge preserving, we get

((x1,01) , (w2,2)) € E(G) and ((y2,72) , (y1,21)) € E(G),
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then we obtain

M(QTQ;CCS;@QU)) — M(T(ﬂ?l;yl)aT(xzjyz)aS@Q(t))

£)2 * M(y1,y0,50(t))2

and

By the same way, for n = 1,2,..., we have

(@n9n) s (Tni1,Yns1)) € E(G) and ((Ynt1,8n11) 5 (Yn,7n)) € E(G).

Then
M (xp,xpni1,0"(t)) > M(:}:ijhs”t)% o M(yo,yhs”t)%

and

1 n\ +
M(yn—l—luynuﬁpn(t)) Z M(ylayOﬁSnt)z * M('xljxﬂjs t)z :

Since ¢ € , for all £y > 0 there exist m > 0 such that t, > >~ " (t). So for all

m > n > ng we have

m—1 L
l
M(xﬂjxmgt[)) 2 M (Qj‘n?xm? k=n %0 ( ))
S

n f n+1 #
2 M (xﬂ&xn-l-lﬂw g )) * V] (mﬂ-l-lﬂépﬂ-l-%w 3( ))
S S

n—+2 f m—1 #
* M (mn—l-%xn—l-i}:w 4( )) * - % M (xm—ljxmaw ( ))
S gm—n

1

gn % g" % Sn—i—l %
> M (550;551;—275) * M (yojyh—zt) * M (5170;5171; 3 75)
S S S

Sn—l—l % Sn—|—2 % 8?’14—2 %
*M(ymyh 33 t) *M(SC[),,SCL, 84 t) *M(y()ﬂyla 84 t)

Sm—l % Sm—l %
M (5170151?1? Sm—n-l-l t) M (@/O:yl ; Sm—’n-l-l t)
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Since lim M(xz,y,t) = 1 for all z,y € X, we have

t— 00

lim M(z,,Tmt) > 1x1x1x---x1=1.

n—oo

Therefore, {z,} is a Cauchy sequence. By the same way we can prove that {y, } is also a

Cauchy sequence.

Since X 1s complete space then there exists z*,y* € X such that

livn, &, =8 and lim 9,= 9
nN—+00 n——+00

By the continuity of 7" we have

v = lm @, = lm T(zp-1,yn-1) =T( im a,, lim y,1)=T(2"y").
y = lim y,= lim T(y,-1,2p—1) =T( lim y,_1, lim x,_1)=T(y",x").

n—-—+o0 n—-+0o0 n—-+oo n—-+o0

Thus, (x*,y*) is a coupled fixed point of T

Theorem 3.2. Endowed (X,M,G) with the propertyl.1. Suppose that T is p-fuzzy

contraction. If there exist xqg, yo € X such that

((zo,y0) , (T'(x0,y0),T(yo,x0))) € E(G), then T possesses a coupled fixed point.

Proof. By following the proof of Theorem 3.1, we only prove that z* = T'(z*,y*) and
vyt =T (y*,x*).

We constructed two sequences {z,, } and {y,} such that
1. xpyo1 =T (xn,yn) and ypi1 = T(Yn,xn):

2. ((fmyn) a ($n+layn+1)) = E(G)a

M (2, Zni1,0" (1) = M(zo,21,58"t)2 % M (yo,y1,5"t)2

and

1 1
M (Yns1,Yn, 0" (t)) > M(y1,y0,5"t)2 * M (x1,20,5"t)?2;

4. There exist x*,y* € X such that lim z, =2 and lm vy, = y*;

n——+o0 n—-—+o0
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for n = 1,2,... By property 1.1 we have

(xn,x") € E(G) and (y*,y,) € E(G),

then
((Tnyyn),(x7y7)) € E(G).
Thus
t — ot t
M T y)8) 2 M (o, 200, 2D ) w01 (2,01 97), 22
S S
t — ot 1 1
> N (.’L‘*,,a:nﬂj a )) * M (x,, 2%t)2 x M (y,,y".t)2
S
and

M(y"T(y*,x").t) >

and

M(y*,T(y*,x*),t) = 1.

Then
" =T(x",y") and y* =T (y",x"),

i.e, (z*,y*) is a coupled fixed point of 7.

If we take (t) = kt, where k € (0,1) in Theorem 3.1 and Theorem 3.2, we have the

following corollary whose we can show that us an extension of the results obtained by Zhu

and Xiao [102| in b-fuzzy metric space endowed with graph.

Corollary 3.1. Let (X,M, x.,G) be a complete b-fuzzy metric space with s > 1 endowed

with the direct graph G such that a *a > a*. Let T : X x X — X is edge preserving.

Assume there exists k € (0,1) such that
M(T(x,y).T(uv) kt) > M (xu,5t) % M(y.v,5t)2.

for any (x,y),(u,v) € X x X such that ((z,y), (u,v)) € E(G). Suppose that
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1. 7" 1s a continuous mapping

Or

2. the triple (X,M,G) has property 1.1.

[f there exist xg,yo € X such that ((xo,y0), (T (z0,y0),T (yo,x0))) € E(G), then T possesses
a coupled fixed point.

Example 3.1. Let X = [0,1] and x*xy = xy for all x,y € X. Then (X,M %) is a complete

b-tuzzy metric space with s = 2, where

M(z,y,t) = exp (

Let T : X x X — X be define by

x —y|°
t

)j Veye X, t>0.

L —Y
A ;

T(C(I,,y) —

Let G be a graph defined by

Vr,y € X.

EG)={(z,y) e X x X, x<y}.

It is clear that 7' is edge preserving.

Now, since

il B . N il
=
N
s
)
=
oo
<
o
s g

for all ((z,y),(u,v)) € E(G). Thus

M (T (z,y),T(uw),0(t)) > M(z,u,st)2 x M(y,v,st)2,

1

where ¢(f) = 5t. Notice that ¢ € {2, T"is a continuous mapping, the triple (X,d,GG) has

the Property 1.1 and ((0,1),(7'(1,0),7'(0,1))) € E(G). So by Thereom 3.1 (Theorem 3.2),

we have that T' possesses a coupled fixed point (0,0).
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3.1.2 Uniqueness of Coupled Fixed Points

Theorem 3.3. In addition to the hypothesis of both Theorem 3.1 and Theorem 3.2,
suppose that ((xo,yo),(x*,y*)) € E(G). Then T has a unique coupled fixed point.

Proof. If we suppose that (x,y) is another coupled fixed point of 7. By the previous

proof we construct two sequence {z,} and {y,}, then

M(xn-l—l:x:rt) — M(T(mmyn)?T('rﬁy)ﬁt)
so’”’(t))

S

> M (1) T (o)

> M (2, 20" (1) 2 % M(yp, 0" (t))>
1 1
2 M(:Cn—la $:~S(fon_2(t))§ * M(yn—lj yasﬁpn_z(t))g

> M(:z:g,,a:js”)% * M(ygjyjsn)%.
By the similair way we can get
M (Yns1.9:t) > M(yo.y.s™)2 * M(zo, z,5")2.
Letting n — +00 we get
lim z,.1 =xrand lm y,.1 =Y.

Nn—-+oo n—-+o0

then

" =x and y" = y.

Theorem 3.4. In addition to the hypothesis of both Theorem 3.1 and Theorem 3.2,
suppose that for every (z,y), (z*,y*) € X x X there exists (u,v) € X x X such that

(z,y),(u,w)) € E(G) and ((x*,y*),(u,v)) € E(G). Then T has unique coupled fized point.

Proof. Let us suppose that there exists two couple fixed point (z,y), (z*,y*) of T and
we show that = x* and y = y*. By assumption, there exists (u,v) € X x X such that

((z,y),(uw)) € E(G) and ((z*,y*),(u,v)) € E(G). We define sequences {u,} and {v,} as

follows

Ug = U, Vg=70, Ups1 =1 (Up,v,) and v,41 = T (v, u,), n € N.
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Since ((z,y),(u,v)) € E(G) and ((z*,y*),(u,v) € E(G) with T is edge preserving, we
can prove that ((x,y),(u,,v,)) € E(G) and ((x*,y*),(u,,v,) € E(G), n € N. Then, for all
t > 0

and

Letting n — oo we get

lim M(x,u,.1,t) =1 and lim M(y,v,41,t) = 1.

n— 00 n—oo

Thus

lim %,+1 =« and lim v, 1 =v.
n—o0 TL— 00

By the same process we can show

lim u,,; =2 and lim v, =vy".
n—oo n—oo

Theretore

r=2x"and y =vy".

Theorem 3.5. Assume that (z*,y*) € E(G) with the hypothesis of both Theorem 3.1 and
Theorem 3.2. Then x* = y*.
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Proof. Since (z*,y*) € E(G) we have ((z*,y*),(y*,2*)) € E(G), then

M(Qj‘*jy*jf) = M(T(:Ii*jyﬂ(),T(y*le’*)jt)

we get by letting n — oo that z* = y™.

3.1.3 Application

For three centuries the theory of tractional derivatives developed mainly as a pure
theoretical field of mathematics useful only for mathematicians.

However, in the last few decades many authors pointed out that derivatives ot non-
integer order provide an excellent instrument for the description of memory and hereditary
properties of varions materials and processes. This is the main advantage of fractional
derivatives in comparison with classical integer-order models, in which such effects are in
fact neglected. The advantages of this derivatives become apparent in its demonstrated
applications in a wide spectrum of fields ranging from fluid and solid mechanics, control

theory and dynamical systems to signal /image processing, economics and biomathematics,

one might wish to look up {43, 54, 67, 68, 86|.

Definition 3.2. Given a function x : |a,+ oo|— R, then the Caputo fractional derivative

of x of order « is defined by

Dex(t) = (11_@) / (5“’(5) s, (3.2

t— s)

where 1" is the gamma function; that is,

['a) = /000 s* 1 exp(—s)ds.
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S0, 1n this subsection we will study the existence of a continuous solution for a system

of fractional differential equations. Let us consider the following system
D*x(t) = f(t,x(t),y(t)), Dy(t) = f(ty(t)x(t)), teJ (3.3)

2(0) = xo = y(0). (3.4)

Where the symbol D denotes the Caputo fractional derivative of order o € (0,1) defined

in (3.2), J:=[0,L], f:J xR xR — R is a given function satisfying some assumptions

that will be specified later.
In order to define a solutions for Problem (3.3)-(3.4), let us consider X = C(J,R)

endowed with the following b-fuzzy metric space

supyc g |2(t)—y(t)|?

M(xyt)=ce t with s = 2.

Consider on X x X the partial order relation:
(1,41) < (22,2) & 21(t) < wo(t) and yy(t) = yo(t), t€J

We shall obtain the unique solution of Egs. (3.3)-(3.4). This problem is equivalent to

the integral equations:

: | > f(s,2(s),y(s))ds
o(t) = 0+ g [ (E= 9" f(s.a(9)9(s)a - -
4(8) = a0+ oo [ (=3 S (s(s)a(s)ds

where I' is the gamma function.

Assumption 3.1. 1. f:J xR XR — R is contionous;

2. For all x,y,u,v € R, with x < v and v < y we have

f(t,x,y) < f(tu,w), forallte J:

3. Foreacht € J, x,yuv € R, xr <wu and v <y, we have

f(t,zy) — ftuw)]? < |z —ul* + |y — v|*;
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4. We suppose that
B 8L2cx

% Tlay

< 1.

We define for t € J,

T(x,y)(t) = xo - F(log) /0 (t — ) ' f(s,2(s),y(s))ds.

Note that if (z,y) € X x X is a couple fixed point of 7', then we have

(t) = T'(z,y)(t) and y(t) = T(y,x)(t).

for all t € J, and (z,y) is a solution of (3.5).

Now, we shall prove the main result of this section.

Theorem 3.6. Consider the system (3.3)-(3.4) suppose that the Assumption 3.1 is sat-
isfied. Assume that there exists (ug,vg) € X X X such that

1 t a—1
uo(t) < xo C(a) /0 (t —5)" f(s,uo(s),v0(s))ds
and
1 t (v—1
vo(t) > g - [(a) /0 (t —s) " f(s,v9(s)up(s))ds, teJ

Then, there exists a unique solution of the integral system (3.3)-(3.4).

Proof. We can prove the existence of a solution of the integral system (3.5) by proving
that the operator 7" : X x X — X possesses a coupled fixed point in X x X. We will do
this by using Theorem 3.1 and Theorem 3.4.

Consider the graph GG with

V(G)=X and E(G) ={(z,y) € X x X, z <y},
and we endow the product space X x X by another graph denoted also by (, such that
((z,y),(u,w)) € E(G) & (z,u) € E(G) and (v,y) € E(G),

for any (z,v), (u,v) € X x X.
[t’s easy to prove by using Assumption 3.1 that 71" is edge preserving.
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Now, let us consider (z,y),(u,v) € X x X such that ((z,y),(u,v)) € E(G) and by using
the Cauchy—Schwarz inequality, then

T(xy)(t) —T(up)(@®)* 2] 1 [ o—1
. -+ iy [ €= s ()i
1 [ o 7
e /0 (£ — )%= f(s.u(s) v(s))ds
2 1 7

then

= %t N F(Q)Q ted t
8L o(t) —u®)|® | |y(t) —v(@)|°
= ()2 ey ( o1 ' o1 )
K o(t) —u)]* | |yt) —o(t)]?
) - ( ot | ot ) |

Therefore, we obatin that for all ((z,y),(u,v)) € E(G)

mh—a

M (T (2,y),T(u,0),0(t)) > M(x,u,5t)2 % M(y,v,st)2,

where ©(t) = %t c {and t x s =ts.
Now, by hypotheses we can conclued that

((ug,v0),(T(ug,vg),T (vo,ug))) € E(G).

Since 1" is a continuous mapping and the triple (X,M,G) has the propertyl.1, which
show that all hypotheses of Theorem 3.1 and Theorem 3.2 are satisfied then 1" possesses
a coupled fixed point in X x X.

We obtain from Theorem 3.4 the uniqueness of solution of the integral system (3.5).
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Chapter

Coupled Fixed Points Theorems in a b-metric

opace with a Graph

In this chapter, we establish the existence and uniqueness of the coupled fixed point
of the u — 1-contraction in b-metric space supplied with a directed graph. Furthermore,
we Investigated the presence of a continuous solution for a system of fractional differential
equations as an application.

Throughout this chapter, (X,d,G) stands to a complete b-metric space with s > 1,
endowed with directed graph G such that V(G) = X, E(G) 2 A and G has no parallel
edges. And let S : X x X — P,(X) be a multi-valued mapping.

We also provide the product space X x X with another graph, likewise denoted by G,
so that

(z,y),(u,w)) € E(G) < (z,u) € E(G) and (v,y) € E(G),

for every (z,y), (u,v) € X x X.
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4.1 Coupled Fixed Point Theorems for —v-contraction
Mappings

Inspired by Isik and Tirkoglu [58|, we note by ¥ the set of pair of functions (u,1),
where .1 : [0,00) — |0,00), verifying

1. p 1s continuous and non-decreasing;

2. p(c) =0 iff ¢ = 0;

3. For a,f € R™ be a fixed number, u(ac+ Be) < au(c) + Bu(e), Ve,e € [0,00);
4. 1 1s continuous;

5. u(c) > (c) for all ¢ > 0.

Now, we will present new notion of multi-valued contractive type mappings in the

framework of b—metric spaces.

Definition 4.1. The multi-valued S is called p — t)-contraction if there exist k£ € (0,7)
and a pair (u,) € W such that

1. S is edge preserving; for each x,y,u,v € X such that ((z,y),(u,v)) € E(G), for each
r € S(zy) and y € S(y,x), there exist u € S(u,w) and v € S(v,u) such that
((:z::yf),,(uimf)) c F(G);

p(ea(S(x,y),5(u,v)) 4+ eqa(S(y,x),5(v,u))) < o (k(d(zu) +d(y,v))), (4.1)

for all ((z,y),(u,v)) € E(G).

4.1.1 Existence of Coupled Fixed Points

Theorem 4.1. On (X,d,G), assume that S is a continuous multi-valued mapping and
1 — p-contraction. If there exists xg, yo € X for which there exist (x1,y1) € S(xg,yy) X
S(yo,xo) such that ((xo,y0),(x1,41)) € E(G), then S possesses a coupled fixed point.
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Proof. Set ;1 € S(x¢,y0) and y; € S(yo,z0) such that ((zo,y0), (z1,41)) € E(G).
By lemma 1.1, for any A\ > 1 there exist (z2.y2) € S(x1,y1) X S(y1.21) such that

d(xlal.Z) S /\ed (8(550990):5(331;3/1)) ;

d(ylayQ) < ey (S(y0n$0)?s(ylnx1)) '

Then

d(x1,22) + d(y1,y2) < A(ea (S(x0,%0),5(x1,91)) + €a (S(Yo,%0),5 (Y1,71))) -

By the properties of 1 and ¢ and since S is a u — -contraction, we have

w(d(x1,29) + d(y1,y2)) < 1w (eq (S(x0,90).S (z1.41)) + €a (S(Yo,20),5 (y1,21))))
< M (eq (S(o,y0),S (21,41)) + €a (S(¥0,20),S (y1,71)))
< A\ (k(d(xo,21) + d(yo,y1)))
< A (k(d(wo,z1) + d(yo,y1)))

Then
d(xy,x9) + d(y1,y2) < kX (d(xg,x1) + d(yo,y1)) -

Again, By lemma 1.1, for any A > 1 there exist (x3,y3) € S(x2,y2) X S(y2,22) such that
d(xQ‘ixg) S )\Gd (S(xlnyl)?s(xQ?QQ)) ;

d(y2,y3) < Aeq (S(y1,21),5(y2,72)) -

Then

d(x2,73) + d(y2,y3) < Aleq (S(x1,91),5(x2,92)) + €qa (S(y1,21),5(y2,22))) -

Since S is edge preserving, we have ((x1,y1), (x2,y2)) € E(G).

Then by the properties of 1 and ¢ and since S is a u — ¥-contraction, we have

p(d(xe,w3) + d(y2,y3)) <
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Then

d(z2,23) + d(y2,y3) < k*X* (d(2o,21) + d(yo,y1)) -

Further, for n = 1,2,...., we let

Uni1 € S(Tnstn), and Yosr € S(Yn ).

Since S is edge preserving, we get

(($myn) ) (wn—l—l:'yn—l-l)) c E(G).

Then
d(fﬂmxnﬂ) T d(ymyn+1) < E"A" (d(ajﬂaxl) + d(yanl)) : (4'2)

We choose now 1 < A < i Let n > 1 and p > 1, we have

A(TnTn1p) + AYnYnip) <8(d(Tn,Tns1) + AYnYni1)) + 5 ([d(@n11,8012) + d(Yni1,Yn12))
4o Sp—l(d(;cn+p_2,asn+p_1) + d(Yntp—2Ynip—1))
+ G Bt i ) T B Wntp—Liliin |
< sk™ \" (d(zo,21) + d(yo,y1)) + $ZE" TN (d(20,21) + d(yo,y1))
4. g g lpntp—2 )\ ntp—2 (d(z0,21) + d(yo,y1))
+ sPEMPINPL (G(g,0) + d(yo,yn))
= k" X" [1 + skX + -+ + sP2kPT2APT2

& Sp—lkp—l)\p—l] (d(ﬂ?ojﬂ?l) I d(y(hyl)) ;

Since skA < 1, we get {z,,} and {y, } are Cauchy sequences. So there exists x*,y* € X

as X 1s complete space, such that

lim z, =2 and Im vy, =vy".
n——+oo n——+0o0

Since S is continuous, we get

lim H(S(yn, xn), S(y*,z*)) = 0.

Nn—o0

Since Ypr1 € S(Yn, Tn), Lemma 1.1 implies the existence of b, € S(y*, *) such that

d(yn+1: bn) < )\H(S(yﬂ»: $ﬂ)? S(y, .213))
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Clearly, we have lim b, = y*. Since S(y*,x*) is closed, we conclude y* € S(y*, z*).

N— 00

Similarly, we will show that z* € S(x*,y*), i.e., (x*,y") is a coupled fixed point of S.

Now, we will utilize another sufficient condition for the existence ot couple fixed point

in the case where the triple (X, d,G) owns the property 1.1.

Theorem 4.2. Endowed (X,d,G) with the propertyl.1. Assume that S is p—1)-contraction.
If there exists xo,yg € X for which there exist (x1,y1) € S(xo,yo) X S(yo,x9) such that
((zo,y0) , (x1,y1)) € E(G), then S possesses a coupled fixed point.

Proof. we follow the proof of Theorem 4.1 and we prove that z* € S(z*,y*) and
y* € S(y*,x*).

Since lim z,.1 = lim S(z,.,y,) = z*, lim y,,; = lim S(y,,x,) = y* and

n—oo n—0o0 nN— 00 n—0o0

(Tp,Tny1) € E(G) and (Yp+1,yn) € E(G), then by property 1.1 we have
(xn,x") € E(G) and (y*,y,) € E(G),

then

Since S is edge preserving, there exist y* € S(y*,z*) and =} € S(z*,y*) such that

((yﬂJrlaﬂ;nJrl)?(y:Jx:;)) S E(G)

Then, for any n > 1

p(d(Zng1,2) + dYnr10,)) < (A (€a (S(@n,4n),S(27,Y7)) + €a (S(Yn,2n),S(y727))))
< /\)u (ed (S(Imyn)&s(f*ay*)) + €4 (S(yna$n)?s(y*ﬁ$*)))
< A (k(d(zn,x") + d(yn,y7))) -

This will imply

lim d(x,i1,27) =0 and  lim d(y,.1,y,) = 0.

n—oo n—oo

Theretfore, we get

lim z;, =2 and limy =1y .

N— o0 N— 00
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Since S(z*,y*) and S(y*, x*) are closed, we conclude that z* € S(z*, y*) and

y* e S(y*, x*), ie., (z*,y*) is a coupled fixed point of S.

Theorem 4.3. On (X,d,G), we assume that S having a closed graph and be a p — -
contraction. If there exists xo,yo € X for which there exist (x1,y1) € S(xo,y0) X S(yo,T0)
such that ((xo,y0) , (x1,y1)) € E(G), then S possesses a coupled fixed point.

Proof. we follow the proof of Theorem 4.1 and we prove that x* € S(x*,y*) and
y* € Sy*ar).
Since 41 € S(x,,y,) and Y11 € S(yn,x,), then

(xnﬁyﬂnﬂ:n-l-l) = GT@ph(S) and (ynjxﬂﬂyn-I-l) = G?"(Iph(S)

Because we know that lim z,, = 2™, lim vy, = yv* and in view of the graph of S is

n—o n—od

closed, we have
e S, y*) and y e Sy, x"),

i.e., (x*,y*) is a coupled fixed point of S. B

4.1.2 Uniqueness of Coupled Fixed Points

Theorem 4.4. In addition to the hypotheses of Theorem 4.1, Theorem 4.2 and
Theorem 4.3, we suppose that there exists (z*,y*) € X x X such that

and if for any coupled fized point (z,y) of S verify ((x*,y*),(z,y)) € E(G), then S have a
unique coupled fixed point (x*,y*).

Proof. Let (z*,y*) be as in our hypothesis and (z,y) be another coupled fixed point of
S. Then

p(d(z,a”) +d(y,y”)) < plea(S(z,y),5(z"y7)) + ealS(y,x),5(y"27)))
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Then,

d(z*,x) +d(y*,y) < k(d(z",x) +d(y".y)).

Thus, d(z*,z) + d(y*,y) = 0 which implies that z* = z and y* = y.

Theorem 4.5. Suppose that all the hypotheses of Theorem 4.4 take place. If (x*,y*)

denotes the unique coupled fized point of S and we suppose that (x*,y*) € E(G), then x*
is a unique “double” fized point for S, i.e., S(x*,x*) = {x*}.

Proof. By Theorem 4.4 we know that S(z*,y*) = {z*} and S(y*,2*) = {y*}.
Then,

p(d(z™,y") +d(y",z7))

p(ea(S(z™y").S(y" ")) + ea(S(y"27),5(x"y7)))
W (k(d(z™y") +d(y™.x7)))

p(k(d(z™y") +d(y™,27))) .

Then, d(xz*,y*) = 0, and thus z* = y*. N

Remark 4.1. Since e (A,B) < Hy(A,B) in any metric space, the above results take also
if we remplace the equation (4.1) by

p(Ha(S(2,y),S(ww)) + Ha(S(y,x),5(v,u))) < & (k(d(z,u) + d(y,v))).

for all ((z,y),(u,v)) € E(G).

4.1.3 Application

Now, we will apply our results obtained in this section in the fractional differential

equation of Caputo type.

Let us consider the following system:
Dx(t) € F(t,x(t),y(t)), D(t) € F(ty(t)x(t)), tel (4.3)

2(0) = zo = y(0), (4.4)
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where the symbol D? denotes the Caputo fractional derivative of order o € (0,1) defined
in (3.2), J:=1[0,L], F: JxRxR — P(R) is a multi-valued operator satisfying some

appropriate conditions.
In order to define a solutions for Problem (4.3)-(4.4), let us consider X = C(J,R)

endowed with the following b-metric space

d(z,y) = sup |z(t) — y(t)|* with s = 2.

e

Consider on X x X the partial order relation:
(z1,91) < (2,42) < x1(t) < x2(t) and y1(t) = ya(t), t € J.
We define the graph G by V(G) = X, and
E(G) ={(ry) e X x X, =<y},
and we endow the product space X x X by another graph denoted also by (i, such that
(z,y),(u,w)) € E(G) & (x,u) € E(G) and (v,y) € E(G),

for any (x,y), (u,v) € X x X.
We shall obtain the unique solution of Eqgs. (4.3)-(4.4). This problem is equivalent to

the integral equations:

: | “rE(wax(v)y(v)dy
o(t) € a+ oo [ (0= F(val)y(v)e - .
y(t) € xg F(loz) /0 (t —v)* ' F(ryv),z(v))dv

where 1" is the gamma function.
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Assumption 4.1. 1. F': JXxRXR — Py.(R) is measurable in the first variable;

2. F is integrably bounded, i.e., there exists a mapping » € L*(JR) such that for each
(t,u,w) € J xR x R and for any f € F(t,u,v), we have |f| < r(t), t € J;

3. F(t,.,.) is edge preserving with respect to the last two variables, for all t € J;

4. Foreacht € J, z.y,u,v € R,  <wu and v < y, we have

ey (F(tx,y).F(tu)) < [z = ul + Jy = ol

5. We suppose that

8,2
K = 1.
[(a)?
We define S : X x X — P(X) by
1 8
S@a)={s€ X, s =av+ s [ @=0)" L )dv, fo € Seiaiuin}
0

where
Sra()w) = 1f € L'(JR)| f(t) € F(tx(t)y(t),t € J}.

Note that if (x,y) € X x X is a couple fixed point of S, then we have

z(t) € S(z,y)(t) and y(t) € S(y,z)(1),

for all t € J, and (z,y) is a solution of (4.5).

Now, we shall prove the main result of this section.

Theorem 4.6. Consider the system (4.3)-(4.4) suppose that the Assumption 4.1 is sat-

isfied. Assume that there exists (ug,vg) € X X X and two measurable selections

fuowo : J = R of F'(.,up(.),v0(.)) and fuou, : J = R of F(.,v9(.)ug(.)) such that

1 [
wlt) €0+ g [ (=) ()
and
1 T
’Uo(t) < T 1 F(O{) /0 (t — l/)a_lfvoﬁuo(l/)dvp t e J.

Then there exists at least one solution of the integral system (4.3)-(4.4).
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Proof. We will obtain the existence of solution of the integral system (4.5) by showing
that the operator S : X x X — P(X) has a coupled fixed point in X x X. To do this,
we verity that S satisfies the hypotheses of Theorem 4.2.

1. S(x,y) is nonempty, for each (z,y) € X x X. Indeed, by the first assumption
via Kuratowski and Ryll-Nardzewski selection theorem [15], there exist a mea-
surable selection f for F. Then, Sp( 4)y) 18 nonempty. By the integrably

bounded property of F' in the second assumption we get that f is integrable. Hence

SF(.?:I:(.),y(.)) C Ll(J,}R). Thus S 1s well defined.

2. S has closed values. Indeed, let z,y € X and let (s,,) be a sequence in S(x,y) with
s, — s in (X, d). We have to show that s € S(x,y), i.e., there exists
Jzy € SF( x()()) Such that

s(t) = xo - F(laf) /0 (t —v)* " fo(V)dv.

Since s,, € S(z,y) there exists fég) € SF(. x()y(.)) such that

1 t
sn(t) = @0 + 1 @) / (t—v)* ' f(v)dy, forn €N, teJ
0

Since (s,) — s in X, for all ¢, we have (s, (t)) — s(t). Since

1

Sn(t) € g - (o) /0 (t —v)* 'F(rz(v),y(v))(v)dvt € J,

and F' has a convex images and is integrably bounded, then, by Theorem 8.6.4 in

15| we get the set z( A F(lg) f;(t — ) P (vx(v),y(v))(v)dy is closed. Then

1 : 1
s(t) € zp A T(o) /0 (t —v)* "Fv,x(v),y(v))(v)dv.

Thus, there exists f,, € Sp( 2().4()) such that

s(t) = xp - F(la) /0 (t — ) " foy(v)dr.

3. We will show that

p(ea(S(x,y),S(u,v)) + ea(S(y,2),5(v,u))) < ¥ (K(d(xu) + d(y,v))),

69 Ahmed Draia University 2022-2023



4. COUPLED FIXED POINTS THEOREMS IN A B-METRIC SPACE WITH A GRAPH

for all ((x,y),(u,v)) € E(G), such that &' = %, p(t) = %t and ¢(t) = “*t with
k € (0,1). We note that (u,2) € W.
We will prove first that for each w € S(z,y) there exists z € S(u,v) such that

V0
p(d(w, %)) < S (K (d(,u) + d(y,0)).
By the fourth assumption, we have

e (F(t.2.9).F(tu)) < 3 (12— ul + [y — o))

for each t € J, z,y,u,v € R with ((z,y),(u,v)) € E(G).

[f w e S(z,y), then there exists f,, € Sk x()y()) such that

1

w(t) = xg - [(o) /0 (t —v)* ' fo,(V)dy, for t € J.

Since f,,(t) € F(t,z(t),y(t)) for t € J, we can find b € F'(t,u(t),v(t)) such that

1

oy t) = 8] < 5 (2(8) = u(®)] + y() — v(D)]).

Thus, if we define the multi-valued operator A(t) := F(t,u(t),v(t)) N B(t), where
B(t) :=={b, |fuy(t) =0 < 5 (lx(t) —u(t)] + |y(t) — v(t)])}, then A(t) is nonempty
for t € J and A is measurable (as an intersection of two measurable multi-valued
operators). Thus, A has measurable selections and let f,,(t) € A(t), for t € J.
Hence, for t € J, we have f,,(t) € F(t,u(t),v(t)) and

Feo8) = FunD)] < 5 (12(8) = u(t)] + [y(t) o))

Define now

2(t) = xg - | /Ut(t — ) f(V)dy, for t € J.

Obvious, z € S(u,v).

/0 Ahmed Draia University 2022-2023



4. COUPLED FIXED POINTS THEOREMS IN A B-METRIC SPACE WITH A GRAPH

Thus
bt =0 = & [ [ m i~ s [ -0 |
s | [0t — |
< s [ 1= 0 o)~ Ful
< ;fszz; Ot | foy (V) = fun(V)]” db.
then
sup S (0) = (0 < S s oy (1) — fun(0)
< 15 5P (1) = u(®F +1y(®) — o(O)F)

Hence, we get

V(K (d(x, u) +d(y,v))).

1
/-L(d(wﬂ Z)) ” 5

By interchanging the roles of x and vy, respectively u and v, we get

p (ea(S(y.2), S(v.))) < SU(K (A, u) + d(y,v)))

Therefore, we obatin that for all ((z,y),(u,v)) € E(G)

p(ea(S(@,y),S(u,v)) + ea(S(y,x),S(v,u))) < ¥ (K (d(zu) + d(y,v))).
Now, by hypotheses we can conclude that

((uoﬂvo)i(ulnvl)) = E(G):

such that (uy,v1) € S(ug,v0) X S(vo,up).

Since S is continuous and the triple (X,d,G) has the property 1.1, which show that
all hypotheses of Theorem 4.1 and Theorem 4.2 are satisfied then S have a couple
fixed point in X x X.
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Chapter

Coupled Fixed Points Theorems in a b-fuzzy
Metric Space with a Graph

This chapter’s goal is to provide some coupled fixed point theorems for multi-valued
operators satistying a p-fuzzy contraction on a b— Fuzzy metric space with a graph. The
proven results on the existence of a continuous solution for a system ot fractal-fractional
differential equations are then used.

We’ll assume for all this chapter that (X,M, x ,G) is a complete b-fuzzy metric space
with s > 1, such that a * @ > a* and M is continuous, verify 11m M(x,y,t) = 1 and
endowed with directed graph G such that V(G) = X, E(G) 2 A a:d (G has no parallel
edges. And let S': X x X — P, .,(X) be a multi-valued mapping.

We also provide the product space X x X with another graph, likewise denoted by G,

so that
(z,y),(u,v)) € E(G) < (z,u) € E(G) and (v,y) € E(G),

for every (x,y), (u,v) € X x X.

(2
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5.1 Coupled Fixed Point Theorems for p-multi-fuzzy
Mappings

Definition 5.1. The multi-valued S is called p-multi-fuzzy contraction if there exists a

function ¢ € {2 such that:

1. S is edge preserving; for each z,y,u,v € W such that ((z,y),(u,v)) € E(G), for each
r € S(z,y) and y € S(y,r), there exist v € S(u,v) and v € S(v,u) such that

((Iijf);(u:vf)) c F(G).

Hy (S(x,y),S(u,v),0(t)) > M (a:,ujst)% x M (y,’u,st)% :,

for all ((x,y),(u,v)) € E(G).

5.1.1 Existence of Coupled Fixed Points

Theorem 5.1. On (X, M, x.GG), suppose that S is continuous multi-valued mapping and
p-multi-fuzzy contraction. If there exist xg,yg € X for which there exist

(x1,y1) € S(0,y0) X S(yo,x0) such that ((zo,y0) , (x1,y1)) € E(G), then S possesses coupled

fixed point.

Proof. Set x1 € S(xg,y9) and y; € S(yo,xo) such that ((zg,y0), (z1,41)) € E(G).
By lemma 1.4, we can choose (x2,y2) € S(x1,y1) X S(y1,21) such that

M(xlam%(p(t)) 2 HM (S(iEO:yO):S(xl?yl)ﬁ@(t))
2 M($0:~$1:~St)% 2 M(y()ayluSt)%ﬁ

M (y1,y2,0(t)) = Har (S(Y0,%0),5 (y1,21) (1))
o M(yo,yl,st)% * M(xgjxhst)%.

Again, By lemma 1.4, we can choose (x3,y3) € S(x2,y2) X S(y2.22) such that

M(x2;553;902(t)) > Hpyp (S(%191)15(552?92)&02@))
> M (x1,72,50(t))2 * M(y1,,50(t))>

i

-, M(:cojscljsgt)% x M (yo,u1,87t)2,
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M (ya2,y3,¢°(t)) > Har (S(y1,21),5(y2,22),¢° (1))

i}

> M(yh’ymsw(t))? X M(3313332a590(t))%

1

2 M(yoaylﬁ%)% * M($0;$1,S2t)§.
Further, for n = 1,2,..., we let

Tni1 € S(xn,yn), and Yn11 € S(Yn,Tn).

Since S 1s edge preserving, we get

((mmyﬂ) ) ($n+1:yn+1)) = E(G)

then
1 1
M(xnumnﬂ-la@ﬂ(t)) > M(Qﬁojxlant)i x M(yﬂjyljgnt)§: (51)

M(ynayn—l-lﬁ(fon(t)) > M(yOryl:Snt)% * M(xﬂjxlr'snt)%- (52)

Since ¢ € 1, for all £y > 0 there exist m > 0 such that t, > >~ p*(t). So for all

m > n > ng we have:

m—1 Lk
t
M(xnjxmatO) Z M (xn:r:cma k=n .4 ( ))
S

"t
£ g )) « M (In+1a$n+2;

P2 (1)
84

g % g" % Sn—!—l %
2 M ($0}$1?—2t> * M (901911_275) * M (SCU:::EU 3 t)
S S S

Sn-l—l % Sn—l—Q % Sn-|—2 %
* VI (y()uylﬂ t) * IV (x();xlze t) * V] (y(]ﬂyl:' t)

S9 g4 g4

Sm—l % Sm—l %
x - x M (:Uoja?h t) *M(yojyh t) .

gm—n+l gm—n+1

" (1) )

go

2 M ($ﬂjxﬂ+1 ,

S

™ (1) )

Sm—nJrl

x M (Qf}'n 2y Ln+3, ) R LY (ajm—ljxm:l

Since lim M (x,y,t) =1 for all x, y € X, we have

t— 00

lim M(zp,Zpip,t) > 1% 1x1lx---x1=1.

t— 00

Therefore, {x,} is a Cauchy sequence. By the same way we can prove that {y,} is

also a Cauchy sequence.
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Since X 1s complete space then there exists z*,y* € X such that

lim z, =2 and lim vy, =vy".
n——+oo N—»100

Since S 1s continuous, we get

lim H(S(yn,xn), S(x*,y"),t) =0, Vit>0.

n—0oQ

Since y,+1 € S(Yn, x,), Lemma 1.4 implies the existence of b, € S(x*,y*) such that
M(mn—l—la bn;t) > HM(S(xna yn)a S(Zﬁ*j y*)?t)

Clearly, we have lim b, = z*. Since S(z*,y") is closed, we conclude z* € S(x*,y*).
n—00

Similarly, we will show that y* € S(y*, x*), i.e., (z*,y*) is a coupled fixed point of S.

Now, we will use another necessary condition for the presence of a coupled fixed point

in the case when the triple (X, M,G) has the propertyl.1,

Theorem 5.2. Endowed (X,M, x ,G) with the propertyl.1. Suppose that S is a p-multi-

fuzzy contraction. If there exist xg,yo € X for which there exist
(x1,y1) € S(x0,y0) X S(yo,x0) such that ((xo,yo), (x1,51)) € E(G), then S possesses coupled
fized point.

Proof. We prove that y* € S(y*,z*) and 2* € S(z*,y*) by following the proof of Theorem
5.1.

Since lim z,.1 = lim S(z,,y,) = z*, lim y,,1 = lim S(y,,z,) = y* and

n—0o0 n— o0 n— o0 n—oo

(TnyTni1) € E(G) and (Ypi1,yn) € E(G), then by property 1.1 we have
(2n,y") € E(G) and (2*,y,) € E(G),

then
((@nyn),(y",27)) € E(G).

Since S is edge preserving, there exist ¥ € S(x*,y*) and y € S(y*,x*) such that

((yﬂJrlaﬂ?nJrl)n(w:?y;)) S E(G)
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Then, for any n > 1

|V
~—~
=
S
=
*
T~
o
b | =
.}é.
~~
N
S
S ey
-*
T~
o S

This will imply,
lim M (z},x",t) = 1.

n—oo

Therefore, we get

lim. o =&~
n—0oo

By the same process we can get
lim y> =y".
N— 00

Since S(x*,y*) and S(y*,x*) are closed, we conclude that x* € S(z*,y*) and

y* e S(y*,x*), ie., (z*,y*) is a coupled fixed point of S.

Theorem 5.3. On (X,M, x ,GG), suppose that S having a closed graph and be a p-multi-
fuzzy contraction. If there exists xg,yg € X for which there exist (x1,y1) € S(xo,Yp) X
S(yo,xo) such that ((xo,y0), (x1,y1)) € E(G), then S possesses coupled fixed point.

Proof. We will prove that «* € S(z*,y*) and y* € S(y*,x*) also by following the proof of
Theorem 5.1.
Since Ln+1 < S(mmyn) and Yn+1 G S(ymxn); then

(xﬂ?yﬂjxﬂJrl) = GTG,ph(S) and (ynjxnaynJrl) S GTCLph(S)

Since lim z,, = z*, lim y,, = y* and in view of the graph of S is closed, we have

Nn—0o0 n—od

r* e S(x",y*) and y* € Sy, "),

i.e., (z*,y*) is a coupled fixed point of S.
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5.1.2 Uniqueness of Coupled Fixed Points

Theorem 5.4. If in addition to the hypothesis of Theorem 5.1, Theorem 5.2 and Theorem
5.3 that, we suppose that ((xo,y0),(x*,y*)) € E(G). Then S have a unique coupled fixed

DoINnt.

Proof. If we suppose that (x,y) is another coupled fixed point of S.

By the pervious proof we construct two sequence {x,} and {y,}, then

M (xpi1,2,t) > Hpy (S(20,9n),S(2,y),t)

> Hy (S(xmyn)as(mry)? a )

S

> M (2n,2,0" " (£))2 % M (yn,y,0" (1))
2 HM(S(:ER—I jyn—l)ﬁs(xﬁy)j(pn_l (t))% o HM(S(yn—l jxn—l)as(yax) ﬁ@n_l (t))%
Z M({I}n_hx‘jfj(pn_g(t))% % M(yn—ljyﬁswn_Q(t))%

> M(a:o,,x,sn_lt)% X M(xo,,y,,sn_lt)%.

By the similair way we can get
M (Yns1,:t) > M(yo,y,s"'t)2 * M(wo,2,5"'t)2.
Letting n — 400 we get
lim z,,1 =2z and lm vy, =y,

n——+o00 n—-+o0

then

r* =z and y* = v.

5.1.3 Application

The main novelty of the present article is to apply the fractal-fractional derivatives
on the classical model. Fractal-fractional derivative is a new class of fractional derivative

with power Law kernel which has many applications in real world problems. This operator
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1s used for the first time in such kind of fluid flow. The big advantage of this operator is
that we can formulate models describing much better the systems with memory effects.
Furthermore, in real world there are many problems where we need to know that how
much information the system carries that is why need memory in a system which is

explained by fractal-fractional derivatives with power law kernel, see (3, 7, 8, 12, 44]|.

Definition 5.2. If x is fractal differentiable on (a, b) with order § and xz(t) is continuous
on the opened interval (a,b), then the Fractal-Fractional derivative of x of order a in

Riemann-Liouville sense with power law is given as

1 A
FFP o8 n—o—1
D ) = T — d
a l ’I( ) P(H—O{) dyﬁ/a .’L‘(y)( y) y:'
n—1l<a<neN O<n—-1<p8<n
with
df}f(’y) — Tim 517(91) — x(y)

Let us consider the following system of fractional differential equations
o TDFa(t) € Fta(t)y®), "D y(t) € Fty(t).at), ted  (53)

z(0) = zo = y(0), (5.4)

where, the symbol YFP D®"z(t) denotes the Fractal-Fractional derivative of z of order o
in Riemann-Liouville sense with power law such that x(¢) is continuous in opened interval
(0,1) fractal differentiable on (0,1) with order £, J := |[0,L], F': J X R xR — P(R) is a
multi-valued operator satistying some appropriate conditions.

Consider X = C'(J,R) supply with the following b-fuzzy metric space,

sup;e g |z(t)—y(t)|

M(xz,yt) =e t with s = 2.

Let on X X X the partial order relation:
(Y1,21) < (Y2,22) © y1(t) < ya(t) and z41(t) = x2(t), teJ
We define the graph G by V(G) = X, and

EG)={(ry) e X x X, x<y}
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Now we endow the product space X x X with another graph, also denoted by G, so
that
((2,y),(u,v)) € E(G) & (v,u) € E(G) and (v,y) € E(G),
for any (z,y), (u,v) € X x X.
We'll figure out how to solve Eqgs.(5.3)-(5.4). The following integral equations are

equivalent to this problem:

1 t
z(t) € o A Bt —v)* T F(va(v),y(v))dy
[{a) /0 t e J (5.5)

1 t
y(t) € xg - /Bz/ﬁlt—z/‘llF vy(v),x(v))dv
() € a0+ g | Bt =0)" T Floy(v) a(v)
where 1" 1s the gamma tunction;

Assumption 5.1. 1. F: JXR xR —= P,;.(R) is measurable in the first variable;

2. F is integrably bounded, i.e., there exists a mapping r € L*(J,R) such that for each
(t,u,v) € J X R x R and for any f € F(t,u,v), we have |f| < r(t), t € J;

3. F'(t,.,.) is edge preserving with respect to the last two variables, for all ¢ € J:;

4. Foreacht e J, z.y,u,v € R, x < wu and v < y, we have

Hy (F(t2,y),F(tuv)t) < |l —ul+ |y —vl;

5. We suppose that
852L25+2C}f—2

< 1.
[(a)?

K =

We define §': X x X — P(X) by

1 t
S@y) = {s€ X, 50 =a+ s | B =0 T i 0)dn, fay € Secaoin}

where
Sr.2()i0)) = 1f € L'(JR)|  f(t) € F(t,x(t)y(t)),t € J}.

Note that if (z,y) € X x X is a couple fixed point of S, then we have
x(t) € S(x,y)(t) and y(t) € S(y,x)(t),

for all t € J, and (z,y) is a solution of (5.5).

We'll now demonstrate the section’s principal result.
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Theorem 5.5. Assume that the Assumption 5.1 is satisfied for the system (5.3)-(5.4).

Assume that in X x X there is (ug,vg) and two measurable selections fu, ., : J — R of

F(.,ug(.),v0(.)) and fuou, @ J — R of F(.,v9(.)ug(.)) such that

| 1 t B—=1ry 1/ a—1 N dv
wlt) 0+ gy [ A= 1) g (00
and

vo(t) > xg F(lg) /0 BUP Mt —v)* o (P)dy, ted

The integral system (5.5) then has a solution.

Proof. We'll prove that the integral system (5.5) has a solution by demonstrating that
the operator S : X x X — P(X) has a coupled fixed point in X x X. To do so, we check
that S fulfills the Theorem 5.2 hypotheses.

1. S(z,y) is nonempty, for each (z,y) € X x X. Indeed, by the first assumption
via Kuratowski and Ryll-Nardzewski selection theorem [15], there exist a mea-
surable selection f for F. Then, Sp( 4()y) 15 nonempty. By the integrably

bounded property of F' in the second assumption we get that f is integrable. Hence

S_p(_jx(‘)jy(_)) C LI(J,R). Thus S 1s well defined.

2. S has closed values. Indeed, let x,y € X and let (s,) be a sequence in S(z,y) with
s, — sin (X, d). We have to show that s € S(z,y), i.e., there exists f., € Sr( 2()5()
such that

s(t) = xo F(lg)/o BUP Tt —v)* 1 f,, (v)dy.

Since s,, € S(z,y) there exists fég) € SF(. z(),()) such that

1 t
sn(t) = xo - [(o) /0 B~ (t — y)“‘lf;‘;)(y)dy, forn € Njt € J.

Since (s,) — s in X, for all ¢, we have (s,(t)) — s(t). Since

1 P a—1
sn(t) € ¢ F(C‘f)/o Bt — ) F(va(v),y(v)(v)dut € J,
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and F' has a convex images and is integrably bounded, then, by Theorem 8.6.4 in

15| we get the set x F(lc}:) fot BuvP=L(t —v)* 1 F(v,2(v),y(v))(v)dy is closed. Then

1 * o pe a—1
s(t) € x T(oz)/o Bt — ) T Fva(v),y(v))(v)dv.

Thus, there exists f,, € Sp( 2()4()) such that

s(t) = xg F(la) /0 BUP Nt —v)* ! £y, (V)d.

.S has compact values. Indeed, since F' is closed and integrably bounded, then by

Theorem 4 in [16] we get that S has compact values.

. We will show that

Hyr (S(x,y),S(u,w),p(t)) > M (:Uju,,st)% x M (y;vjst)% ,,

for all ((z,y),(u,v)) € E(G), such that ¢(t) = 5t and a x b = ab.

We will prove first that for each w € S(x,y) there exists z € S(u,v) such that

M (w, z,(t)) > M (,u,5t)2 * M (y,0,5t)

By the fourth assumption, we have
1
H py (F(t}LEjy)jF(tju?’U)}t) < é (‘:ZI o ’LL‘ T ‘y _ UD :

for each t € J, z,y,u,v € R with ((z,y),(u,v)) € E(G).

[t w € S(z,y), then there exists f,, € Sk x()y() such that

w(t) = g F(lof) /0 Bt —v)* f,, (v)dy, for t € J.

Since f,,(t) € F(t,x(t),y(t)) for t € J, we can find b € F(t,u(t),v(t)) such that
Fey(t) = b1 < 5 ((t) = u(®)] + [(t) = v()])

Thus, if we define the multi-valued operator A(t) := F(t,u(t),v(t)) N B(t), where
B(t) == {b, [fay(t) = bl < g (lz(t) —u(®)| +[y(t) —v(t)])}, then A(¢) is nonempty
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for t € J and A is measurable (as an intersection of two measurable multi-valued
operators). Thus, A has measurable selections and let f,,(t) € A(t), for t € J.
Hence, for t € J, we have f,,(t) € F(t,u(t),v(t)) and

o) = ()] < 5 (12(6) = u(t)] + y(6) = w(0)).

Define now

z(t) = ¢ F(la) /0 BrP it — v)* ! f,,(v)dy, for t € J.

Obvious, z € S(u,v).

Thus
Ly ‘%Z(”‘Q =2 [ - o i
iy R~
=2 [ o ) — |
<22 [ Va) — )P o
<20 [ ) = ) + ) = vl
then
p HO=SOF  IPLP (1) w0~ et
Ly (EO—UOF | 0 =o(0)

Hence, we get

M (w, 2,p(t)) > M (z,u,5t)2 % M (y,0,5t)? .

By interchanging the roles of x and vy, respectively v and v, we get for all

((2,9),(u,v)) € E(G)

Hay (S(z,y),S(uw),0(t) > M (,u,5t)2 % M (y,0,5t)2
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Now, by hypotheses we can conclude that

((uOﬂUO)?(uhvl)) = E(G)?

such that (uy,v1) € S(ug,v9) X S(vo,up)-

Because the multi-valued S is continuous and the triple (X,d,G) possesses the prop-

erty 1.1, which indicates that all hypotheses of Theorem 5.1 and Theorem 5.2 are
fulfilled, S has a couple fixed point in X x X.
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Conclusion

In this dissertation, we attempted to present the coupled fixed point theory in two dif-
ferent spaces: b—metric spaces and b—tuzzy metric spaces endowed with directed graph,
We based our work on selected contractive properties and applied them to obtain the sui-
ficient conditions for the existence and uniqueness of solutions different type of differential
equations.

Based on the present research study, we will try to study coupled common fixed point
and coupled coincidence point theorems for two mappings, or more in different abstract
spaces. We also will study different kinds of contraction and expansion mappings like
weakly commuting mappings, compatible mappings, etc. Moreover, we will apply them

in various fields of mathematics and other technical sciences.
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Abstract

The aim of this dissertation focuses on the study of coupled fixed point theory which 1s
very useful 1n nonlinear analysis due to its contribution to solving many problems 1n different
applications. We were interested 1n proving the existence and uniqueness of coupled fixed points
for single-valued and multi-valued contractions defined on b—metric spaces and b—fuzzy metric
spaces endowed with directed graphs. Additionally, to support the presented results, we applied
them to different types of differential equations.

Key words : Directed Graph, Coupled Fixed point, b-metric space, b—ftuzzy Metric Space,

Differential Equations, Mixed G—monotone.

Resume

Dans cette thése on a fait une contribution du point fixe coupl€ dans des différents espaces,
qui est tres utile dans I'analyse non-lin€aire par sa contribution a résoudre beaucoup de pro-
blemes dans des différentes applications. Nous nous sommes intéressés a prouver l'existence
et I'unicité des points fixes couplés pour des contractions univoque et multivoque, sur les es-
paces b—metriques et b—fuzzy meétriques equipes par des graphes orientes. Et pour soutenir
nos resultats, nous les avons appliqués sur différents types d'équations différentielles.

Mots cles : Graphe oriente, point fixe couplée, espace b-metrique, espace b—fuzzy metrique,

¢quations différentielles, mixte G—monotone.
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