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Abstract

Over the past few decades, epidemics caused by highly pathogenic viruses such
as the coronavirus, measles virus, and human immunodeficiency virus (HIV) have
posed severe threats to public health. From a microscopic perspective, stochasticity
plays a crucial role in viral replication, yet theoretical investigations of epidemic
models incorporating biologically plausible stochastic effects remain limited. This
thesis aims to address this gap by analyzing the evolutionary dynamics of stochas-
tic epidemic models and assessing the impact of stochastic perturbations on viral
pathogenesis and disease progression.

In this work, we develop and study stochastic models that incorporate viral pro-
duction mechanisms while integrating the Ornstein-Uhlenbeck or Black-Karasinski
process. Specifically, we assume that key epidemiological parameters-such as the
conversion rate from an eclipse phase to an infectious state—evolve according to
the Ornstein-Uhlenbeck process. Within a well-defined mathematical framework,
we establish and extend non-standard analytical approaches to demonstrate funda-
mental properties of these stochastic models, including the existence and unique-
ness of global solutions, the presence of stationary distributions, and the condi-
tions under which disease extinction occurs. Furthermore, we show that introduc-
ing stochastic perturbations in this manner is both mathematically rigorous and
biologically justified.To support our theoretical findings, numerical simulations are
conducted at the end of each section. These simulations validate the analytical re-
sults and illustrate the accuracy of the derived conditions and threshold parameters.

Keywords: Stochastic epidemic model, Measles Epidemic Model, Stochastic Dy-
namics, Stochastic HIV-1 model,Ornstein—Uhlenbeck process, Black-Karasinski Pro-
cess, Stationary distribution, Probability density, Extinction.



Résumé (French-version)

Au cours des dernieres décennies, les épidémies causées par des virus hautement
pathogenes tels que le coronavirus, le virus de la rougeole et le virus de I'immuno-
déficience humaine (VIH) ont représenté de graves menaces pour la santé publique.
D’un point de vue microscopique, la stochasticité joue un role crucial dans la répli-
cation virale, mais les études théoriques sur les modeles épidémiologiques intégrant
des effets stochastiques biologiquement plausibles restent limitées. Cette these vise
a combler cette lacune en analysant la dynamique évolutive des modeles épidémio-
logiques stochastiques et en évaluant I'impact des perturbations stochastiques sur
la pathogenese virale et la progression des maladies.

Dans ce travail, nous développons et étudions des modeles stochastiques inté-
grant des mécanismes de production virale et incorporant les processus d’Ornstein-
Uhlenbeck ou de Black-Karasinski. Plus précisément, nous supposons que certains
parametres épidémiologiques clés, tels que le taux de conversion des cellules en
phase d’éclipse en cellules infectieuses, évoluent selon le processus d’Ornstein-Uhlenbeck.
Dans un cadre mathématique bien défini, nous établissons et étendons des ap-
proches analytiques non conventionnelles pour démontrer des propriétés fonda-
mentales de ces modeles stochastiques, notamment l'existence et 'unicité des so-
lutions globales, I'existence d’une distribution stationnaire et les conditions d’ex-
tinction de la maladie. De plus, nous montrons que l'introduction de perturbations
stochastiques de cette maniere est a la fois mathématiquement rigoureuse et biolo-
giquement justifiée.

Afin de soutenir nos résultats théoriques, des simulations numériques sont réa-
lisées a la fin de chaque section. Ces simulations valident les analyses développées
et illustrent la précision des conditions et des seuils obtenus.

Mots-clés : Modele épidémique stochastique, Modele épidémique de la rougeole,
Dynamique stochastique, Modeéle stochastique du VIH-1, Equation de Fokker-Planck,
Processus d’Ornstein—Uhlenbeck, Processus de Black-Karasinski, Distribution sta-

tionnaire, Densité de probabilité, Extinction.
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Notations

a.s.: almost surely, or P-almost surely, or with probability 1.
A :=B: Ais defined by B or A is denoted by B.

A(x) = B(x): A(x) and B(x) are identically equal, i.e., A(x) = B(x) for all x.
(0: the empty set.

A°: the complement of Ain (), i.e., A=Q-A.

ACB: ANB =0.

a A b: the minimum of a and b.

a” = max{a, 0}.

a~ = max{—a,0}.

aV b: the maximum of @ and b.

f : A — B: the mapping f from A to B.

Ny =1{0,1,2,...}.

Q: the set of rational numbers.

Q,: the set of nonnegative rational numbers.

R?: the d-dimensional Euclidean space.

B, = {x e R* [[|xl| <7},

C([0, 00); IRd}: the space of continuous functions from [0,c0) to R,
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D([0,00)): the space of functions that are right-continuous and have left-limits.
IR;: the set of all nonnegative real numbers, i.e., R, = [0, ).

R?: the d-dimensional Euclidean space.

0(C): the o-algebra generated by C.

B%: the Borel o-algebra on R4,

R, the space of real d x m-matrices.

dem: the Borel o-algebra on R

|x|: the Euclidean norm of a vector x.

vV IV
Vx :(a—xl,...,a—xd).

2
v (2
ax!'ax]‘ dxd

LP([a, b];R?): the family of Borel measurable functions  : [a,b] — R? such that

b
J |h(t)|]P dt < oo.
i

Lp([a,b];IRd}: the family of R -valued Fi-adapted processes {f(t)},<t<p such
b

that J- |f ()P dt < o0 a.s.
a

b
MP([a, b];IRd}: the family of processes {f(t)},<;<p in LP([a, b];IRd} such that IEJ |f(H)Pdt <
i

Q.

LP(Ry; IRd}: the family of processes {f (f)};>0 such that for every T > 0, {f (f)}o<t<T €
LP([0, T;RY).

MP(Rg; IRd}: the family of processes {f (f)};>0 such that for every T > 0, {f (f)}o<t<T €
MP([0, T|;R?).

1, x€A,
La(x) =
0, x¢gA.

1 ()2
e 7 t>0,x,peR.

(t;x,p) = ,
p(t;x,9) s
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* B(U): the smallest o-field containing all open sets of the topological space U.
* ~: means “is distributed as” or “has the probability law of”.

* F: the o-field of events determined by a process up to time .

* Fi: the o-field of events determined immediately after the optional time T.

* 1p =inf{t > 0| X; ¢ D}: the first exit time of the Brownian motion from the set
D.

* 7, =inf{t > 0| X; = b}: the first hitting time of level b by the one-dimensional

Brownian motion.
* F®G:=0(AxB;A € F,B€G): The product o-field formed from the o-fields 7 and G.
* I;:The (d xd) identity matrix.
* [E[X;]: the mathematical expectation (mean) of the random variable X;.
* Var(X;): the variance of X;.
* Cov(X,, X;): the covariance between X, and X;.

* RH(!): the class of Hurwitz stable matrices.

Other notations will be explained where they first appear.
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General Introduction

Epidemiology, a branch of applied mathematics, focuses on the scientific study
of the spread and control of infectious diseases. It plays a vital role in public
health by informing policies aimed at preventing and managing disease outbreaks.
Through systematic observation, rigorous analysis, and the use of mathematical
modeling, epidemiologists have developed powerful tools to understand the dy-
namics of disease transmission within populations. Mathematical models, in par-
ticular, have proven invaluable for predicting infection rates, estimating healthcare
system demands, and assessing the effectiveness of intervention strategies such as
vaccination, quarantine, and social distancing [1, 2]. The COVID-19 pandemic, with
its unprecedented global consequences, underscored the critical need for flexible
and accurate models that extend beyond classical epidemiological approaches.

Historically, mathematical models in epidemiology have been deterministic, of-
fering predictions based on fixed parameters and initial conditions. Models like the
SIR (Susceptible-Infectious-Recovered) [3] and SEIR (Susceptible-Exposed-Infectious-
Recovered) frameworks categorize populations into health compartments and sim-
ulate how individuals transition between these compartments over time [4, 5, 6].
These models, which provide insights into infection rates, recovery times, and the
potential for herd immunity, have been instrumental in shaping strategies for dis-
ease containment. For example, deterministic models played a crucial role in pre-
dicting COVID-19 infection peaks and assessing the effects of public health inter-
ventions (7, 8, 9]. Their simplicity and interpretability have made deterministic
models widely applicable and accessible.

However, real-world disease dynamics are influenced by numerous unpredictable
factors beyond the reach of deterministic models. Variability in individual immu-
nity, social behavior, and environmental conditions contribute to an inherent ran-

domness that deterministic equations struggle to capture. For instance, individual
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contact patterns may vary widely, super-spreader events can lead to sudden infec-
tion spikes, and new virus strains may emerge unexpectedly, altering transmission
dynamics. Recognizing these complexities, researchers have developed stochastic
epidemiological models that explicitly incorporate randomness, providing more re-
alistic simulations of disease progression [10, 11, 12]. Stochastic models capture
the variability and uncertainty intrinsic to infectious disease dynamics, allowing re-
searchers to explore a range of possible outbreak scenarios. For COVID-19, these
models were particularly valuable for understanding outbreak probabilities, the ef-
fectiveness of interventions under various conditions, and the impacts of unpre-
dictable events like new variants [13]. Thus, stochastic modeling has become a cor-
nerstone for developing flexible, adaptable public health responses that can accom-
modate uncertainties.

Recently, a growing body of research has focused on exploring the dynamic be-
havior of epidemiological models that incorporate stochastic perturbations. This
interest stems from the recognition that stochastic modeling techniques can more
accurately capture the complex and variable nature of infectious disease spread. To
date, several methods have been developed to integrate stochastic perturbations into
deterministic models. Among these, a particularly common approach assumes that
certain model parameters follow an It6 process, specifically the Ornstein-Uhlenbeck
(OU) process.

This approach allows for the modeling of parameters that are not static but in-
stead subject to real-world fluctuations and uncertainties. Parameters may vary due
to factors such as changes in testing capacities, shifts in public health policies, or
differences in population behavior. By employing the OU process, these variations
are modeled with a mean-reverting property, ensuring that while parameters may
fluctuate, they tend to return to a central value over time. This property makes the
OU process an effective tool for modeling random disturbances, offering a stable
yet realistic framework for understanding the stochastic elements in epidemiologi-
cal dynamics.

This thesis aims to advance the study of perturbative epidemiological models by
introducing new methods, generalizations, and analytical techniques for predicting
and controlling disease dynamics. By combining deterministic and stochastic ap-
proaches, this research seeks to build a structured, comprehensive framework that

deepens our understanding of disease spread and informs public health strategy.
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Organized into five chapters, the development of the mathematical and epidemio-
logical framework starts in Chapter 1, which provides a detailed literature review
tracing the development of epidemiological modeling. It examines two main areas:
(1) Classical deterministic models, such as the SIR and SEIR frameworks, which
have historically shaped disease modeling, and (2) Stochastic models, which in-
corporate randomness to address the unpredictable nature of disease spread. This
chapter highlights how stochastic approaches evolved to capture real-world vari-
ability more accurately, underscoring their importance in modern epidemiology.

Chapter 2 lays the theoretical groundwork by presenting key definitions, es-
sential mathematical results, and the analytical tools used throughout the work.
The core findings are presented in Chapter 3, where we develop and analyze a
new stochastic model for COVID-19 that integrates the Ornstein-Uhlenbeck pro-
cess. This chapter begins by proving the global positivity and uniqueness of the
model’s solution. By constructing specific Lyapunov functions, we derive the con-
dition Rj, > 1, which ensures the existence of a unique stationary distribution with
ergodic properties. We also establish criteria for the exponential extinction of the
disease. Numerical simulations validate these theoretical results, demonstrating the
model’s practical applicability.

In Chapter 4, we introduce a stochastic model for measles transmission. We es-
tablish the existence and uniqueness of a globally positive solution and use the Lya-
punov method to demonstrate the existence of a stationary distribution under the
threshold condition R{ > 1, indicating the disease’s persistence in biological terms.
Sufficient conditions for disease extinction are also derived, providing a more com-
prehensive view of measles transmission dynamics. Numerical simulations further
illustrate the impact of stochastic factors on disease spread.

Chapter 5 explores a stochastic model for HIV-1 that incorporates virus-to-cell
and cell-to-cell transmission, as well as humoral immunity, within the Black-Karasinski
process framework. This process is shown to be biologically relevant for HIV-1 mod-
eling. We demonstrate the existence of a unique global solution and introduce two
critical thresholds, Ry and R{", which classify the possible dynamic behaviors of
HIV-1. Our results indicate that (i) ifRf} > 1, the model has a stationary distribution
W(.), revealing the system’s long-term behavior, and (ii) if RE’C < 1, infected cell and
virus populations decline significantly, suggesting a foundation for HIV-1 control

strategies. By solving the corresponding Fokker-Planck equation, we approximate
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the probability density function of W(.) near a positive quasi-equilibrium, provid-
ing insights into the probabilistic distribution around equilibrium states. These
theoretical findings are supported by numerical simulations.

Each chapter (Chapters 3 to 5) introduces novel analytical methods that extend
existing studies in mathematical epidemiology, providing tools that are adaptable
to a broader range of epidemiological models. Results from these chapters have
been published or submitted to peer-reviewed journals, underscoring the scientific
significance and practical relevance of this research. This thesis offers a comprehen-
sive set of analytical tools and frameworks for understanding disease transmission
in both deterministic and stochastic contexts, enhancing the precision and adapt-

ability of epidemiological models.



Chapter 1

Frameworks and Variants in
Epidemiological Modeling:
Deterministic and Stochastic

Approaches
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1.1 Overview of Compartmental Epidemiological Mod-

els

The historical development of compartmental models in epidemiology dates back
to 1906 when W.H. Hamer introduced the concept that the spread of infection
depended on the number of susceptible and infected individuals in a population
[14]. His formulation, based on the "mass action law," provided a method for cal-
culating new infection rates, which later became a cornerstone of compartmental
modeling. Expanding on Hamer’s ideas, Ross adapted the mass action principle
to a continuous-time context, developing a model in 1911 that incorporated both
mosquito and human populations [15, 16]. His work demonstrated that reducing
the mosquito population below a critical threshold could effectively limit disease
spread, a concept that later contributed to the development of the basic reproduc-
tion number, an essential measure in epidemiology.

Building on these early contributions, Kermack and McKendrick introduced their
influential epidemic model between 1927 and 1933 through a series of three seminal
papers [3, 17, 18]. Initially formulated as a simple model, it was later generalized to
incorporate factors such as the "age of infection," representing the time elapsed since
an individual became infected. Their work laid the foundation for understand-
ing disease dynamics through compartmental models, providing a comprehensive
framework that has since been extended and refined in numerous ways. Although
Ross and Kermack-McKendrick did not explicitly define the threshold now known
as the basic reproduction number (Ry), it was formally introduced by MacDonald in
1957 during his research on malaria [19]. Around the same time, N. Bailey’s book,
The Mathematical Theory of Infectious Diseases and Its Applications, synthesized
existing knowledge and further enriched the field [20]. Subsequent contributions
by Dietz in 1967 and Hethcote in 1976 expanded the theoretical landscape, lead-
ing to the development of key epidemiological models such as SIS, SIR, and SIRS,
which continue to be widely used in research today [21, 22, 23].

As these models evolved, researchers introduced greater complexity to account
for real-world epidemiological factors. In 1992, Lorca and Hethcote refined the
SIRS model by incorporating birth and death rates [24], while Hethcote also ex-

amined pertussis transmission using age-structured models [25]. Further advance-
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ments included delays, additional compartments, and the integration of vaccination
effects to capture epidemiological nuances more accurately [26]. Studies by Wen,
Yang, and others explored critical aspects such as disease latency, immunity dura-
tion, and vaccination impact, leading to the development of extended models like
SAIRS and MSEIR, which considered asymptomatic carriers and maternal immu-
nity in infants, respectively [27, 28, 29].

Hethcote’s introduction of the MSEIR model emphasized the significance of Ry
in determining disease dynamics. Specifically, when Ry < 1, the disease-free state
remains stable, whereas an Ry > 1 leads to a stable endemic equilibrium [30]. This
realization underscored the predictive power of R, in assessing long-term disease
trends and equilibrium states within populations. Over the past century, compart-
mental models have undergone continuous refinement, adapting to new scientific
insights and real-world challenges. From early theoretical assumptions to sophis-
ticated, highly structured simulations, these models remain indispensable tools for

understanding and controlling infectious diseases.

1.2 Deterministic Frameworks of Classical Models

In mathematical epidemiology, models categorize individuals based on their disease
status, using several key compartments to represent different stages in the infection

process:

* Susceptible (S): Individuals who have not contracted the disease but are at

risk. They can become infected upon exposure to an infected person.

* Exposed (E): Individuals in the incubation phase who have been infected but
are not yet able to transmit the disease to others. This stage represents those

who harbor the infection but do not yet exhibit symptoms.

* Infected (I): Individuals actively carrying the disease and capable of spread-
ing it to susceptible individuals. They are the primary drivers of transmission

within the population.

* Recovered or Removed (R): Individuals who have either overcome the disease
and gained immunity (either temporary or permanent) or have been isolated

from the population. They no longer contribute to disease transmission.
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These categories serve as the foundation for classical models, which describe the
spread of infectious diseases through populations by tracking individuals as they
transition between these compartments. Such models, including SIR, SEIR, and
their variations, provide valuable insights into the dynamics of disease spread and

the effectiveness of control measures.

Susceptible-Infectious (SI) Model

The Susceptible-Infected (SI) model serves as one of the simplest frameworks in
mathematical epidemiology, designed to capture the transmission dynamics of cer-
tain infectious diseases. In this model, the population is divided into two key com-

partments:

* Susceptible (S): Individuals who are vulnerable to the disease and may be-

come infected upon contact with an infected individual.

* Infected (I): Individuals who have contracted the disease and remain infected

indefinitely, with no possibility of recovery.

This model is particularly suitable for diseases where infection leads to a perma-
nent state, without recovery, such as in the cases of rabies or HIV/AIDS [31, 32, 33].
The SI model’s simplicity allows researchers to analyze the spread of such diseases
over time by observing the transition of individuals from the susceptible to the in-

fected compartment.

Susceptible-Infectious-Susceptible (SIS) Model

The Susceptible-Infected-Susceptible (SIS) model builds upon the basic structure of
the SI model but includes a key distinction: individuals who become infected have
a probability of recovery and return to the susceptible state, rather than remaining
permanently infected.

In this model, individuals transition between two main compartments:

* Susceptible (S): Individuals who have not contracted the disease and are at

risk of infection.

* Infected (I): Individuals who are currently infected. Unlike the SI model,
these individuals can recover and revert to the susceptible state, meaning they

remain vulnerable to re-infection.
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The SIS model is particularly well-suited for infectious diseases where immunity
is temporary or non-existent, allowing individuals to be re-infected multiple times.
This structure is applicable to diseases such as sexually transmitted infections (e.g.,
gonorrhea), parasitic infections like malaria, and certain bacterial infections includ-

ing pertussis and tuberculosis [34, 35].

Susceptible-Infectious-Recovered (SIR) Model

The Susceptible-Infected-Recovered (SIR) model is a foundational approach in epi-

demic modeling, dividing the population into three distinct stages:

* Susceptible (S): Individuals who have not yet contracted the disease but are

at risk of infection.

* Infected (I): Individuals who have been exposed to and are currently carrying

the disease, thereby capable of spreading it to susceptible individuals.

* Recovered (R): Individuals who have overcome the infection and gained im-
munity, either temporarily or permanently, thus no longer participating in dis-

ease transmission.

This model is particularly applicable to diseases where individuals gain immu-
nity after infection, such as chickenpox, rubella, and polio. Its simplicity and clear
compartmental transitions make the SIR model a widely used framework for study-
ing the spread of infections that follow this immunity-gaining pattern [36, 37, 38,
39].

Susceptible-Infectious-Recovered-Susceptible (SIRS) Model

The Susceptible-Infected-Recovered-Susceptible (SIRS) model extends the traditional
SIR model by incorporating a mechanism for the loss of immunity over time. In this
framework, individuals who have recovered from an infection gradually return to a
susceptible state, allowing for the possibility of re-infection.

The compartments in this model are defined as follows:

* Susceptible (S): Individuals who are at risk of infection.

* Infected (I): Individuals who are currently infected and capable of spreading

the disease.
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* Recovered (R): Individuals who have recovered from infection and temporar-
ily gained immunity, which will wane over time, making them susceptible
again.

The SIRS model is particularly suited for analyzing diseases where immunity is

not permanent, such as dengue fever, seasonal influenza, and respiratory syncytial
virus. These infections are characterized by a cyclical pattern of susceptibility and

immunity due to the gradual loss of immune protection [40, 41, 42].

Susceptible-Exposed-Infectious-Recovered (SEIR) Model

The Susceptible-Exposed-Infected-Recovered (SEIR) model expands upon the SIR
framework by introducing an additional compartment to account for a latent pe-
riod, during which individuals have contracted the infection but are not yet infec-
tious.

This model consists of the following stages:

* Susceptible (S): Individuals who are at risk of infection.

* Exposed (E): Individuals who have been infected and are in an incubation

phase. At this stage, they carry the disease but cannot yet transmit it to others.

* Infected (I): Individuals who have progressed to the infectious phase and are

capable of spreading the disease.

* Recovered (R): Individuals who have overcome the infection and are now im-

mune, either temporarily or permanently.

By adding the Exposed compartment, the SEIR model effectively incorporates a
delay between initial infection and the onset of infectiousness, which is essential
for modeling diseases with an incubation period, such as measles or Ebola. This
structure allows for a more accurate representation of diseases where individuals

do not become immediately infectious following exposure [43, 44, 45, 46, 47].

1.3 Extensions and Non-Classical Models

Non-classical epidemic models build upon the traditional SIR framework by intro-
ducing additional compartments to capture various complexities of disease trans-

mission and immunity [48]. These additional classes help account for factors like
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asymptomatic carriers, quarantine measures, vaccination, hospitalization, and ma-
ternally derived immunity. Below are descriptions of some commonly added com-

partments:

* Asymptomatic (A): This compartment represents individuals who are infected
but show no symptoms. Despite being asymptomatic, they can still contribute

to disease transmission.

* Quarantined (Q): Individuals in this compartment are infected but isolated

from the general population, which limits their ability to spread the disease.

* Vaccinated (V): This group includes individuals who have received a vaccine
and thus have acquired immunity, either partially or fully, against the infec-

tion.

* Hospitalized (H): Infected individuals experiencing severe symptoms may be
hospitalized, where their chances of spreading the disease are reduced due to

medical containment measures.

* Maternally Derived Immunity (M): This compartment covers newborns who
possess temporary immunity received through maternal antibodies, providing

protection during early life.

These additional compartments allow for the development of modified epidemic
models that can address more specific characteristics of diseases and public health
interventions. Such adaptations are essential for modeling diseases that do not fit
within the classical framework, providing a nuanced approach to understanding

transmission dynamics.

Susceptible-Asymptomatic-Infectious-Recovered-Susceptible (SAIRS) Model

The Susceptible-Asymptomatic-Infected-Recovered-Susceptible (SAIRS) model ex-
tends the basic SIRS framework by including an Asymptomatic compartment, which
represents individuals who, although infected, do not exhibit any symptoms. De-
spite the lack of symptoms, asymptomatic individuals are capable of transmitting
the disease, adding a layer of complexity to disease spread dynamics.

The compartments in the SAIRS model are as follows:
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* Susceptible (S): Individuals who are at risk of infection.

* Asymptomatic (A): Infected individuals who show no symptoms but can still

transmit the infection to others.

* Infected (I): Symptomatic individuals who are currently capable of spreading

the disease.

* Recovered (R): Individuals who have recovered and gained temporary immu-

nity, which eventually wanes, returning them to the susceptible state.

This model is especially useful for capturing the dynamics of diseases like Norovirus
and COVID-19, where asymptomatic transmission plays a significant role in the
spread of infection. By including an asymptomatic group, the SAIRS model pro-
vides a more realistic framework for understanding these diseases’ transmission

patterns [49, 50, 51, 52].

Susceptible-Infectious-Quarantined-Recovered (SIQR) Model

The Susceptible-Infected-Quarantined-Recovered (SIQR) model builds on the tra-
ditional SIR model by incorporating a Quarantined compartment. This addition
represents infected individuals who are isolated from the susceptible population to
reduce the spread of infection.

The compartments in the SIQR model are structured as follows:

Susceptible (S): Individuals who are at risk of contracting the infection.

Infected (I): Individuals who are actively infected and capable of transmitting

the disease.

Quarantined (Q): Infected individuals who have been isolated to prevent fur-

ther transmission to the susceptible population.

Recovered (R): Individuals who have recovered from the infection and are

now immune.

By incorporating a quarantined group, the SIQR model provides a valuable frame-
work for analyzing the effects of isolation measures on disease spread. This model

is particularly relevant for managing and studying diseases where quarantine and
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isolation are key control strategies, such as in the cases of COVID-19 and Ebola
[53, 54, 55, 56].

Susceptible-Vaccinated-Infectious-Recovered (SVIR) Model

The Susceptible-Vaccinated-Infected-Recovered (SVIR) model expands upon the tra-
ditional SIR framework by incorporating a Vaccinated compartment. This additional
category represents individuals who have received immunization against the dis-
ease, thereby reducing their likelihood of infection depending on the effectiveness
of the vaccine.

In this model, individuals are divided into the following compartments:

* Susceptible (S): Individuals who have not contracted the disease and are at

risk of infection.

* Vaccinated (V): Those who have been vaccinated, thereby having a lower

probability of becoming infected based on the vaccine’s efficacy.

* Infected (I): Individuals who are currently infected and capable of spreading

the disease.

* Recovered (R): Individuals who have recovered from the disease and have

acquired immunity.

The SVIR model is particularly relevant for analyzing diseases where vaccination
is a primary control measure, such as measles and influenza. It helps in evaluating
the role of immunization in reducing susceptibility and, consequently, controlling

the spread of infection [57, 58, 59, 60].

Susceptible-Exposed-Infectious-Hospitalized-Recovered (SEIHR) Model

The Susceptible-Exposed-Infected-Hospitalised-Recovered (SEIHR) model extends
the standard SEIR model by adding a Hospitalised compartment. This modification
allows for a more detailed analysis of diseases where some infected individuals ex-
perience severe symptoms and require hospital care.

The SEIHR model includes the following compartments:

* Susceptible (S): Individuals who have not been exposed to the disease but are

at risk of infection.
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* Exposed (E): Individuals who have contracted the disease and are in the incu-

bation period, during which they are not yet infectious.

* Infected (I): Individuals who are actively infected and capable of transmitting

the disease.

* Hospitalised (H): Infected individuals with severe symptoms who have been
admitted to a hospital, where their potential to spread the disease is reduced

due to isolation.

* Recovered (R): Individuals who have recovered from the disease, acquiring

immunity.

The addition of the hospitalised compartment in the SEIHR model enables the
examination of hospitalisation’s impact on disease transmission dynamics. It is par-
ticularly relevant for studying illnesses such as COVID-19, where hospitalisation
plays a significant role in managing severe cases and reducing the spread of infec-

tion [61, 62, 63, 64].

Maternal-Susceptible-Exposed-Infectious-Recovered (MSEIR) Model

The Maternally Derived Immunity-Susceptible-Exposed-Infected-Recovered (MSEIR)
model expands upon the SEIR framework by introducing a compartment for mater-
nally derived immunity, enabling it to account for temporary immunity in newborns
passed down from mothers.

This model includes the following compartments:

* Maternally Derived Immunity (M): Newborns who possess temporary im-
munity acquired through maternal antibodies, which is often conferred dur-

ing pregnancy or through breastfeeding.

* Susceptible (S): Individuals without immunity who are at risk of infection

once maternal immunity wanes.

* Exposed (E): Individuals who have been infected but are not yet infectious,

representing the incubation period.

* Infected (I): Individuals who have contracted the disease and can transmit it

to others.
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* Recovered (R): Individuals who have recovered and gained immunity.

The MSEIR model is useful for studying diseases such as measles or chicken-
pox, where newborns initially receive immunity from maternal antibodies, which

eventually diminishes over time, increasing susceptibility [30, 65].

1.4 Stochastic of Epidemiological Models

Deterministic models have long been valuable in epidemiology, providing insights
into how diseases spread by simulating real-world conditions and outcomes. How-
ever, these models may lack precision in capturing the stochastic, or random, be-
haviors observed in real epidemics, particularly when small population sizes are
involved. In these cases, the randomness inherent in disease transmission can cause
significant deviations from predictions made by deterministic models. This makes

stochastic models essential for a more nuanced understanding of disease dynamics.

1.4.1 Early Foundations of Stochastic Epidemic Modeling

The field of epidemic modeling saw foundational contributions in the 1920s and
1930s. Kermack and McKendrick’s groundbreaking work established compartmen-
tal models that treated populations in distinct disease states, such as susceptible,
infected, and recovered (SIR models) [3, 17, 18]. Their deterministic framework
laid the groundwork for later stochastic adaptations. By analyzing disease trans-
mission and recovery dynamics, their models provided an essential platform for the
development of stochastic modeling approaches.

In 1928 and 1931, Reed and Frost, alongside Greenwood, introduced discrete-
time stochastic models focusing on the generation-by-generation spread of infec-
tion [66]. Although Reed and Frost’s model was not published immediately, it
was shared through lectures in 1928 and later became a fundamental reference in
stochastic epidemic theory. This model emphasized randomness in the transmission
process, which is critical in smaller populations where disease outcomes can vary

significantly from deterministic predictions.
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1.4.2 Contributions of Key Figures in Stochastic Epidemic Theory

Building upon Kermack and McKendrick’s models, Bartlett’s work in the late 1940s
highlighted the importance of incorporating randomness, especially in small popu-
lations where stochastic effects are pronounced. His stochastic extensions provided
a deeper understanding of how random fluctuations in transmission rates could im-
pact disease spread. Bartlett’s approach advanced the field by showing that random
variations in infection and recovery rates are central to accurate epidemic modeling
[67, 68].

Kendall also contributed significantly to stochastic epidemic modeling. His stud-
ies on branching processes—a type of stochastic process where individuals can pro-
duce multiple ‘offspring’—have direct applications in epidemiology. This approach
is particularly relevant in modeling scenarios where a single infected individual
may spread the disease to multiple others, capturing a more realistic view of dis-
ease transmission dynamics [69].

Bailey’s seminal work in epidemic modeling provided a thorough overview of
both deterministic and stochastic frameworks, as well as guidance on parameter
estimation techniques. His work continues to be a key reference for researchers
exploring both traditional and modern approaches to epidemic modeling [20].

Additional influential figures in stochastic epidemic modeling include Ball, Becker,
and Barbour, who expanded the theoretical foundation and practical applications
of these models. Each contributed unique perspectives and models that have been

instrumental in understanding epidemic behaviors under stochastic influences [70,

71,72,73,74, 75].

1.4.3 Modern Advances: Incorporating Environmental Noise into

Stochastic Models

Recent advancements in stochastic epidemic modeling have incorporated various
forms of noise—such as Gaussian, Lévy, and telegraph noise—into disease models.
Environmental noise, especially white noise, represents small, continuous varia-
tions in transmission parameters due to external factors [76]. Recognizing the im-
pact of these minor fluctuations is essential for constructing models that reflect re-

alistic, variable conditions in disease spread.
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1.4.4 Exploring the Impact of Stochastic Differential Equations in
Modeling Uncertainty

Stochastic differential equations (SDEs) have become increasingly valuable tools,
offering a flexible framework that allows for the incorporation of random environ-
mental effects. This approach has improved the realism of epidemic models, as
SDEs capture the impact of stochastic perturbations on disease dynamics more ac-
curately than deterministic models [76, 77, 78].

Gray et al.[77], for example, analyzed a stochastic SIS model and explored the
necessary conditions for disease extinction and persistence, correlating these states
with perturbation levels and the basic reproduction number, Ry . Their findings
revealed conditions under which a stationary distribution could exist and provided
expressions for its mean and variance. Zhao and Jiang expanded on earlier work
by integrating environmental white noise into an SIV model with vaccination [79],
introducing a modified reproduction number R, to examine extinction and persis-
tence conditions under stochastic influences. Fatini et al.[80] studied a stochastic
SIRI model with relapse, demonstrating the system’s well-posedness and defining a
stochastic threshold and stability conditions.

The evolution of stochastic epidemic modeling reflects the growing need for flex-
ible, realistic models that capture both the predictable and unpredictable elements
of disease transmission. By incorporating randomness at various levels-from indi-
vidual interactions to environmental fluctuations-stochastic models offer a robust
alternative to deterministic approaches, especially in capturing the complexities of

disease spread in diverse population settings.



Chapter 2

Preliminaries
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In this brief section, we provide essential definitions and foundational concepts
related to random processes, covering only the basics needed for the remainder of

the thesis, without delving into the comprehensive analysis available in [81, 82, 83,

84, 85, 86, 87, 88, 89, 90, 91, 92, 93].

2.1 Events and Probability

In the study of uncertainty and randomness, events and probability serve as foun-
dational concepts. Events represent outcomes or collections of outcomes from a
random experiment, while probability provides a systematic way to quantify the
likelihood of these events. Together, they form the basis of probability theory, en-
abling us to model and analyze phenomena governed by chance, from rolling dice to
complex epidemiological dynamics. Before diving into formal definitions and prop-
erties, it is crucial to understand these building blocks that underpin all stochastic
models and probabilistic reasoning.

The definitions, theories, and properties presented in this section are adapted from
and based on the works referenced in [81].

Definition 2.1.

Let () be a non-empty set. A collection of subsets F is said to form a o-field on () if
the following properties hold:

1. F contains the empty set @.

2. If aset Aisin F, then its complement () \ A is also included in F.

o0
3. For any sequence of sets A,A,,... in F, their union UAi is also an element

i=1
of F.

Definition 2.2.
Let F be a o-algebra on the set (). A probability measure P is a mapping

P:F —[0,1]
that satisfies the following properties:

1. P(Q)=1;
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2. For any collection of pairwise disjoint sets Aj,Aj,... (where A;NA; = @ for

i #j)in F, the measure satisfies

P[OA!-]: iP(AI-}. (2.1)
i=1 i=1

The structure (€1, F,P) is referred to as a probability space. The elements of F are

called events, and an event A is said to happen almost surely (a.s.) if P(A) = 1.

2.2 Random Variables

A random variable is a fundamental concept in probability theory that bridges the
gap between abstract outcomes of random experiments and real-valued quantities
that we can analyze. Essentially, a random variable is a function that maps the out-
comes of a probabilistic experiment to numerical values, allowing us to quantify
uncertainty. By studying random variables, we can explore the statistical proper-
ties of random systems and model various phenomena, including those found in
stochastic processes and epidemiological models.

The concepts, definitions, and theoretical foundations discussed in this section have
been drawn and adapted from the references [81].

Definition 2.3.

Let F be a o-algebra on the set (). A function & : () — R is called F-measurable if

{weQ:&(w)eBle F (2.2)

for every Borel set B € B(IR). In the context of a probability space (2, F, P), any such

function £ is referred to as a random variable.

Definition 2.4.

A random variable £ : () — R induces a probability measure on RR, given by
P:(B)=P({w € Q: {(w) € B}), (2.3)

where B € B(IR) is a Borel set. This probability measure P is called the distribu-
tion of £. The function F; : R — [0,1], defined as

Fe(x) = P(lw €Q : &(w) < 1)), (2.4)

is referred to as the cumulative distribution function (c.d.f.) of &.
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Proposition 2.1.
Suppose &,1 : (Q — R are two integrable random variables that are independent.

Then, they are uncorrelated, meaning

E[&n] = E[E])E[n], (2.5)

provided that the random variable 1 is also integrable. Furthermore, if &y, ..., &y

() — R are independent integrable random variables, then

E[&1&;...&0] = E[&]E[&,]. . E[&,], (2.6)

under the assumption that the product £,&,... &, is also integrable.

Proposition 2.2.

A random variable & is said to be independent of a o-algebra G if the o-algebras
0(&) and G are independent. This concept extends naturally to a collection (finite
or infinite) of random variables, o-algebras, or a mixture of both. Specifically, such
a collection is called independent if, for any finite selection of random variables

&1,...,&m and o-algebras Gy,...,G, from this collection, the o -algebras

(&1)ses0(Em)Gryenns G

are independent.

Definition 2.5.

Let & be an integrable random variable, and let # be any random variable. The con-
ditional expectation of £ given 77, denoted by E(¢ | #7), is a random variable satisfying

the following properties:

1. The random variable E(& | 77) is measurable with respect to the o-algebra gen-

erated by #, denoted by o(#).

2. For every measurable set A € o(1), the equality

J-E(ém)dP:J-édP (2.7)
A A
holds.

Remark 2.1.
The conditional probability of an event A € F given 1/ can alternatively be described

as

P(A|n)=E(L4|n), (2.8)

where 14 is the indicator function of the event A.
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Proposition 2.3.

The conditional expectation satisfies the following fundamental properties:

1. For any real numbers a,b, and for any integrable random variables &,C, we
have

E(a& +bC | G) = aE(E | G)+bE(C | G) (linearity). (2.9)
2. For any integrable random variable ¢,

E(E(E|G)) = E(S). (2.10)

3. If &£ is G-measurable and £C is integrable, then

E(EC|G)=¢EE(C|G) (taking out known factors). (2.11)

4. If & is independent of G, then

E(£|G)=E({) (independence simplifies the expectation). (2.12)

5. For o-fields H C G, the tower property holds:

E(E(E|G)|H)=E(|H). (2.13)

6. If £ >0, then
E(E]G)>=0 (positivity). (2.14)

Here, & and C are random variables defined on a probability space (), F,P), and G
and H are sub-o-algebras of F. All stated equalities and the inequality in (6) hold

almost surely with respect to P.

2.3 Gaussian Random Variables

Gaussian random variables, fundamental in probability theory, are characterized
by their symmetric bell-shaped density function, determined by the mean and vari-
ance. These variables arise naturally in diverse contexts, such as measurement er-
rors or biological systems. Their importance is underscored by the Central Limit
Theorem, which explains their prevalence in modeling the sum of random influ-

ences.
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In the context of this thesis, Gaussian random variables play a vital role in mod-
eling the random disturbances within epidemiological systems, providing a mathe-
matical foundation for analyzing variability in disease dynamics.

The definitions, properties, and theories outlined in this section are derived from
and informed by the works cited in references [82].

Definition 2.6.

A real-valued random variable X is called a standard normal (or Gaussian) variable
if its probability distribution is characterized by the density function

2
exp(—%), (2.15)

1
px(x) = N

where x € R.
Proposition 2.4.

A real-valued random variable Y is said to follow a Gaussian distribution with pa-
rameters N (m, 02}, where 0 > 0 and m € R, if any of the following three equivalent
conditions are satisfied:

(i) Y can be expressed as Y = 0 X + m, where X is a standard normal random
variable (i.e., X has a N'(0,1) distribution);

(ii) The probability density function of Y is given by

1 (y— m)? )
(v)= ex (— p eR; (2.16
== e ) Y )
(iii) The characteristic function of Y takes the form
E[e'¢Y] :exp(imé—?éz), EeR (2.17)

Moreover, for such a Y, the expected value and variance are given by:

E[Y]=m, var(Y)=o0" (2.18)
Definition 2.7 (Sum of independent normal variables).
Let Y be a random variable with a A (m, 02} distribution and Y’ a random variable
with a NV(m/, 0'2} distribution. If Y and Y’ are independent, then the random vari-
able Y + Y’ is distributed according to N (m+ m’, 0% + 0'2}.
Proposition 2.5.
Let (X,),>1 be a sequence of real-valued random variables such that, for each n> 1,
X,, has a N'(m,, Gf) distribution. Assume that X,, converges to a random variable X

in the L? sense. Then:
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() The random variable X is distributed according to N (m, o?), where m = lim m,,
H—00

and o = lim o,,.
H=—00

(ii) This convergence also extends to all LP spaces for 1 < p < co.

Theorem 2.6.
(i) Let ¥ be a nonnegative, symmetric endomorphism of a finite-dimensional vector
space E. Then, there exists a Gaussian random vector X such that its covariance
operator coincides with [.

(ii) Suppose X is a centered Gaussian random vector, represented as X = (Xy,...,X;)

in a basis of E where the covariance operator is diagonal. Let X be expressed as

d
X= leej, where 1 < j <d, and the eigenvalues satisfy:
j=1

/112/122...2/1‘{)0:/1]”_1:...:Ad.

d
In this decomposition, X = ZYje-, where YJ, are independent centered Gaus-

J=1
sian random variables, with variances Var(Yj) = Aj. Consequently, the support of

the probability distribution px of X is the subspace of E spanned by ey,...,e,. Ad-
ditionally, px is absolutely continuous with respect to the Lebesgue measure on E if

and only if r = d. In that case, the density of X is given by:

1
(x) = ex
o (277)4/2+/det ¥ .

where y denotes the covariance operator.

(—%(x, E_lx)), (2.19)

2.4 Stochastic Process

A stochastic process is a collection of random variables indexed by time or another
parameter, which evolves over time according to probabilistic rules. In contrast to
deterministic processes, where outcomes are predictable, a stochastic process in-
corporates randomness, making it suitable for modeling phenomena that evolve
unpredictably, such as population dynamics in epidemiology or financial markets.
The study of stochastic processes allows us to describe systems where the future
state depends not only on the current state but also on inherent random fluctua-

tions. These processes are central to the analysis of systems subject to uncertainty,
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and they provide a framework for understanding a wide range of real-world situa-
tions.
The definitions, theories, and properties presented in this section are adapted from
and based on the works referenced in [82, 83, 84, 85, 86].
Definition 2.8.
Let T be a set, (E,£) a measurable space. A stochastic process indexed by T, taking
its values in (E, £), is a family of measurable mappings X;,t € T, from a probability
space ((), F,P) into (E,&). The space (E, ) is called the state space.

The set T may be thought of as "time". The most usual cases are T = IN and
T = IR;, but they are by no means the only interesting ones. In this book, we consider
deal mainly with the case T =IR,. and E will usually be R? or a Borel subset of R?
and £ the Borel o-field on E.

For every w € (), the mapping t +— X;(w) is a "curve" in E which is referred to as
a trajectory or a path of X. We may think of a path as a point chosen randomly in the
space F(T,E) of all functions from T into E, or, as we shall see later, in a reasonable

subset of this space.

Theorem 2.7 ([83]).
Given a probability measure y on R, there exist a probability space (€1, F,P) and a
sequence of independent random variables X,,, defined on (1, such that X,,(P) = p

for every n.

Theorem 2.8 ([83]).
Let y be a probability measure on R. Then, there exists a probability space ((, F, P)
and a collection of independent random variables (X,,),>; defined on this space such

that each X,, has the distribution p, i.e., X,, ~ p for alln > 1.

Proposition 2.9.
Let H be a separable real Hilbert space. There exist a probability space (1, F, P) and
a family X(h),h € H, of random variables on this space, such that

1. the map h+ X(h) is linear;
2. for each h, the r.v. X(h) is gaussian centered and

E[X (h)?] = [[hl|F;- (2.20)



2.4 Stochastic Process 35

Definition 2.9.
A process Y is said to be a modification of a process X if, for all ¢t > 0, the equality
X; = Y; holds almost surely, i.e.,

P(X,=Y,) =1 (2.21)

Definition 2.10.
The processes X and Y are said to have identical finite-dimensional distributions
if, for every positive integer 1, any sequence of times 0 < #; <t; <--- <, < 00, and

every measurable set A € B(IR"), the following holds:

P[(Xy,..-,X; ) €Al = P[(Y;,,..., Y, ) € Al (2.22)

Definition 2.11.
The processes X and Y are said to be indistinguishable if their sample paths coincide

almost surely, meaning:

P[X,=Y, forall t > 0] = 1. (2.23)

Definition 2.12.

Let X and Y be stochastic processes defined on the probability spaces (€, 7, P) and
Q',F', P, respectively, with a common state space (IRd,B(IRd}}. The processes X
and Y are said to share the same finite-dimensional distributions if, for every integer
n>1,any times 0 < t; <t, <:-- < f, < 0o, and any measurable set A € B(R"), the

following equality holds:

P((X;,,..., X; ) €Al = P/[(Yy,,..., Y, ) € Al. (2.24)

2.4.1 Filtration and Martingales

A filtration is defined as a sequence of sub-c-algebras (F)icr that is increasing,
meaning that if s < f, then /; C #. The index set T is usually either IN or RR,.
The o-algebra F; corresponds to the information accessible at time t. A stochastic
process X = (X(f));er defined on the sample space () is termed adapted to the filtra-
tion (% )er if X(f) : QQ — R is F;-measurable for every t in T. The natural filtration
of a process X = (X(t))cr is specified by F = 0(X,;s < t), which embodies the infor-
mation gleaned from observing X from time 0 to ¢. This filtration is denoted as FX.

Therefore, any process X is adapted to its own natural filtration FX,
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Definition 2.13.
Given a probability space (€1, F, P), equipped with a filtration (%);>0, a real-valued
stochastic process M = (M(t);t > 0) is called an (F)-martingale, or simply, a martin-

gale, if it is adapted and integrable, and if
[E(M(t)|F)=M(s) a.s., forall s<t. (2.25)

This is a function that remains constant on average in a conditional sense, having

no tendency to increase or decrease. In particular,

E[M(t)] = E[M(0)]. (2.26)

Definition 2.14.
A process M = (M(t)), is called a submartingale [resp. supermartingale] if it is
adapted and integrable, and if

EM(t)| F)=>Mi(s) a.s., foralls<t, (2.27)

[resp., if E(M(t) | %) < M(s) as.].
Proposition 2.10.

If M is a martingale and @ is a convex function on R such that N(t) = ®(M(t)) is
integrable, then N = (N(t);t < T) is a submartingale.

2.4.2 Stopping Time Theorem

To analyze random functions, it makes sense to introduce random times, as a stop-
ping time represents a decision made using the information available up to that
moment. Accordingly, we proceed with the following definition:

Definition 2.15.

A random variable 7 : Q — T U {0} is an F -stopping time if

(t<tleF, VteT. (2.28)

Here are some examples: A constant 7 = f( is a stopping time, as well as the mini-
mum min(7;, 7;) of two stopping times—and thus min(7;, ty)—as well as inf 7, and
1
sup 7, when the 7, are stopping times. Finally, the hitting time of a closed set F by
1‘1

a continuous process X is

tr = inf{t > 0: X(t) € F}, (2.29)
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which is a stopping time when X is F-adapted. Indeed, by the continuity of trajec-

tories,
(tp<t}= U [X(s)ep}:[ﬂ U [dist(X(s},P}SI/k}]U[X(t}eP}. (2.30)
s€[0,t] k=1seQ[0,]

which is an element of .
For X a continuous random function and 7 a stopping time that is almost surely

finite, we consider the random variable
X(1):w— X(1(w),w).

In the case T =N, it is easy to see that X(7) is a random variable, obtained by
a measurable pasting of random variables. In the case T = IR, it is less immediate:

we can approximate 7 by stopping times 7, taking countable values,

T

, ) r,=00 if T=o09, (2.31)

n n

k+1 . lk k+1
= if rel-
n

and note that X(7) = lim X(t,).

Think of a martin};;feo M as the player’s gain in a fair game, and a stopping time
T as the moment when the player decides to stop playing. Unless there is foresight
of the future (or insider knowledge), the stopping strategy should not turn the fair
game into a favorable or unfavorable one. This is what the following theorem as-

serts, called the stopping theorem or sampling theorem, where the fixed time # in

Definition 2.13 is replaced by a bounded stopping time:

Theorem 2.11 ([82]).
Let M = (M(t)); be a continuous F -martingale, and let T be a bounded F -stopping

time with 0 < s < 1t < Cst < 0o0. Then,
E[M(0)l%] = M(s). (2.32)
If S is a continuous F -supermartingale, then we have E[S ()| %] < S(s).

Consequently, we obtain the very useful property:

Properties 2.12.

EM(t) = EM(0), (2.33)
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which implies that the expected gain remains unchanged under a valid stopping
strategy, as indicated above.
Additionally, note that this result cannot hold without a condition on 7. For

instance, the hitting time T}, of the point b,
T, = inf{t > 0: B(t) = b},

is an almost surely finite stopping time (see the remark below), and B(T},) = b. There-
fore, EB(T,) =b = EB(0) = 0.
The theorem does not apply here—r is unbounded—but it does imply that

[EB(T, An)=0 for all n, (2.34)

or equivalently,
bP(T, < n) +E(B(n)1y1,5,)) = 0. (2.35)
Corollary 2.13 (Stopping of Bounded Martingales).
Let M be a continuous martingale, and let T be a stopping time that is almost surely
finite, such that
IM(t An)|<K Vn (2.36)

for a constant K < co. Then,
[EM (1) =IEM(0). (2.37)

Theorem 2.14 (Strong law of large numbers [86]).
Let M = {M;};>0 be a real-valued continuous local martingale vanishing at t = 0.

Then

M
tli’rglo(M,M)t =00 as = }Lrglo (M}A‘/I)t =0 a.s. (2.38)
and also
M,M M
}im( t oo as = }imT‘ =0 as. (2.39)

2.5 Brownian Motion

Brownian motion is a stochastic process that models the random movement of par-
ticles suspended in a fluid, which was first observed by botanist Robert Brown in
1827. It is a fundamental concept in probability theory and serves as a key model for
continuous-time random processes. Brownian motion has several important prop-

erties: it starts at zero, has independent and normally distributed increments, and
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exhibits continuous paths that are nowhere differentiable. This process is widely
used to model phenomena in physics, finance, and various branches of mathemat-
ics, especially when the system evolves under uncertainty and randomness. In epi-
demiology, Brownian motion can be used to describe the random fluctuations in the
spread of diseases or other dynamic processes.

The concepts, definitions, and theoretical foundations discussed in this section have

been drawn and adapted from the references [82, 84].
Definition 2.16.

A Brownian motion (in d dimensions, starting from 0) is a family (B;);cgr, of random

variables taking values in IRd, defined on a probability space (€, F, P), that satisfies:

(P1) We have By = 0 almost surely. Moreover, for any integer p > 1 and real num-
bers 0 = fp < f; <---<t,, the random variables B; — B; ,B;, _Btl"“’pr _pr_l
are independent. Additionally, for each j € {1,...,p}, B:),- - Bt;._l is a centered

Gaussian vector with covariance (£ —tj1)g.

(P2) For every w € (), the function f — B,(w) is continuous.

Theorem 2.15.
The Brownian motion exists. In other words, it is possible to construct on a suitable

probability space a family (B;)cr, of random variables that satisfies properties (P1)
and (P2).

2.5.1 Characteristics of Brownian Motion Sample Paths

In this section, we explore the characteristics of sample paths of Brownian motion

(see Figure 2.1). Let (B;)>0 be a fixed Brownian motion. For each f > 0, we define
Fi=0(Bs:s<t),

where F; is the sigma-algebra generated by B; for s up to time t.
Observe that F; C F; whenever s <t. Additionally, we define

"=~

s=0
We proceed by introducing a fundamental 0-1 law.
Theorem 2.16.

(Blumenthal’s 0-1 Law) The o -algebra F;' is trivial, meaning that P(A) = 0 or 1 for
every Ae Fy .
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Figure 2.1: Sample Path Simulation of Brownian Motion Over the Interval [0, 1].

Proposition 2.17 ([82]).

* Almost surely, for any € > 0,

sup B; >0, inf B;<0. (2.40)

D<s<e O<s<e¢

* For each a € R, define T, = inf{t > 0 : B; = a} (where we take inf() = co by

convention). Then,

almost surely, Yae€R, T,<co. (2.41)
As a result, we have almost surely

lim sup B; = +oo, lim inf B; = —oco. (2.42)

t—oo0 t—oo0

Corollary 2.18.

With probability one, the function t — B; is not monotonic on any non-trivial inter-
val.

Corollary 2.19.

With probability one, the function t — B; has infinite variation over any non-trivial

interval.
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2.6 Stochastic Integration

Stochastic integration is a mathematical framework that extends traditional inte-
gration to processes that involve randomness, such as stochastic processes. Unlike
deterministic integrals, stochastic integrals are used to model systems where the
integrand or the limits of integration are random, often described by processes like
Brownian motion. The most common form of stochastic integration is the Ito in-
tegral, which is designed to handle the irregular nature of stochastic processes, par-
ticularly their discontinuous or non-differentiable paths. Stochastic integration is a
key tool in the analysis of dynamic systems under uncertainty, providing a rigorous
way to model and solve problems in areas like finance, physics, and epidemiology,
where randomness plays a crucial role in the evolution of systems over time.
The definitions, properties, and theories outlined in this section are derived from

and informed by the works cited in references [87, 88].

2.6.1 Filtrations and Measurability

Definition 2.17.

Given a filtration F = (F,t > 0) on (Q),.A,P), a Brownian motion B defined on
(QQ,A,P) is called an F-Brownian motion if it is adapted to F, and if B(t) — B(s)

is independent of 7, for 0 <s <t.

Definition 2.18.

A real function ¢(t,w) on R™ x Q) [respectively, [0, T] x Q] is said to be progressively
measurable if for all + € R" [respectively, t € [0,T]], the mapping (s,w) — @(s,w)
from [0,1] x Q) to R is B([0, t]) ® F;-measurable.

Proposition 2.20.

Any continuous adapted stochastic function is progressively measurable.

Notation 2.21.
We denote by M*(R") [respectively, M*([0, T])] the space of progressively measur-

able random functions, where :

T
IEJ- P2 (t, w)dt < co [resp.,lEf ¢*(tw)dt <oo], and M* =( |M[0,T]
R, 0 T
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2.6.2 Stochastic Integral in M?*(R")
Definition 2.19.
The random variable J- @dB € L*(Q, A, P) is called the stochastic integral of ¢ €

M?*(R").
Theorem 2.22.

For @, in MZ(IRJr}, we have

2
IE(J- qo(t)dB(t)) 0, IE(J- qo(t)dB(t)) :IEJ- @(t)? dt,
’ ’ ’ (2.43)

IE(J- ﬁo(f)dB(f))( . IP(f)dB(f))ZIEJ- p(t)p(t)dt.

Proposition 2.23.

t
The random function t — J- @ dB is mean-square continuous at every point ty > 0,
0

; ; - +
and it has a continuous version on R".

2.6.3 Ito’s Formula and Ito Process

Any real-valued random function of the form

t t
X(t}:X(O)+J- qo(s)dB(s)+J p(s)ds (2.44)
0 0

with @, € M? and X(0) e LZ(O}, is called an It6 stochastic process, and we denote
its stochastic differential by dX(s) = @(s)dB(s) + {(s)ds. Such a representation is
unique. The same arguments show that It6’s formula applies to these processes and

also to the complex case (by considering the real and imaginary parts separately).

For ® € C?,

t t t

’ 1
©(XEDple)ds+ | 50 (XOpls)ds

0

CD(X(f))ﬂD(X(O)HJ-

0

@’(X(s))@(s)dB(SHJ

0

(2.45)
Equation (2.45) can also be expressed in differential notation as
AD(X(t)) =D (X(t)dX(t) + %CD"(X(t))d(X)(t}, (2.46)
where we define the quadratic variation (X) of the [t6 process X by
(X)(t) = L*@(S)zds (2.47)

which corresponds to Equation (2.45), the quadratic variation of the martingale part

t
f (s)dB(s).
0
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2.6.4 General Ito Integral and Formula
Theorem 2.24. t t
If X(t) = X(0)+ J- @(s)dB(s)+ J- Y(s)ds is an It6 process, then
0 0

t t t

’ 1
® (X(s))gb(s)dﬁj @ (X(s))p(s)? ds.

(D(X(f))z(D(X(U)HJ
’ ’ (2.48)

cb’(X(ano(s)dB(sHJ

0

Lemma 2.25.

The It6 formula for Brownian motion:
t t
d(B(t)) = (D(B(O)}+J- d (B(s))dB(s)+ %J- d (B(s))ds, (2.49)
0 0

2.6.5 Vector Ito Formula

A family B = (Bj) <j<k of independent Brownian motions is called a Brownian mo-
tion of dimension k. We further define the notion of an F-Brownian motion by Def-

inition 2.17, with B € R*. If Pij € l\/l2 i <d,j <k, we denote briefly ¢ = (¢, j);; €

MIOC, and we denote J- @(s)dB(s) as the process taking values in IRd, whose i-th
0

t
component is given by E J- @i j(s)dBj(s). Itd’s formula extends to the vector case
: 0

without major difficulty, and we can also consider functions depending on time.

Theorem 2.26.
Let ®©(t,x) be of class Cl'2 on R x IRd, and let @, € MIZOC with | € R? and padxk

t t
matrix. For X(t) :X(O)+J q()dB+J Yds, we have
0 0

t a a
(D(f,X:):(D(O,XO)+L ECD(:v,Xs)d:wLZJ- a_xi(b(b’XS)lybi(b)db
k
J- Z ax ax (S’XS)Zli@i.j(S)@j_j(S)ds
]:

In differential form, we have

d 1
5 @At + VO - dX, + tr(@”pg")dt, (2.51)

dD(t,X;) = =
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32
ax!' ax]

where V is the gradient and d” = ( CD) is the d x d matrix of second-order

1]
partial derivatives.

2.7 Stochastic Differential Equations

Stochastic differential equations (SDEs) are differential equations that involve ran-
dom processes, providing a way to model systems where the evolution over time
is influenced by both deterministic forces and random fluctuations. These equa-
tions extend classical ordinary differential equations by incorporating terms that
represent randomness, typically modeled by Brownian motion or other stochas-
tic processes. SDEs are essential for describing a wide range of phenomena, from
the behavior of financial markets to the spread of diseases in epidemiological mod-
els. Solving an SDE often requires specialized techniques, such as It6’s Lemma and
stochastic integration, due to the presence of randomness. The solutions to these
equations are themselves random processes, making SDEs a powerful tool for un-
derstanding complex systems driven by uncertainty.

The definitions, properties, and theories outlined in this section are derived from
and informed by the works cited in references [89, 90, 91, 92, 94, 95].

Definition 2.20.

Let 0 : R— R"and b: R — R be given functions. Let (B(t));>o be a Brownian motion
and X, be a random variable defined on the same probability space (2, A,IP), where
Xp and B are independent.

A stochastic differential equation (SDE) is an equation of the form
dX(t)=b(X(t))dt+o(X(t))dB(t), X(0)= X, (2.52)

where the function b is called the drift coefficient and o is called the diffusion coeffi-
cient.
The solution of a stochastic differential equation is called a diffusion process (or

simply a diffusion).

Let F; denote the filtration generated by (B(s))s<; and Xy, completed with respect
to the P-null sets.
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2.7.1 Existence and Uniqueness of Strong Solutions

We present the fundamental results ensuring the existence and uniqueness of strong
solutions to stochastic differential equations under standard Lipschitz and growth

conditions.
Theorem 2.27 ([90]).

Suppose X € L%, and b and o are Lipschitz continuous, i.e.,
|b(x) = b(p)|+]o(x) —0o(y)] < K|x -] (2.53)

Then, the equation (2.52) has a unique solution X € M?2.
Theorem 2.28 ([90]).
Suppose the coefficients b and o are globally Lipschitz and grow at most linearly in

the space variable,

[b(t,%) = b(t,p)| + o (t,x) ~ o (£, ) < Klx ~ ], (2.54)

Ib(t,x))* + |o(t,x)]* < K*(1 + |x[?), (2.55)

fort>0,x,y € IRd, with K being a finite constant. Then, for X, € Lz(fb), the equation
(2.52) has a unique solution X € M2
Corollary 2.29 (One-dimensional Stochastic Differential Equation Comparison Theorem).

Consider the following stochastic processes:

1. two continuous, (F;)-adapted real-valued processes, x| (t,w) and x,(t, w);

2. a one-dimensional (F;)-Brownian motion B(t,w) such that B(0) = 0 almost

surely;

3. two real-valued (F;)-adapted, measurable processes f|(t,w) and B, (t,w).

Assume that the following conditions hold almost surely:

t t
(i) J;o(s,xl(s}}dB(s)+Lﬁl(s)ds, i=1,2,
(1) x1(0) < x(0),
(iii) Pi(t) <by(t,x,(t) forallt>0,
(iiii)  Bo(t) > by(t, x(t)) forallt> 0.

Under these conditions, it follows with probability one that

x1(t) € x,(t) forallt>0. (2.56)
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Lemma 2.30 (Fatou’s Lemma).
The classical form of Fatou’s Lemma states that:
intgliminf f, <liminf | f,, (2.57)
H—00 H—00 £2

where f, is a sequence of nonnegative measurable functions on the measure space

(Q), F,P), and it holds that liminf f, < co.

!.2 H=—00

2.7.2 The Fokker-Planck Equation

The Fokker—Planck equation is a partial differential equation that governs the time
evolution of the probability density function associated with a stochastic process.
When a dynamical system is described by a set of differential equations contain-
ing at least one stochastic component, the system’s behavior—incorporating both

deterministic and random influences—can be expressed as

dX; = f(X,, t)dt + o(X;, t)dB,, (2.58)

where X; represents the n-dimensional random state vector, f denotes the deter-
ministic force vector, and B; corresponds to an m-dimensional standard Brownian

motion.
Definition 2.21.

The Fokker—Planck equation characterizes the temporal evolution of the probability
density function of the stochastic variable X;, particularly in systems influenced by
both drift and diffusion effects. Originally formulated by Fokker and Planck to

study Brownian motion, the equation takes the form

dp(x,t) =9 non 52
=l le (fi(x, H)p(x, 1) + lelt%c—&x] (Dyj(x, p(x, 1)), (2.59)
. 1= JI:
where f = [fl;---;fn]T represents the deterministic force vector, and D = lggT

2

is the diffusion tensor, with o being an 1 x n matrix that encapsulates the diffusion

dynamics within the system.

2.7.3 Langevin Equation

Let (€2, F, P) be a probability space. First, let us give the definition of the Ornstein-
Uhlenbeck process.
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Definition 2.22.

We define the Langevin equation

{ dX; = (¢ -kX;)dt ++[BdB,, >0 (2.60)

Xo~p
where (B;);>¢ is a standard Brownian motion and p is a probability distribution with
real values. The parameter ¢ is real, and the parameters k and f are positive real
numbers. The variables X and (B;);>( are independent.
Proposition 2.31.

The unique strong solution of the Langevin equation (2.60) starting from X is given

by the Ornstein-Uhlenbeck process, defined by
¢ t

X, = Xge kKt + = (1-e7F)+ \/BJ- Kt gB,,  t>0. (2.61)
0

This process was introduced by Ornstein and Uhlenbeck in 1930 to describe the

motion of a particle with friction . A trajectory of this process is shown in Figure 2.2.

2.5

2.0 1

154

1.0

Xt

0.5 1

0.0 4

—1.0 4~ —— oOmstein-Uhlenbeck process

0 2 4 6 8 10
Time t

Figure 2.2: Trajectory of an Ornstein-Uhlenbeck Process with ¢ =1, k=1, g =1,
Xo=1.
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Remark 2.2.
The process can be represented as an affine transformation of a time-changed Brow-

nian motion. For t € R,, we have:

kit € _ - _
X, = Xge "‘+£(1 —eM)+ %Bezkr_le Kt (2.62)

where (B;);( is a standard Brownian motion.

Proposition 2.32.

For every t € R;, we have:

E[X,] = % + e—"‘(IE[XO] - %)

Var(Xt):%—F(Var(Xo}—%)e_z’“, (2.63)

Cov(X,, X;) = [Var(X0)+ %(3—2"(”\5) _ 1)] ok(t+s).

Remark 2.3.
If u= % and 02 = %, then (X;);>0 is a stationary Gaussian process with the same

expectation and variance.

Remark 2.4.

By a simple transformation, the model can be written as:

dX, = —kX,dt + dB,, t>0,
_ y (2.64)
XO = XO - E

- - k -
where X; := X% _¢ k:= E,and B; := \/EBé (which is still a Brownian motion).

2.8 Existence of a Stationary Distribution

The existence of a stationary distribution refers to the concept where a stochastic
process, particularly a Markov process, reaches a state where its probability distri-
bution no longer changes over time. In other words, once the system has reached
this stationary distribution, the future behavior of the process becomes indepen-
dent of its initial state, and the process remains in equilibrium. This property is
crucial in many applications, such as the study of disease spread in epidemiology,

where we want to understand the long-term behavior of a population. The existence
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of a stationary distribution is often tied to specific conditions, such as irreducibil-
ity, aperiodicity, and positive recurrence of the underlying Markov chain. Proving
the existence of a stationary distribution requires sophisticated mathematical tech-
niques, including the use of Lyapunov functions and fixed-point theorems.

The concepts, definitions, and theoretical foundations discussed in this section have

been drawn and adapted from the references [86, 93, 118].

2.8.1 Markov Property

Let (Q2, A, IP) be a probability space, F = (F(t),t > 0) a filtration on this space, and
X = (X(t);t > 0) a process adapted to F, which we will assume takes values in R?
(with d > 1) for simplicity.

Definition 2.23.

The random function X is a Markov process (with respect to F) if for all > 0 and

any Borel set A C IRd,
P(X(t+5) € AlF) = P(X(t +s) € AIX(t)). (2.65)

This last equality is called the Markov property. It means that the law of X(f+s)
given F; depends only on X(f): the law of the future depends on the past only
through the present. In other words, the future and the past are conditionally inde-
pendent given the present state X(f).

Consider a homogeneous Markov process in R4 represented by the stochastic

differential equation:
dX(t)= f(X(t))dt+ g(X(t))dB(t), (2.66)

where the initial value X(0) € R?, and B(t) denotes a d-dimensional Brownian mo-
tion on a complete probability space (), F, {F};>0,[P). The functions f : R - R?
and g : R? — R are assumed to be Borel measurable. The lemma below addresses
conditions for the existence of a stationary distribution.

Lemma 2.33 (Refer to Lemma A.4, page 16 in [93]).

Assume that there exists a bounded, closed domain A C R? with a regular boundary

I'. For any initial condition X(0) € IRd, if

t
liminflJ- P(s, X(s),A)ds >0 almost surely, (2.67)
0

t—oo f
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where IP(s, X(s),) represents the transition probability of X(t), then system (A.2)
has a solution with the Feller property, and it supports at least one stationary dis-
tribution ®(-) on RY.

Definition 2.24 (Feller Property).
Let [E be a locally compact, Hausdorff space (LCH space). A transition function
{Pi}>0 1s said to have the Feller property if, for every f € Cy(E),

* Pif € G(E),
* the map t — P;f is continuous in the norm topology of Cy(E),
s Pof=F.
A Markov process X with a Feller transition function is called a Feller process.

Theorem 2.34 ([118] Perron-Frobenius theorem).

Let Be R™" be a non-negative and irreducible matrix. Then:

* The matrix B has a positive real eigenvalue p(B), called the spectral radius of

B, such that p(B) is a simple eigenvalue.

* There exists a strictly positive left eigenvector ¥ = (94,...,9,) such that

8B =p(B) 3.

* The spectral radius p(B) dominates all other eigenvalues in modulus, i.e.,

|A|< p(B) for all eigenvalues A of B.
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3.1 Introduction

The COVID-19 pandemic, driven by the novel coronavirus, has underscored the
critical role of mathematical modeling in understanding infectious disease dynam-
ics, devising effective mitigation strategies, and forecasting future epidemiological
trends[1, 2, 4, 5, 6, 96, 97, 98]. While early models predominantly employed de-
terministic frameworks to simulate the spread of the virus, the complexity of real-
world interactions and the stochastic nature of human behavior highlighted the lim-
itations of such approaches. Key factors such as individual variability in suscepti-
bility, heterogeneous contact patterns, and the unpredictability of viral mutations
necessitated a paradigm shift toward models that account for randomness.

This shift has catalyzed the integration of stochastic processes and probabilistic
methodologies into COVID-19 modeling, enabling researchers to better capture the
inherent uncertainties and unpredictability of epidemic progression. This chapter
examines the interplay between deterministic and stochastic approaches in model-
ing the spread of COVID-19. Specifically, it addresses the mechanisms by which
stochasticity is incorporated into epidemiological models, evaluates the advantages
of these approaches in enhancing model robustness and uncertainty quantification,
and discusses the computational and interpretive challenges they introduce. By ex-
ploring this synthesis of analytical methodologies, we aim to provide a nuanced
perspective on the dynamic and multifaceted nature of COVID-19 transmission
modeling[99, 100, 101, 102, 103]. Notably, Gatyeni et al. proposed the SEI,I,R

model, which serves as a foundation for the subsequent analysis presented in this

work.
% =A-B(viI, +v,1,)S—uS,
dE(t
# =B (1], +v,1,)S — (0 + p)E,
drI,(t _
; ;t( }:cr(l—p}E—(y+dl+£>+yI“)Iw (3.1)
dI,(t _
déh; =0pE+06l,—(p+dy+y1) 1,
T :'}/I“Iu‘f"}/[rl}—yR,

where S(t) denotes the susceptible population, E(f) represents exposed individ-
uals, I,(f) represents undetected infected individuals, I,(f) represents detected (re-

ported) infected individuals, and R(#) denotes the recovered individuals.
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Table 3.1: Description of state parameters of the model (3.1) .

Parameter Description

A Birth rate

7 Natural death rate

p Disease transmission rate

P Proportion of E which becomes undiagnosed
V] Transmissibility relative to undetected people
Vs Transmissibility relative to detected people

0 The transmission rate at which undetected people become detected
d, Disease related death rate in I, compartment
dy Disease related s death rate in I, compartment
o Incubation rate Fitted

)49 Recovery rate of people in I;, compartment

VI, Recovery rate of people in I, compartment

Throughout this work, we denote the time-dependent state variables of the sys-
tem by S(t),E(t),I,(t),I,(t),R(t). For simplicity of notation, we sometimes write
(S,E,I,,1,,R) instead of (S(t),E(t),I,(t),I,(t),R(t)) when no ambiguity arises.

Assuming all parameters are constant and positive, their respective descriptions
are provided in Table 3.1. It is feasible to achieve that system (3.1) possesses a
positive invariant region [104, 105]:

A
Q:{ijw@RnﬂﬁmgS+E+&+L+Rg;}

The expression for the basic reproduction number of system (3.1) is provided as

follows:
RO :Rl +R2+R3,
where
R, = O‘ﬁs-g‘{)l(l -p) R, = oBSovap )
(0 +p)(0+y, +p+d) (0 +p)(y, +p+dz)
R, = oBSova(l —p)o

= (g+#}(5+.y1”+#+dl)(‘yfr+}4+d2)'

which plays a crucial role in determining the occurrence of the disease, in a situa-

A

tion where S5 = —.
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The threshold dynamics of system (3.1) can be characterized as follows:

* When R <1, the system (3.1) admits a disease-free equilibrium E(Sy,0,0,0,0) =
(é, 0,0,0, 0), which is locally asymptotically stable within the region ().
H

* Conversely, when R > 1, the system (3.1) possesses a globally asymptotically
stable endemic equilibrium X* =(S*,E", I}, I}, R") within the region ().

Recent years have witnessed growing interest among researchers in exploring
the dynamic behavior of epidemiological models under stochastic perturbations.
The adoption of stochastic modeling techniques has been recognized as a more
precise approach to capturing the complexities of infectious disease transmission
[99, 106, 107].

To date, several methodologies have been developed to incorporate stochastic
perturbations into deterministic frameworks. A widely employed approach as-
sumes that system parameters evolve according to an Itd process, specifically the
Ornstein-Uhlenbeck process [102, 108,109, 110]. Liu et al. [111], for instance, pro-
posed a stochastic logistic model that integrates diffusion and Ornstein-Uhlenbeck
processes to account for randomness and fluctuations.

Building upon these insights, this study introduces stochastic perturbations to
the transmission rate 6 the rate at which undetected individuals become detected by
employing the Ornstein-Uhlenbeck process. This choice reflects real-world scenar-
ios where 0 may fluctuate due to variations in testing capacity, public health inter-
ventions, or behavioral changes within the population. Modeling 6 as a stochastic
process enables the framework to capture such temporal variations, described as
follows:

do(t) = p1[6—(t))dt + oydB(t),

where 0 represents the long-term mean level of the transmission rate 6, and p; de-
notes the speed of reversion. Here, B(t) is a standard Brownian motion defined on
a complete probability space (Q, f,[f;]tZO,P) with a filtration {F},.o [112]. The
parameter o] captures the intensity of B(t).

To ensure the positivity of the stochastic model, which is critical in practical sce-
narios, a nonnegative formulation is adopted. Specifically, the variable max{o(t), 0}

is employed in place of 0(f) as suggested by Liu et al. [101]. Consequently, the
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resulting stochastic model is articulated as follows:

S(t)=[A—-B(vi], +v,I,)S — uS|dt,

E(t)=[B le +v,1,)S — (0 + p)E]dt,

I,(t) = [0(1 = p)E — (p +dy + max{o(t), 0} +yy, ) I, ]dt,
dl,(t) [GpE +max{d(t), 0}, — (p+da + y, )1, ]dt,
dR(t) = [y1,u + y1,1; — pR]dt,
do(t) = p1[6—0(t)]dt +o1dB(t).

3.2 Existence and Uniqueness of the Global Solution

To analyze the properties of the proposed epidemic system, it is imperative to first
confirm the existence and uniqueness of a global solution. This ensures the validity
of the model for all time ¢ > 0. The following theorem establishes these foundational

properties for system (3.2) under any given initial conditions.

Theorem 3.1.
For any initial condition (S(0), E(0),I,,(0),I,(0), R(O},Eﬁ([)))rlr € IRi x IR, there exists a
unique solution (S(t), E(t),I,,(t), I(t),R(1),8(t)T to system (3.2) defined for all t > 0.

Furthermore, this solution remains in the domain IRi x IR almost surely (a.s.).

Proof. Since that all the coefficients of system (3.2) satisfy the local Lipschitz condi-
tions, there will exist a unique local solution (S(t), E(t),I,,(f),I,(t), R(t),6(t))T on the
interval [0, p,) for any initial value (S(0), E(0),1,(0),I,(0), R(0), s5(0)T e IRi xR, where
p. denotes the time of explosion [112]. So, to prove that this solution is global, it
suffices to prove that: p, = 0o a.s. Letting D, = (1/n,n) x (1/n,n) x (1/n,n) x (1/n,n) x
(1/n,n)x(1/n,n), for any (S(0), E(0),I,,(0),1,(0), R(0), 5(0))T € IRixIR, one easily obtains
a sufficientl ylarg einteger jy to satisfy (5(0), E(0),1,(0),1,(0), R(0),exp o(0)) € Dj;. In
this sense, for each integer j > jo, a stopping time set p; is defined by [112]:

0; :inf{t € (0,00) : min{S(£), E(t), I, (1), I, (1), R(t), e* "} <

"-—t.l =t

or max{S(t),E(t},Iu(t),Ir(t),R(t),ea(”}Zj},

where we assume that inf() = co (with () representing the empty set)

and g, = JI11’11;10(;'], whence p,, < g, a.s.If p,, = co a.s. is true, then p, = co a.s. and
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(S(t), E(t), I, (t), I,(1),R(t),5(t))T € R2 xR a.s. for all t > 0. So we must prove that
Os = o0 a.s. To prove the latter, we use the proof backwards, assuming that it is

false, It means there is a pair of constants (¢, T;) € ((0,1),IR;) such that :
Plo,<T}>e
Consequently, there exists an integer j; > jg such that

Plo;<T}:=PIl;} > ¢ Vj> ji. (3.3)

Define the function U : R? xR — R, by

52
U(S,E,1,,1,,R,8) = (S—l—lnS}+(E—1—lnE}+(Iu—1—lnIu}+(Ir—1—1nI,,}+(R—1—1nR}+%.

Applying the Ito’s formula , we obtain
dU(S,E,I1,,1,R,0)=LU(S,EI,1I,R,0)dt+ c,0dB(t), (3.4)

where LU : R xR — R, is defined by
o2
LU=A+5pu+o+di+dy+y +y1 + 71 +max{o(t), 0} + B (viI, + v,1I,)
—uS —pE—pl, —d I, — ul, —d,I, — uR
A Bl +w])S o(1-p)E opE  max{s(t),0l, ¥l il
S E I, I, I, R R

+p155—p162

(3.5)

2
o :
SA+5p+0+dy+dy+yr +y + 71+ 10|+ B (v, + val,) + p1 66 — p1 67
Based on model (3.2) we have

A(S+E+1,+I,+R)
dt

=A—u(S+E+1,+1,+R)— (d\ I, +d;,I,)
<A-u(S+E+1I,+I,+R).
Consequently, this suggests that

S(0)+E(0)+I,(0)+ I.(0) + R(0),
A
S(f}+E(f}+Iu(t}+Ir(t}+R(f} < if S(O}+E(O}-FIL{(O}-FI?,(O}-FR(O} = ;,
(3.6)
<

%, if S(0)+ E(0) +1,,(0) +I,(0) + R(0)

= | >

<",
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where

Y, = sup{8(0}+E(0}+Iu(0}+I?,(0}+R(O}, %}.

Substiiuting (3.6) into (3.5) tead to that

2
o ! ! -
LU<A+ 5,u+o+dl+d2+y1“+y1r+71+ﬁ(vl +v2}]’1+sup{—plé)2+|E>|+plé>é)} =1.

o€
(3.7)
In this case, T, represente a positive constant which is independent of the variables
S,E,I,,I,,R and 0.
Consequently, by inetegrating both sides of equation (3.4) from 0 to p; A T for any
j = j1, and then taking the mathematical expectations leads to
0<EU(S(0;AT),E(0; AT), L, (0; AT), L (0; AT),R(0; AT),0(0; AT))

pinT

=EU (5(0), E(0), I,(0), L(O),R(O},fi(O)HEJ- LU (S(E),E(&E), 1 (&), I, (&), R(&),0(£))dE

0
< EU(S(0),E(0),1,(0),1,(0), R(0),5(0)) + Y>T.
(3.8)

Similarly, based on (3.3), it can be deduced that for all C € l_[j, at least one of the

] 1
variables S,E,I,,I,,R and 6 must be either — or j, ensuring that

U(S(Pj;C);E(Pj;C);Iu(Pj;C),L(pj,C),R(pj,C),é(pj,C)) will not be less than

, . In?*j (1 \  In?j
(]—l—ln]}/\Tor(}—1+1n])/\7.

Based on (3.3) and (3.8), we have:
EU (5(0),E(0),1,(0),1,(0), R(0),6(0)) + 1, T
>EU(S(0; AT),E(0; AT), L(0; AT), I, (0; AT),R(0; AT),0(0; A T))
> E[1m, U (S (0 A T). E(o; AT) T (0 AT). 0 AT). R (6 A T) 00 AT )
> P(I1(0))U(S(0:C) E(0j:C) L (0 C) 1 (0, C) R (0,C ), 8(0;,C))
Zel(j—l—lnj}/\(%—lelnj)/\lnszl.
(3.9)

Considering the unlimited nature of j, as j approaches positive infinity, a contradic-

tion appears.
+00 <IEU(S5(0),E(0),1,(0),1,(0),R(0),6(0))+ Y5 T = +o0.

That is to say p,, = oo a.s. The demonstration is finished. O
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Remark 3.1.
Under the conditions outlined in the proof of Theorem 3.1, it can be concluded that

if the initial population satisfies
S(0)+ E(0)+1,(0)+1,(0)+R(0) < —
then the set

_ A
:{(S,E,IWL,R,a}eIRixR 0<S+E+I,+I,+R< —}
p

is positively invariant under the dynamics of system (3.2).

3.3 Existence of a Stationary Distribution

This section focuses on deriving sufficient conditions to establish the existence of a
stationary distribution, which signifies the long-term persistence of the susceptible
population, exposed individuals, undetected infected individuals, and detected in-

fected individuals. To facilitate this, we first introduce the following key parameter:

5 _
0=

So [_opvil—p)  9pvsp
o+u\d+y +pu+dy Yy +tptds
1 4

+ opva(l-p) J- ( +b) eV d ]
(b+yf +u+d))(yp +p+dy) \f_ f’ Y Y

_[ opvi(1-p)A
plp+dy+o+yr)?

(3.10)

1 4
00 =\% _.2
Gﬁvz(l—p}A(ﬁLaﬁ—l(%yﬁLé) e’ dy)
plptdi+0+y1,)2(u+dy+y1)

+

01
X —
24/mp1(0o+ )
The parameter Rf} serves as the stochastic reproduction number, encapsulating both
the deterministic and stochastic dynamics of the system. The following theorem

formalizes the conditions under which the system exhibits a stationary distribution.
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Theorem 3.2.

Suppose the initial values (S(0),E(0),I,(0),1,(0),R(0),6(0)) € IRi xIR. If Ry > 1, then
the solution (S(t),E(t),I,(t),I,(t),R(t),6(t)) of system (3.2) possesses a unique sta-
tionary distribution ©(.) with the ergodic property.

Proof. Establish the Lyapunov function in the following manner:
W(S,E,I,,I,,R,0) = NWy+ W, + W, + W3,

where
Wy =-2InE —(ay+ay+a3)InS — (ag+as)Inl, — (ag +a7)Inl,
+(ay +a,+a3)BR,
Wi =-InS—InE-Inl,-InlI,
A 52
sz—ln(——S—E—Iu—I,,—R W3 = —.
% 2
The positive constants ay, a,, a3, a4, as,ag and a; will be determined later, while N

is a suitably large positive constant satisfying the given condition

~N(o+p)(Ry-1)+ 13 <-2 (3.11)
and
s -\ A z
1; ::sup{—p—zlaz+|a|+plaa}+w+6y+ 20 +d,+d, +y1“+y1r+% < 0.
oelR
(3.12)

Indeed, W (S,E,I,,1,,R,d) exhibits continuity, conforming to

liminf W(S,E,I,,I,,R, &) = +co.
m—oo,(S,E,1,,1,,R,0)eX\D,,

Consequently, a non-negative C?-function W(S, E, I,,1,,R,0) is provided as follows
W(S; E; IL{J I?’J RJ a} = W (SJ E; IL{JI?’J R} a} - W(SO, EOJ IL{GJ I?’QJ ROJaO )J

where (SO, Eq, Ly Ir,s Ro, 0o ) € X is the minimum point of W(S,E,I,,1,,R,9).
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By Applying It6’s formula to W, we obtain

aj+a,+a 2
LWy == (=3 (A= p(v1 L, +v21,)S = pS) = Z(B(v1], +v21)S = (0 + p)E)
a,+a )
—(Z7=)(0 (1= p)E — (p+dy +max{s(t), 0} +y1,) L)
1]
+ -
(“GI_‘”)(JPE + max(8(t), 0T, — (p+dy + y1,) 1)
T
—(ay +ax +a3)B(yr, Ly + v, I — pR)
1-p)E I,S
S(_alA_a4G( PIE_Puily )+ayp+ag(p+dy +max{o(t),0} +yr )
S Iu E u
a,A  agopE v,1,.S
+(- ZS - GIp b ZET )+arp+ag(p+dy+yr)
T
N (_a3A B aso(1—p)E _ag max{0o, 0}1,, B ﬁsz}'S}
S Iu I?’ E

+azp+as(p+dy+max{o(f),0} +yr ) +az(p+dy+ 1)

+(ay+ay+asz)p(vi L, +voly) + (ay + ax +a3) By, Ly + yi, L)+ 2(0 + p)

<- 3{/a1a4oﬁv1(1 —p)A+ayp+ag(p+d +o+yp,)

-39 aa60 PropA+arp+ag(p+dy+yr)

—4\4/a3a5a70ﬁv2(1 — p}A5+ azp+as(p+dy+ o+ y1,)taz;(p+dy+yr)
+(ag+as)A(t)V 0+ 2(0 +u)+ (ay + a + az) vy I, + v,1,)

+(ay+ay+as3)p(yr, Ly +y1,1y)
(3.13)

where

6 = max{d(t), 0}, A(t)=06(t)—o.
In the previous inequality, we have applied the arithmetic-geometric men inequality

by+by+..+b

> (byby..b,)" For any b, > Oand 7 € N.
Concerning the equationcorresponding to the sixth position in system (3.2), that is
do(t) = p1[6—8(t))dt + oy dB(t).

Based on the references [101, 102, 113, 114] it can be inferred that 6(t) exhibits
the ergodic property, and it is expected to undergo weak convergence towards the
invariant density
\fp_ _F’l(}'—5}2
= ! e o
Vo

f(») ,yER
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Having incorporated the ergodic theorem [115], the aforementioned leads us to the

following conclusion

f (yvo)ﬁf(y)dyzjl yif(y)d?

52
R i
\f_cn tody (3.14)

1
,2
y+o| eV dy.
wh—( )

Likewise, in the case of the stochastic differential equation
dA(t) = p A(t)dt +o1dB(t).

The ergodic property of A(f) and its eventual weak convergence to the invariant

density can be readily derived

Py
gly)= \fp_le _"%_, ceR.
Vro

Drawing upon the ergodic theorem [115], we arriveat the following conclusion

f (yVv0)g(y)dy = J; vg(y)dy

)
Y P1 e_F:’% dy (3.15)
0~ Vro
__ 9
2\mp;

Substituting (3.14) and (3.15) into (3.13) leads to that

LWy < - 3{/a1a46ﬁv1(1 —p)A+ayptay(p+d + 5+VI“}_ 3+/asa60 frapA + ayp

+ag(p+dy+y1) —4{/a3a5a7gﬁv2(1 —p)AS

+ (4 azasa; o fvo(1 — p)AS — 4{lazasaz; o v, (1 — p)Ad)

+asp+as(p+di+0+yr)+az(p+dy+y1)

+2(0 +p)+ (ayg +as) +(a4+a5)(A(f)V0—J- vg(y)dy)
0

!
2\/mpy

+(ay +ax+asz)p(vi L, +voly) + (ay + ax +a3)p(yr Ly + v 1),

5= U_:(y v 0)%f(y)dy)4 - [%f@

(3.16)

where
l 4

(o] - 2
—vp+0| e dy| .
(Vply ) y]
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Let
= gpri(l1-p)A
ayp=ag(p+di+o+yy)= Pur TP) i
plp+di+o+y1,)
0 BrvypA

au=ag(u+d,+y; )= —————
2H=ag\ptdr+ 7y w(p+dy+yr)

o Bvy(1—p)AS
plp+di+0+y1)(p+dy+y1,)

asp=as(p+dy+o+y;)=az(u+dy+y)=

Consequently, we acquire

- opvi(l-p)A e = opvi(l-p)A
- = r 4 - =
(e d +5+y) plp+d +S+yp )
opvpA 0 PrypA
ay) = 3 g = 3
pAp+dy+y1,) plp+dy+y1)
oBva(1—p)AS o pva(1 —p)AS

ds = — ,Aa5 = - .
TRt dy + 5+t dyyr)  plprdi++y P(p+datyr)
0 Bvy(1—p)AS
ar = = .
T gt di o4y )t dy+ L)’

Consequently, as a result
gBvi(1-p)A  ofvpA oBv,y(1—p)AS
plp+dy+o+yr) plprdy+yr) plp+di+o+y )p+dy+yr)

(o] 4 B 4—-:-_ 4=
> le+4\/a3a5a7oﬁv2(l p}A(\/S \/S}

+ (ag+as)(A(t) v 0 —J- vg(y)dy)+(ay +ay +a3)p(vi I, +vol,) + (a + a;
0

LWy <—

+2(0+p)+ (ag+as)

+a3)p(yr, L+ vy

<—(0+u(Ry—1)+0+pu+(ag+as)(A(f) v O—J- y8(y)dy)
0

+(ay +ax +a3)B(vi, +voly) +(ay +ap +a3) By, Ly + yi,1y),

(3.17)
where
. So opni(l-p) _ opvap apv(1-p)d
0= - -
@+ (o+y1, +u+dr) (v +p+da) (S+y,+p+di)(y,+p+da)
0]
—\lay +ag) m/—.
(a1 5)2 o0 + 1)

Analogously, employing It6’s formula to Wy, W,, and Wj, respectively, yields the
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following results

ﬁ(vl I, +v,I,)S

A
LW == <+ B(vi ], +vol) +pu—

S £ +o+p
1-p)E E )
_ujt(}ujtdl+max[6(t},0}+y1“}—0? —max[a;t}’[)””+(y+d2+y1r}
i T T
I 1,)S A
S—%—ﬁ(vl ”gvz > P (vl+v2}+|¢S|+4y+o+d1+d2+y1“+y1r,
(3.18)
1
LW, = AN—uS —ul,—ul, —dI, —d,I, — uR
2 %—S—E—Iu—Ir—R( po = ply — pl, —di 1, — dy 1, — pR)
e il 4dol, (5:19)
= %—S—E—Iu—I,,—R
and
- (_')'2
LW3 =p180—p16* + 71 (3.20)
By (3.17),(3.18), (3.19) and (3.20), we get
-~ s 4 \4/: 4f =
ﬁwg—N(o+,u)(7z0—1)+4\/a3a5a7oﬁv2(1—p)A( 5-)
+N(ay +ay +a3)B(vily +vol,)+ N(ay +ax+a3)p(yr, L+ v 1)
- = A v, +v,1,)S
+N(a4+a5)(A(t)v0—f yg(y}dy}—g—ﬁ( ! = 1))
0
At ds],
%—S—E—Iu—I,,—R
2
+p155—p—;éz—p—;éz+|€5|+m+6y+26+d1+d2+)/1”+yfr+%
H
:=H(S,E,I,,I,R;0)+ 4\4/a3a5a70ﬁv2(1 —p)A( \4/?— \4/3} +N(ayg +as)(A(t) VO
—J; v8(v)dy),
(3.21)
where
H(S,E,I,,I,,R;6)=—-N(o +u)(Ry - 1)+N(a; +a, +az)p(v1, +vyly)
-~ A ﬁ(leu‘f-szr}S dlIu+d2I?’
+Nl(ay +a+a Ly+yrI)—=— —
(ay +az+a3)p(y, Lu+ v, 1;) S 5 %—S—E—Iu—I,,—R (3.22)
pA(vi +v5) o

+9155_p_2152_p—;52+|5|+7+6y+ 20+dy+dy+y, +y+ >
H

Following that, we define a suitable bounded subset E is described by
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_ A 1
E:{(S,E,IWL,R)TELS >e,l,>¢1,>¢,E>e3,S+E+I,+,+R< = —¢&%,]9] gg}.
Iz

Let € be a sufficiently small positive constant that fulfills the following conditions .

A
——+ Nl (3.23)
1
€< — (3.24)
Np(ay +ay+asz)(vy +va+ 7y, +1,)
P Ly o (3.25)
ity o (3.26)
€
P1
——+71;< -1, 3.27
2e2 AT (3:27)
where
Yy:= sup{—p—2l52 + 0|+ plgé} +N(ay +az+a3)B (v, +vy1,)
oclR
+N(ay +ay +a3)p(yr, L+ v, 1) (3.28)
A(vy + of
+M+6y+2o+dl+d2+y1“+y1r+71,
H

we can then partition the set E\E into the following five subsets f’-‘",i =1,2,3,4,5,

1

where

Ef ={(S,EI,,1,,R.6)" € L, S < ¢,
E5={(S,E L,1,,R6)" € X,1, <& 1, <},

Eg = {(S; EJ ILUI?’J RJE)}T S E,E < 63} Iu 2 61‘ I?’ 2 6}’

E";i:{(S,E,IH,I?,,R,é}Te)j,S+E+Iu+I?,+R>é—ez,Iu 26,1',,26},
H

— ) ] 1
Eo - {(S,E,IWI?,,R,&}T AL g}.
Evidently, it is apparent that
5
I\E=| JE.
i=1
We shall now proceed to establish the proof that H(S,E, I,,,I,,R;0) < -1 on EC.

Put differently, we must verify its fulfillment across the aforementioned five regions
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* Case 1. For any (S,E,I,,1,, R,Ei}T € Ef, according to (3.22), we get

B A - -
H(S,E,I,,I,,R,0) <— g +N(ay +ay +as3)p(vi I, +vol,)+ N(ay +ax+as3)p(yr, L+ yi Ir)

- : : Alvy + o?
+plaa—p—£az+|a|+7ﬁ @1 v2}+6y+2o+d1+d2+y1“+yfr+71
H
A - A - A
S—§+N(a1+a2+a3)ﬁ(vl+vz);+N(al+a2+a3}f3()/1,;+)/1,)—
- i ! Avy + o?
+plbb—p—£az+|b|+m+6y+2o+d1+d2+y1“+y1r+71
H
A
<-—+7
_— e 4
S_]-}
(3.29)

which follows from (3.23) and (3.28)
* Case 2. For any (S,E,I,,,I,,R, 5}T € Eg, by (3.22), we obtain

H(S,E,I,,I,,R,8) <—N(o+pu)(Ry—1)+ N(ay +ay+a3)p(vi 1, +v,1,)

- . : ) A +
+N(ay +ar+as)B(yp, L+ y11,) + p166 — %az + 18]+ PA Fv2)

2
+6u+20+d +d2+y1“+yfr+%
<-N(o+p)(Ro—1)+ Y3+ NpB(ay +ay +as)(vy +va + y1, + y1,)€
S_]-}
(3.30)
which follows from (3.11) and (3.24) .



3.3 Existence of a Stationary Distribution 66

* Case 3. For any (S,E,I,,,I,,R, 5}T € Eg, from (3.22) it follows that

2 ﬁ(leu + ’UzIr}S
H(S,E,I,,I,,R,0) <—
( ur+r } E

+N(ay +ay +a3)B(v, +vyl,)

- - 5 BA(vy +
-+Nuq+a2+agﬁum;u+yLLy+p¢m—f;o2+wy+ﬁ—ﬁl—32

2
a

+6pu+20+d +dy+y +VI,+71

<_ B(vi1, +v,1,)S

- E

+N(a; +a, +az)p(vy + vz}é
H

= A _ _ _ A
+N(ay +ay+a3)B(y, + y;,}; +0100 - 9_2162 1104 PALIF )

2

91

+6p+20+dy+dy+y +y + 5

2
v+ vr)E
<_(mitvy)

< + 7Y,
&3 4
v+
S_( 1 2)+],:1
€

S E ]-}
(3.31)
which follows from (3.25) .

* Case 4. For any (S,E,I,,,I,,R, 5}T = E:'i, in view of (3.22), we obtain
diI, +d,I,

H(S’ EJ‘ IiU I?’J R} a} S -
A-S-E-I,-I-R

+N(ay +ay+az)p(vil, +vol,)+ N(ay +ay +az)p(yr, L+ yi.Iy)
BA(vy +v5) o?

+9155_p_2152+|5|+ +6;¢+20+d1+d2+y1“+yh+71
dil,+4d,I,

A-S—-E-I,~-I,-R

- A - A
+N(ay +az+az)p(vy + ‘0‘2); +N(ay +ay+az)p(yr, + YI,};

- ) ! Alvy + o?
+plaa—p—£az+|a|+w+6y+ 20 +d, +d2+y1“+y1r+71
H

< =
dy+d
S_( 1+ 2}+],:1
€
S_]-}
(3.32)

which follows from (3.26) .
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* Case 5. For any (S,E,I,,,I,,R, 5}T € Eg, in view of (3.22), we have

H(S,E,I,,I,R,0) < - %52 +N(ay +ay+az)p(vil, +vol,)+ N(ay +ax+az)p(yr, L+ v 1)

. i i Alvy + o?
+plab—p—2laz+|a|+M+6}4+20+d1+d2+)/1“+)/1r+71
H
) ~ A A
S—%62+N(al+a2+a3}ﬁ(vl+v2};+N(al+a2+a3}ﬁ(y1“+)/fr};
= i : Alvy + o?
+plab—p—2laz+|a|+M+6}4+20+d1+d2+)/1“+)/1r+?1
H
P1
<Py
= ezt
S_]-}
(3.33)

which follows from (3.27).

Drawing from the evidence presented in inequalities (3.29), (3.30), (3.31), (3.32)
and (3.33), a straightforward conclusion can be reached, establishing the existence

of a sufficiently small ¢ that satisfies The following condition

H(S,E,I,,I,,R,0)<-1  forany(S,E,I,I,R,5)" E". (3.34)
So we have
H(S,E,I,,1,R,0)<Ys<oo  forany(S,EI,1I,R5)T € RIxR, (3.35)
where
T = sup {-N(o+m(Ry—1)+N(ay +ar+ a3)p(v I, + vs1,)
(S,E,I,,I,,R,0)eR] xR
+N(ar+ay+a3)plyslu+ i) - % - B g . i Sd_l;ujlizi,, -R
+pl5ép—2152— 9—2162 +6+ w +6p+20+d +dy+yp +yp + %12}

By integrating equation (3.21) over the interval [0, t] for any initial values

(5(0),E(0),1,(0),1,(0),R(0),6(0)) € £ and subsequently calculating the mathematical
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expectation, the following expression is obtained

SEW(S(), E(1), (1), I (1), R(2), 6(t))
- t

EW(S(0), E(0), I,(0),1,(0), R(0),5(0)) 1 (* o
_ t +;L E(CW(S(5), E(s), L (s), I, ), R(s), 3(5)))ds

EW/(S(0),E(0),1,(0),I,(0), R(0),5(0)) 1 (' o
: +_L E(H(S(s), E(s), L (s), I, (), R(s), 8(s)))ds

0

IA

N ©0 1 1t 1
+ 4N Hazasar o pvs(1 —p)AIEU (y\/[)}?lf(y}dy—?J- (a(s)vO)zdsl
—00 0

_ 1 t (]
+NIE[;J- (A(s}\/O}ds—J- yg(y}dyl.
0 0

(3.36)
Utilizing the ergodic properties of both 6(f) and A(f), along with the strong law of
large numbers as demonstrated in [112], we derive the following

ol

t—o00

limIElJ-OO(y\/O}%}f(y}dy—% (5(s)v0)%dsl:o a.s.,

J0

and

t—00

t 00
limIEl%J- (A(s) v 0)ds — yg(y}dyl =0 a.s.
0 J0
Therefore, by applying the inferior limit to both sides of (3.36), we deduce the sub-
sequent outcome

0SliminfIEW(S(O),E(O)JIu(O);L(O},R(O},é(O})

t—co t
t

+lifn;1’i<r)1f%J; E(H(S(s), E(s), I,(s), I,(s), R(s), 5(s)))ds

t (3.37)
= liminf% J- [E(H(S(s), E(s),I,(s), I,(s),R(s),0(s)))ds a.s.
0

t—00
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Furthermore, in accordance with to (3.34) and (3.35), it follows that we obtain

1 (! ]
liminf;f E(H(S (s), E(s), I (s), I, (5), R(s), &(s)))ds
0

t—o00

S _
:llgglf;‘l; IE(H(S(S},E(S},I”(S}, IAS},R(S}, a(S}}}I(5(5).E(5).f“(S).I,(s).R(s),d(s))Tefds

S _
+11m1nf—J; [E(H(S(s), E(s), L,(s), I(s), R(S}*é’(5}}}]1(5(s),E(s),I“(s),I,(s),R(s),a(s))Te(Z\f)ds

t—oo f

NS O
<YGliminf - J; L (5(5)E(5). 8 (9)1,(5) R(s),0(5))T EDS

t—00

t
S lines J; L (5 (5),E(5).1, ()1, (). R($),8(5) Te(P\E) S

.. 1
<-1+4(¥%+1)liminf- J; L (5(5),E(5) L (5),1(5), R 5),0(5)T E DS

(3.38)

Consequently, from (3.37) and (3.38) lead to the conclusion that
limi f1 t]l =ds > - 0 5 3.39
Ity J, HSOEOLE.LE.RE,6)TED Z T a.s. (3.39)

Considering the event probability definition and the application of Fatou’s lemma

[116, 101, 102]

t
liminf%J- P(s,S(s),E(s),I,(s),I,(s), R(s},é(s},f}ds > >0 a.s. (3.40)
0

t—00 _’Y'-5+1

—

Where P(s, S(s), E(s),I,,(s), I (s), R(s), 0(s), E) is the transition probability of
(S(s), E(s),1,,(s), I(s), R(s),5(s))T belonging to set E.Thus, we have fulfilled the condi-
tions of Lemma 2.33 and thus the system (3.2) has at least one stationary distribu-

tion O(.) on R> x R which has the Feller property. This completes the proof. O

3.4 Extinction of the Disease

In this section, we establish the sufficient conditions for the complete eradication of

the disease. To do so, we introduce a key parameter that determines the extinction

threshold:
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The parameter R represents the stochastic extinction reproduction number,
which encapsulates the dynamics leading to the potential eradication of the disease.

The following theorem formalizes the conditions for extinction:

Theorem 3.3.

Consider the solution (S(t), E(t),I,,(t),I,(t), R(t), o(t)) to system (3.2) with initial val-
ues (S(0),E(0),1,(0),I,(0),R(0),6(0)) € IRi x IR. Assume that, from the previous es-
tablished theorem, the stochastic process (5(0),E(0),I,(0),1,(0),R(0),6(0)) admits a

unique stationary distribution ©(.,.) and is ergodic. If Rgx <1 and

¢:Hm40+%#+dy+5+wm#+®+ﬁm“R?_1}
+d +o+ +dy+yr )RE +dy + Y )RG\
+(vl(,u 1 Yr)(p+dy+y1)Ro +(!‘ 2+ 1) O)J- J- Il —s0|O(L,0)dldd
0 —00

RG*(u+da+y1,)Sov1 +0Sov; %0
+d5+yr )RE
+( vo(p+d; 7/1,;)1 o 4 1) 91 is negative,
vi(p+dy+y )Ry +ovy VTEP1

then
lim E(t) =0, }im I,(t)=0, }im I(t)=0 a.s.

t—00

Specifically, the disease undergoes exponential extinction almost surely.

Proof. Based on the first equation of system (3.2), we have:
dS(t) < (A—-uS)dt.
Let the following auxiliary logistical equation be
dL(t) = (A— uL(t))dt. (3.42)

Assume that L(t) represents the solution of (3.42) with the initial condition L(0) =
S(0) > 0. Referring to the theorem shown in [117], we obtain S(t) < L(t), forany t > 0
a.s.

According to the Perron-Frobenius theorem [118], the matrix

ﬁSO‘Ul 550‘02

0
o+u o+p
1_
p_|—2ti-p) 0 0
y+dl+b+y1“ .
op o

y+d2+yh y+d2+yb
is non-negative and irreducible. Hence, it possesses a positive left eigenvector (3, 9,, 93)

associated with its spectral radius, which is given by the basic reproduction number

ex
RS,
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In particular, R is the dominant eigenvalue of B and satisfies
Ro (91,92, 93) = (81,92, 93)B.
Define a C? -lyapunov function G(E, I,,,I,) by
G(E I,,I,) = aE+ ay1, + asl,,
where

9 %) 93
al: ,(Xz: = ,a3:d7.
o+ p+di+o+yy, p+dr+yp

Which inplies
1 -
L(InG) :a[al(ﬁ(leu +0,1,) S = (0 + PE) +ay (0 (1 —p)E—(p+dy +5+yy, )1,)
+a3(0pE + 01, —(u+dy + ;) 1))

1 .
=Glai(Bvily +val,) So— (0 + pE) + ax(o(1 - p)E —(p+di+o+y, )LL)

ay(B(vil, +vaI,) (S = Sp)
G

+a3(0pE + 01, — (u+dy + ;) 1)) +

az(S_S}Iu a3(5_5}Iu
+ +
G G

(B (vil, +val,)So— (0 + p)E)
+ 827
p+dp+9o +71,

1, 9
S_
G o+p

(0(1—p)E—(p+dy+5+y,)1)

33
+7
pt+dy+yr
o (ﬁ (leu +1)2I?.}(L— SO} N a2|5_ ‘S|Iu n a3|5_5|Iu
G G G

1
sa(sl,82,83)(B(E,IWL)T—(E,IwL)T)

(0pE+0l, —(p+dy+ 1, ) 1,)]

+

n ay (ﬁ (leu +‘£)2I?.}(L— SO} + (ap+ a3}|5—5|Iu
G G
a1 flazvy + ayv;

}|L— Sol + ———= 5
aras aj

sé(RE" —1)(9E+ 950, + 931,) +

1 -
Sa(Rﬁx - D(ay(0+pE+ax(p+dio+yp ), +as(p+dy +yp)ly)
ay plaszv +azvz)|L_ Sl + (e +a3}|5_5|
a3 ‘ )

Smin{o+,u,y+d1 +5+y11‘,;4+d2+y1r}(7{6x_1}+;(1|L—SO|+)(2|5—5|,
(3.43)



3.4 Extinction of the Disease 72

where i}
- vi(p+di+0o+yp )(p+dy+y )R N (u+dy+ vy )RG
- Rex(',u-f-dz +VI,}SOvl +5SO"£)2 SO
vo(p+di 0+ 7y )RE
o= —2ETATT IR0y
vl(y+d2+)/1r}RO +€)v2

Upon integrating both sides of (3.43) over the interval [0, t] and subsequently divid-
ing by t, it follows that:

InG(E(#), I,(t), I,(t)) _InG(E(0),1,(0),1,(0))
t - t
+ min{cr +up+dp+ o+ Vi, p+dr+ yfr}(REx _1) (3.44)

1 (! I TN
+X1?J; |L(s}—Sg|ds+x2?J; |0(s) — Olds.

Considering Theorem 3.2 along with the strong law of large numbers [101, 102,
112, 115], we can conclude that the process(L(t),6(t)) possesses a distinct stationary
distribution O(.,.) and exhibits the property of ergodicity so

t [a) o0
tlim%J- |L(s)—so|ds:f f 11-S0|0(1,8)d1dd (3.45)
- 0 0 —00

and

1 (. . 0 a
lim 7 [ 150)=3lds = [ 16(p)- 17y = 2 (3.46)

t—00 _ m
Applying the upper limit to both sides of (3.44) and consolidating it with (3.45) and

(3.46), we arrive at

InG(E(t), I,(t), [(t))

limsup . Smin{o*—k',u,',u—kdl +5+)/I“,;4+d2+yfr}(REx_ 1)
t—o0
o0 oo ) ) O_,l
+x J- J- [ —S0|O(1,0)dldo + x = a.s.

! 0 —00 2 V7Pl l’b

and if ¢ is negative, we can infer that
InE(t InL,(t InI.(t

limsup nEf }<O,limsup nly( }<0and limsup nlr }<0 a.s.

t—o0 t—oo0 t—oo

This entails that
lim E(t) =0, }im I,(t)=0and }im I(t)=0 a.s.

t—o0

This finalizes the theorem’s proof. O



3.5 Numerical simulations 73

3.5 Numerical simulations

Using the advanced technique outlined by Milstein in reference [119], the discretized

equation corresponding to system (3.2) can be derived

S[j+1]1=S[l+ (A= B(ur L[]+ v L, []DS[)] - uS[iDA®,

E[j+1] = E[j]+ (B(v L, [j]+ vo L, []DS[j] - (0 + wE[j])At,

) Luli+ 11 =LJj]+ (0 (1 =p)E[j] = (u +dy + max(3[j1,0) + yr) L[ /DAL, (3.47)
L[j+1] = L[j]+ (0 pE[j] + max(3[j], 0)I,[j] - (u + dy + y1,) I, []] AL,
R[j+1]=R[j]+ (yrLuljl+ v [j] - vR[j] At,
olj+1]=o[j]+p1(8-d[j]) At + o1 VAL,

in accordance with the jth iteration of Equation (3.47), denoted as

(S[7], E[j] Lulj) I[j1. R[j], 6[j]), where At represents the positive time increment, ¢
signifies independent Gaussian random variables adhering to the N(0,1) distribu-
tion for j = 1,...,, n. Realistic parameter values are selected from established sources,
and the biological parameters are comprehensively listed in Table 3.2.

In this section, our primary focus is on confirming the validity of the following two

outcomes:

1. The condition for Rf} > 1 leads to the existence of a distinctive ergodic station-

ary distribution.

2. System (3.2) undergoes exponential extinction when R§* <1 and ¢ < 0.
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Table 3.2: List of parameters of stochastic system (3.2) .

Parameters Values Source

A 0.1 Assumed
7 0.0399 Assumed
B 0.6594 [120]

P 0.2929 [120]

21 0.3958 [105]

2 0.4941 [105]

o 0.1 Estimated
d, 0.0290 [120]

d, 0.4897 [120]

o 0.5732 [105]

I, 0.0458 [120]

I, 0.0806 [120]

Example 3.1.

Given the values  =0.6594,p; = 0.1 and 0y = 0.02, a calculation yields

opvap

Rs — S0 [ apvi(1-p)

O o +p

S+yp, +pu+dy Vi tptd;

apvy(l—p)
(O+yr, +pu+di)(yr +p+ds)

B opvi(1-p)A
p(p+d +6+y1“}2

o pvy(1 —p}A(ﬁf’

+

(A

1

4

]

“2ywpi(o+ 0

~ 2.54697 > 1.

= U N ; _‘2
o;;:;—l(ﬁy—kc‘)) e dy)
plp+dy +6+y, )2 (p+da+y1,)

1

4

1

According to Theorem 3.2, we deduce the existence of a singular stationary distri-

bution O(.) with ergodic properties. This is illustrated in Figure 3.1 and Figure 3.2.
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Figure 3.1: The illustration depicts the simulated evolution of the solution
(S(t), E(t), I, (t),I,(t),R(t)) in systems (3.1) and (3.2) using the given parameter values
p=0.6594,p; = 0.1, and o7 = 0.02.
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Figure 3.2: Frequency Histograms and Marginal Density Functions for

VariablesS,E, I, I,,and R within System (3.2).
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Example 3.2.
Assume that g =0.2,p; =4 and o; = 0.08, then we similarly compute that

o 3|Rs \/Rgz Ri+R; 5 3723_\/7%32 Ri+Ra 5
RO_\/—2+ (—2}+(73 )° + > (—2}+(73 )?~0.16<1
and

¢:min{cr+,u,y+dl+5+y1",,u+d2 +y;r}(RE"—l}

+d+o+ +dy+ 7y )R +dy+yL)RG . (%
Lt d vi)(ptda+y)R™ (Bt da+7y1)Ro }J J Il —So|©(1,8)d1ds
Rex('ﬂ + d2 + yfr}SOvl + 680?2 SO 0 —00

+d10+yr )RE
valptdiOt VLR gy O 003,

vi(p+da+y)RE + dv; NG
The implications of Theorem 3.3 readily demonstrate that the infected population
will undergo exponential extinction, thereby guaranteeing the eradication of the

disease outbreak. Figure 3.3 confirms this.

1.00 1 .10 1 )
0.10 ==  Stochastic
4 ——— Deterministic
0.95 A 0.08
0.06 A
v 0.90 4 [i]
0.04 A
0.85 1 == Stochastic 0.02 1
—— Deterministic
0'80 L T T T T T T 0.00 L T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
Timo Tima
5859 === Stochastic 0.0207 ===  Stochastic
0.04 1 —— Deterministic 0.015 - —— Deterministic
0.03 4
2 = 0.010 A
0.02
0.01 - 0.005
0.00 L T T T T T T 0.000 L T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
Time Time

Figure 3.3: the simulations of the solution (S(t), E(t),I,,(f), I,(t), R(t)) in deterministic
system (3.1) and the stochastic system (3.2) with the parameter values g = 0.2,p; =
4, and 0 = 0.08.

3.6 Discussion

This study has delved into the development and analysis of a stochastic SEI,I,R
model for COVID-19, incorporating the Ornstein-Uhlenbeck process to capture



3.6 Discussion 78

transmission rate dynamics. The findings have provided valuable insights into the
intricate dynamics of the disease. Initially, the existence of a unique global solu-
tion to the stochastic model was rigorously established, ensuring its mathematical
soundness and applicability.

Subsequently, stability conditions were examined using the Lyapunov stochastic
function and Fatou’s lemma, revealing strong stability of the disease dynamics in the
presence of random perturbations. Furthermore, the conditions for complete dis-
ease eradication were explored through the comparison theory of one-dimensional
stochastic differential equations and the theory of ergodicity, offering a theoretical
foundation for potential disease control strategies.

This work highlights the importance of incorporating stochastic elements into
mathematical modeling, emphasizing both the mathematical rigor and biological
relevance of such approaches. Additionally, numerical simulations demonstrated
the practical implications of the theoretical results, effectively bridging the gap be-
tween abstract modeling and real-world applications. These contributions not only
enhance the mathematical understanding of COVID-19 dynamics but also provide
potential strategies to mitigate the impacts of global health challenges.

Despite these advances, the current methodologies and the complexity of sys-
tem (3.2) impose certain limitations, including the inability to establish a definitive
disease eradication threshold. Future work will focus on extending this model to
incorporate regime-switching dynamics, which may offer deeper insights into the
stochastic behavior of the system. These challenges are deferred to forthcoming

research endeavors, aiming to further refine the theoretical and practical
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41 Introduction

The measles virus, a member of the Paramyxoviridae family, is the causative agent
of a highly infectious respiratory disease. Symptoms typically include conjunctivi-
tis, high fever, rhinitis, coughing, a maculopapular rash, and the hallmark Koplik’s
spots. While most cases resolve without complications within three weeks follow-
ing an incubation period of 10 to 14 days, individuals with vitamin A deficiencies
or malnutrition face a heightened risk of severe complications, including diarrhea,
encephalitis, otitis media, and vision loss.

Despite the availability of an effective vaccine, measles remains a pressing global
health challenge. It is a leading cause of morbidity and mortality among children
under five years old. History has recorded significant outbreaks, such as the Califor-
nia epidemic from 1988 to 1990, which resulted in over 16,000 cases and more than
70 fatalities [121]. Similarly, Madagascar experienced a severe outbreak in 2018 that
affected 50,000 people and caused 300 deaths, primarily among children [122]. In
the same year, the World Health Organization (WHO) reported a staggering 140,000
deaths globally due to measles. While global vaccination initiatives have led to a
73% reduction in measles mortality between 2000 and 2018, the disease remains
prevalent in many developing regions of Asia and Africa [123].

Epidemic models play a pivotal role in describing disease transmission dynam-
ics and evaluating control measures. Over recent years, deterministic models have
gained prominence for analyzing the complex behavior of measles and devising
effective prevention and mitigation strategies. For instance, mathematical stud-
ies on pulse vaccination and its impact on controlling measles transmission have
been explored in [124]. The importance of social distancing in curbing the spread
of measles is highlighted in [123], while other deterministic models have assessed
the influence of immunization and therapeutic interventions on measles dynamics
(125,126, 127,128, 129]. Studies like [130] investigate the effects of quarantine and
treatment strategies, with additional significant findings presented in [131].

The literature also features various case studies applying mathematical approaches
to measles outbreaks. Notably, HW Berhe etal. [132] proposed an SEIR model incor-

porating optimal control strategies for managing measles epidemics within human
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Table 4.1: Description of state parameters of the model (4.1) .

Parameter

Description

A

Recruitment rate of susceptible population by immigration or birth

B Effective contact rate of measles

(7] The rate of effective vaccination of susceptible humans

7 Natural death rate of humans

kq Extent of the effect of the infected being delayed for treatment

k, Saturation constant which represents the effect of psychological
and protection measure that protects the interaction of susceptible
and infected humans

01 rate of progress from exposed to infectious class

Y Natural recovery rate from measles

a Recovery rate of measles infected class due to treatment

07 Disease induced death rate of measles

populations:

as() _  _ pSMI(1)

== Sm—(y—kﬁ}su};
dE(t (OI(t)
- fu«lfm ~ (v,
iy 7F 5 o\, (4.1)
7_ 1 (}_ H+ 2+‘y+m (f};
dR(t
% = 0S(1)+ (y + %M}I(”‘”R(”'

At time t, the variables S(t), E(t), I(t), and R(f) denote the respective numbers of

susceptible individuals, individuals who have been exposed to the disease without

exhibiting clinical symptoms, asymptomatically infected individuals, currently in-

fected individuals, and recovered individuals.

Throughout this work, we denote the time-dependent state variables of the sys-

tem by S(t), E(t),I(t),R(t). For simplicity of notation, we sometimes write (S,E,I,R)

instead of (S(f), E(t),I(t),R(t)) when no ambiguity arises.

All parameters are assumed to be positive constants, and their descriptions are

given in Table 4.1. By employing the techniques outlined in the study by Ma et

al. [133] and applying the generation matrix approach, it can be established that
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system (4.1) possesses a positive invariant set[132]:

:{(S,E,I,R)elkj,t)g S+E+I+Rg§},
H

and the formula for the basic reproduction number of system (4.1) is determined by

R — pAS, _ BSod1
O (u+O)p+oy)(ptdr+y+a) (uto)(u+td+y+a)
where Sj = & S{; = A . In reference [132], researchers found that when Ry is

H +
less than 1, tﬁe system exhibits a locally asymptotically stable disease-free equilib-

rium Ej = (S, 0,0,0), while for R greater than 1, the model has a singular endemic
equilibrium E* = (S, E*,I", R") that is locally asymptotically stable.

To model the impact of environmental noise on the progression rate from the ex-
posed to the infectious class (0;) and the disease-induced mortality rate for measles
(07), we assume that 0, and 0, are stochastic variables. These parameters exhibit

inherent randomness and adhere to the following specified formulation [112]:

ddy(t) = p1[61 — 61 (t)]dt + 01d B (1), dd,(t) = pa[dy — 65(t)]dt + 02dBy(t).

In the context of the model, where 8; and 9, represent the long-time mean levels
of infection rates, and p;(i = 1, 2) signify the speeds of reversion, the stochastic dy-
namics involve B;(t), which are independent standard Brownian motion parameters
defined on a complete probability space (D, f',[f;]tzo,P) with a filtration {7},
[112]. Additionally, o; > 0(i = 1, 2) represents the intensity of B;(t).

Respectively, it is evident that the Ornstein—-Uhlenbeck processes 6; and 6, con-
2 2

verge to limit distributions IN(J, 26 )and IN(5,, 26 ). In other words, the probabil-
P1 P2

ity density functions of the limit distributions are expressed as [101, 113, 114, 134]
—p1(x—01)° —pa(x = 9,)?
v 2 v 2
£t e o1 and Y)(x) = 2 e 02
Vro Vo,

ples outlined in the ergodic theorem [115], we acquire :

JW (x V 0)3; (x)dx = fwy%T(x)

—0

' Y(x) = . In light of the princi-

(Jfé}

J- \/_cr T a (4.2)

- [l
" Vr ) am\ Ve

N\
'!-) e X dx(i=1,2).
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We suppose that :

oo 3
S}:U (xV 0)3Y;(x)dx (i=1,2).

—0

In a parallel manner, considering the pair of stochastic differential equations :
dq(t) = p1q(t)dt+o1dB,(t), dr(t) = ppr(t)dt+o,d By (t)(with: g(t) = 81—01,r(t) = 8,—05).

It is straightforward to deduce that both g(t) and r(f) exhibit the ergodic property,

leading to their weak convergence toward the invariant density

_F’lx2 _F’212
Yi(x) = VPt e °f LYo (x) = VP2 e % ,xeR.
oy ‘\XEO'Z
ollowing the principles outlined in the ergodic theorem [115|, we acquire :
Following the principl lined in the ergodic th 5 qui
00 00 [a) _F’lJf2
f (xvom(x)dxzj le(x)dx:f (B N/ W (4.3)
—00 0 0 o] 2Vﬂpl
and
2
[a) B o0 [a) @ _F’_232f_ o,
(x\/OT(xdx:J- xT(xdx:J- X e 2 dx=—""—. (4.4)
Lm = | = | o N

In the customary approach, the stochastic model presumes that all parameters hold
nonnegative values, allowing an investigation into the relevance of introducing pos-
itivity into the discourse. To assess this, the variable max{0,(¢),0} is substituted for
the variable 0, and the variable max{0,(t),0} is substituted for the variable 0, as
outlined in reference [101, 135]. This modification leads to the derivation of the

subsequent stochastic model in the following manner:

dS(t) = [A - pSI —(u+0)S)dt,

1+kI
dE(t) = [168,!:11 —(81(t) + pE)dt,
4 dI(t}:[Sl(t}E—(y+52(t}+y+ 1+ak2I 1)dt, (4.5)
dR(t) = [0S +(y +< szI}I—yR]dt,

dé;(t) = p[8, —6,(t)]dt + 0,dB,(t),
dd,(t) = pa[dy — 65(t)]dt + 02dBy(1).
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4.2 Existence and Uniqueness of the Global Solution

In the real-world scenario, it is essential for every subset of a model depicting an epi-
demic to maintain non-negativity for subsequent dynamic analysis. Consequently,
the proof of the presence and singularity of a universally positive solution to the
given system (4.5) becomes crucial in this context.

Theorem 4.1.

For any initial value (5(0), E(0),I1(0),R(0),0,(0),0,(0)) € Iler x R?, there is a unique
solution (S(t), E(t),I(t),R(t),01(t), 0,(t)) to the system (4.5) ont > 0 and the solution

will remain in IRjLr x R? almost surely (a.s.).

Proof. We will employ the theories outlined in [112] to establish the existence and
uniqueness of the global solution to system (4.5) for t > 0. Given that all co-
efficients of system (4.5) satisfy local Lipschitz conditions, for any initial value
(S(0),E(0),I(0),R(0),01(0),05(0)) € Iler x R?, there exists a unique local solution

(S(t), E(t),I(t),R(t),0,(t),05(t)) on the interval [0, Uy ), where v, represents an explo-
sion time [112]. To demonstrate the global nature of this solution, i.e., to verify

v, = oo almost surely (a.s.), we establish that for a sufficiently large integer 19 > 1,
. , 1
5(0),E(0),1(0),R(0), e®19) and 229 all lie within the interval —,ng). For each in-
1o
teger n > np, we define a stopping time as per [112] :

v, = inf{t €[0,v,): min{S(t},E(t}}I(t}}R(t)} eO1(t), edz(f)} <

= |-

or  max{S(t),E(t),I(t),R(t),e "), e} > ).

Defining inf() as co (with () being the empty set), it is evident that v, is monotonically
increasing as s approaches infinity. Let v, be the limit of v,. Consequently, we
establish v, < v, almost surely (a.s.). (i) In the scenario where v, = c0 a.s., it follows
that v, = oo a.s., implying that (S(t), E(t),I(t),R(t),01(t),0,(t)) € Iler x R? a.s. for all
t>0. (ii) If v, < oo, let’s assume the existence of constants t; > 0 and ¢ € (0,1) such

that P{v,, < t;} > &. Thus, there exists an integer n; > ng such that :
Plv,<t}>e Vn>n,. (4.6)

Define a non-negative C?—function O : Iler xR? — R, by :

52 52
O(S,E,I,R,5,,6,) = D(S) +D(E) +D(I) + D(R) + ?1 + ?2
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where @(z)=z—-1-Inz(¥Vz > 0)

Utilizing the It6’s formula , we obtain :
d9O(S,E,I,R,01,0,) =LO(S,E,I,R,01,0,)dt+ (07101 + 0,05)dB(t), (4.7)

where £Q is defined by :

o2 o
£Q:A+4y+8+y+71+72—y(S+E+I+R)
O +o+———+ - -
VERT YIS T 1+kI (1+kDE I
HS yI aI o~ - _2 - - _2
—?—i—m—bﬂ—kplblbl—plbl+p2€)2€)2—p2€)2 (48}
of o3 a BI
SA+4u+0+y+ =+ 240, +|0,]+ +
SA+dp+ Oyt oo+l + o+ T

+p]1‘§_11‘51 —plé% +p2521‘52—p21‘5§.
Moreover, we acquire
A(S+E+I1+R)=[A—u(S+E+I+R)-0,1]dt
<[A—u(S+E+I+R)]dt,

indicating that
S(0)+ E(0)+I(0)+ R(0), if S(0)+ E(0)+I(0)+ R(0) > é,
S(t)+ E(t)+ I(t)+ R(t) < A A H
—, if S(0)+ E(0)+ I(0) ++R(0) < —
H H
S(D]}
(4.9)
where
A
@) = sup{S(O)+E(O)+I(O}+R(O},;}.
Substituting expressions (4.9) into (4.8) yields the following :
2 2
i L Py
< — 4 = —
LOSA+4u+0+y+ >t +a+1+k1®1
+ sup {I61]+105] + 18181 - p16] + p2828, — 203 (4.10)
61,62€]R
::(Dz.

Here, @, is a constant that satisfies a condition independent of S,E,I,R, 0,9, and ¢.
The remaining steps of the proof closely follow those outlined in Theorem 3.1 and

are consequently omitted. This concludes the proof of Theorem 4.1. O
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Remark 4.1.

By examining the proof of Theorem 4.1, it is evident that if the initial conditions

S(0)+ E(0)+1(0)+ R(0) < 2, then the set
p

o A
D:{(S,E,I,R,al,az)eIRixIRZ,osS+E+I+Rs —}
H

remains positively invariant for the system (4.5). Therefore, moving forward, we
consistently assume that the initial values (S(0),E(0),1(0),R(0),01(0),0,(0)) of the
system (4.5) fall within the designated region D. This assumption implies that the
unique global solution (S(t), E(t),I(t), R(t),0,(t), 05(t)) to the system (4.5) will also,
with probability one, reside within the region D.

4.3 Existence of a stationary solution

In this section, should the initial values (5(0), E(0),1(0),R(0),0,(0),0,(0)) belong to
Iler x R?, we will proceed to establish additional conditions ensuring the stationary
nature of the solution. Put differently, the system (4.5) supports the existence of at
least one stationary Markov process on Iler x R?, signifying the persistence of the
disease in the long term. Prior to this analysis, we introduce a stochastic critical
value RE, linked to R as follows:

1

o - \3 2 1
B [T (x4 81 ) e )’
s &l

(n+0)(u+01)(p+S2+y+a)  2vEpi(p+o1)

1
00 -\3 1
Aﬁ(%f_o‘lw;—l(%xjtbl) e_xzdx}s o
!
(u+0)(pu+0, +y+a)? 2mpa(p+01)

Theorem 4.2.
For any initial values (5(0), E(0),1(0),R(0),0;(0), 62(0}}T € IRjLr x R?, if Ry is greater
than 1, system (4.5) is guaranteed to possess at least one stationary solution

(S(t), E(t),I(),R(t),01(),0,(t))T on R} x R?.

Proof. As per Remark 4.1, it follows that (S(¢), E(t),I(t), R(t), 01(t), 5,(1)T belongs
to D almost surely. Consequently, all references to R? in Lemma 2.33 should be

replaced with D for the system (4.5). The proof process is delineated into three
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steps: the initial two steps involve constructing a nonnegative C>~function
V(S(t),E(t),I(t),R(t),0,(t),0,(t)) and a compact set W C D, ensuring £V < -1 for
all (S,E,I, R,él,éz}T € D\ W. The final step entails establishing the existence of a
stationary distribution for system (4.5) utilizing Theorem 2.2 from Du et al. [136].

+ Step 1 (Formation of a nonnegative C>—function): Define a C?~ function

V:D — R as follows :
V(S,E,I,R,6,6,) = MV,(S,E,I,R)+ V,(S,E,I,R) + V5(S,E,I,R) + V4(51, 65).

Here, a; and a; represent positive constants to be determined later, and M is

a suitably large positive constant that adheres to the specified condition:
~M(S;+p)(Ry—1)+y <2 (4.11)

and
@3:= sup {_ﬂgjf +101]+ 10161 - Qég + 05| + p25252} +a,05
01,00eR 2 2
1,22
a,aSoM + a1 BSo
1+k280 (1 +k180}

2 2
BSo 0y  0;

(4.12)

+4p+0+y+a+

1 - - =
@4 := sup {—%bf+|bl|+plblbl
51,52€]R

2 5 = .
—%‘5% + |‘52|+92‘52‘52}

ajaSoM (4.13)

+01880+61'}/S0+ Tkzso

alﬁSg
1+ kl SO
BSo  of 03

+ +—+—= < oo
1+kSy 2 2 %

+

+4u+0+y+a

@5 = sup {|01]} < o0, @¢ = sup {|05]} <
6,€R 9€R

VI(S,E,I,R)=—InE —a;InS —a,Inl —ayR,
V5(S,E,I,R)=—InS —InE —In1,

A o 6
Va(S,E,I,R) = ~In{— =S —E-I-R|,V4(51,02) = 5+ =~
H
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Clearly, V(S(t),E(t),I(t), R(t),61(t), 65(t)) is a continuously differentiable func-
tion and attains its minimum at the point (SO, E° 19 RY, 5?, 5{2}}; thus, we define

a non-negative C?— function V : D — R as follows :
S - o - ) T
V(S,E,L,R,8,,6,) =V(S,E,LR,8,8,)-V(S%E%1°,R%,6],89) .

Utilizing It6’s formula [112] for V}, we obtain

_ai, BST 1. BSI
LV ==(Z)A T+ k1 (n+0)S) (E)(1+klI

_(‘}_2}(5"1(1}5_(#+52(t}+y+ I)
(44
Tk TR
a A BSI a,0, E
S (1+kDE I
a;BSI
(1+Kk1)S
a aS
1+k,S

. _ - a1 Bl
S_3m+al(y+8}+a2(;¢+bl+)/+C¥}+(,u+‘51)+ (1:?; I)
1

alaSg
1+k280.

—(81(t)+ p)E)

a
1+kyI
+a(0S+(y+

J+ay(p+0)+ar(p+o,+y+a)

<(

+(y+5_1}+ +51—51+0252—026_2

+a10S+ayyl +

+q(t)VO+ar(t)vVO+a,0S +a;yl+

Replacing (4.2), (4.3) and (4.4) into (4.14) leads to that

LV, <-3aja,APS, + (3\3/ala2AﬁSI - 3{/ala2Af351)+ a(p+0)

!
2\JTp,
00 (4.15)

+(gq(t) v 0- fw xYi(x)dx)+ ay(r(t) V0 — f xY5(x)dx)
0 0

al(XSO alﬁI + (o))
a .
1+k,Sy  (1+kiI) *2+ymps

tay(p+di+y+a)+(p+oy)+

+a10S +ayyl+

Let:

ABd, ABS,
a; = = , a, = =
YT 0)2(u+ S +y+a) 2T (4 0) (40, +y +a)?
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and thus

ABdy

(H+0)(p+o,+y+a)

01
INCT TR N
+ 343aala2Aﬁ(</éi:l— {/é?l}—k (q(t)v 0— J; x Y (x)dx) + ay(r(t) vV O

alaSg + alf)’I
1+k,So  (1+Kk1I)
0

=—(p+01)(Ry—1)+ 3\3;‘a1a2Aﬁ(</5:1— {/a}jt (q(t) Vv O—J- xYi(x)dx)

_ o alaSg alﬁI
+ay(r(t)v 0 J; xTz(x}dx}+a188+alyI+1+k280+(1+k1”.

LV <

+(p+6)+

—J x5 (x)dx) +a;0S +a; yI +
0

(4.16)
Likewise, employing It6’s formula on V,,V3; and Vy, respectively, yields the
following.
A BSI  &E . - a BI
== = Bu+0+8, +6
==~ TanDE 1 POttty e T i
A BSI o E o BSo '
<-——— - 3u+0+6 o .
S-S TA+mDE 1 TorrOlalrlalty rat mare
A+u(-S—E—-I1-R)-0,1
LVs = +ﬂ )= %
A-S-E-I-R
- (4.18)
5,1
<H—
A_S_E-I-R
'l{
and
- P, - . 02
£V4:gnblbl—plbf+—é;+gbbzbz—gbb§+—§n (4.19)
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By (4.16),(4.17), (4.18) and (4.19), we get:

LY S—M(y+€)—1}(7€5 - 1}+ 3M\33a1a2Aﬁ(</€5:1— {/a}

+£\7I(q(t} v0- J-OO xY(x)dx)
0

- = a;aSoM a;pI
+a,M(r(t)vO0-— Y5 (x)dx)+a,0S + I+ +
aM(r(t) L xYo(x)dx) +a ayy 1+k,Sy T (1+ k)
A BSI o0 E ! ! BSo
-—- - +4p+0+101|+|0]+y+a+
S U+kDE T TarOrialtioltyratmre
‘S-ZI _— _2 0—12 - _2 0—22
— + 010101 —p10] + = + 2020, —pr05 + —
A_S_E_I-R P19191 — P19 > 20202 — P20, 2

=Z(S,E,I,R;8,,8,) + 31\713/@@[\[3({/%— {/571) +M(g(t)V 0

- jw x Y (x)dx)+ a,M(r(t)V 0— f xY5(x)dx),
’ ’ (4.20)

where :
alaSOM alﬁI
1+kySy (1+kiI)

BSo
1+ kl SO

Z(S,E,I,R;61,07) =— M(p+61)(Ry — 1)+ +a 0S + a; yI +

SI ) ! i
_A__P —61E+4y+8+|¢51|+|62|+y+a+
S (I+KkI)E I
‘S-ZI e _2 O—l = - _2
— +p10101 —p10] + — + P2020, —pr05 +
%—S—E—I—R P10191 — P19 > P20202 = P20;

2 2
%
5
(4.21)

* Step 2 (Formation of a bounded set): Define abounded closed set W, by :

S>¢, E>e€% 1>é€3,

A
W, ={(S,E,I,R,6,,0,) eD|S+E+I+R< ;_62, [
1

3 1 3
01—, 03] <=
b11< = 1621 % -

where € is a positive constant chosen to be small enough to meet the following

conditions :
A
——+a@y<-1 (4.22)
€
1
—@5E+a1ye<1 (4.23)
S
P @y <1 (4.24)

T (1+k;Sg)e
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—@6% +wy<-1 (4.25)

T (4.26)
2¢?
P2

——=+ @4 <-1. 4.27
ez T P4 (4.27)

We can partition the set D \ W, into the following seven subsets VVe i» where
i=1,...,6, such that:

¢ ={(SE.LR5;,6,)" €D,S <e},

¢2={(S,E.LR31,6,)" €D, I <¢,

¢, ={(S.ELRb,8,)  €D,E<e’S>¢,),

o A
;;"4:{(S,E,I,R,al,azfeD,S+E+I+R> ——62,126},
' Z

1
5_5_{(8 E, I, Ré)l,é)z eD,|0|> - }
1
5_6_{(8 E I, Ré)l,é)z eD,|0,|> - }
Hence we have :
— Case1:Forany (S,E,I, R,él,éz}T EWg_l, From (4.21) we have :

alaSOM+ alﬁSg
1+k280 (1+k180}

. A
Z(SJE;I;R;‘{)];&)Z} <- § +a1880+a1'y80 +

] ] BSo

+4pu+0+101|+|0sl+v+a+ ———

H 01+ 02| +y + 1+,

2 2

¢ Pl O] - P2 0y (4.28)
+p1€)1€)1 - ?bf + 7 +p21‘§21‘52 2 1‘52 2
<—+@
= € 4
<-1,

as a consequence of (4.22).
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— Case 2: For any (S,E, I, R,él,éz}T € Wg_z, From (4.21) we obtain :

alaSOM alﬁI

Z(S,E,I,R;61,65) <—M(pu+61)(Ry—1)++a;0S +ayyl + ) + TEY)

BSI o0 E ] _ BSo
- - +4u+ 0+ 61|+ 105 +y+a+
AxkDE 1 TArotioltloltytat e
2 2
co  Pre G1 - P2 05
+P10101 = 0] + -+ 020207 — 0 + —=
y 3 @55 SoM
S—Aﬂ#+MNR5—U++m8%+a”%_ 5o+auxo
1+k280
a1 BSo i i BSo
——— +4u+ 0+ 0|+ 10|+ Yy +a +
T kg T4+ O+l ool +y+a+ - 2re
2 2
. & pl - Gl e pz R 62
*’plalbl"‘5‘3f‘*‘5‘*'923232-—-5—654——En
y 3 @58
<-M(p+8)(Ry—1)+aye— —2+ @y
<-1,
(4.29)

as a consequence of (4.11) and (4.23).

— Case 3: For any (S,E,I, R,él,éz}T € Wg_3, according to (4.21), we get :

BSI

alaSgM+ alﬁSg
(1+ Kk 1)E

1+k280 (1+k180}
PSo
1+k180

P2
2

Z(S,E,I,R;(Sl,éz}s_ +a1850+a1y80+

+4p+0 +[01|+]02] +y +a+

2
=—— 1 o -
+plélbl—p—€)f+71+p2€)2€)2—

2
<—7ﬁSO
ST +kSg)e

S_]-}

2
g
524+ 2,
252

+ @y

(4.30)

as a consequence of (4.24).
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— Case 4: For any (S,E,I, R,él,éz}T € Wg_4, by (4.21), we have :

n 02! +a,0Sy+a,ySy + a1a50M
A-S-E-I-R 1+k,Sg

Z(S,E,I,R;51,0,) < —

alﬁSO 8 . ﬁSO
————— +4u+ 0 +10,| +|0
(1+k150)+ p+0+10]+] 2|+y+a+1+k180

P1

2
P22 0y

. , of o
+pl€)l€)l— bl+?+p2€)2€)2— 2 2 .

<—+ @y
€

<-1

—_— ’

(4.31)

as a consequence of (4.25).
— Case 5: For any (S,E, I, R,él,éz}T € Wg_5, From (4.21), it follows that :

. P1 alaSOM alﬁSO
Z(S,E,I,R;61,6,) <X + 4,68 I
( po2) St a0 tayl+ T et S

] ] [S’SO

+4pu+0+ 01|+l +y+a+

H |1||2|V‘5¥leleO

2 2

- P1.o Of - P, 05 (432
+p1€)1€)1—?b%—F?—szbzbz—?bg—k —2 .
-p1
<—+@
T 2¢? 4
<-1,

as a consequence of (4.26).
— Case 6: For any (S,E, I, R,él,éz}T € Wg_ﬁ, From (4.21), it follows that :

alaSOM+ alﬁSO
1+k280 (1+k180}

Z(S,E,1,R;61,5,) sz_z +a,0Sy+ay vl +

I BSo
+4p+0+ 01|+ +y+a+
H |1||2|V‘5¥leleO
2 2
C o Ple OF o pr., o2 (433
+p1€)1€)1—?€)1+7+p2€)2€)2—762+7.
-P1
<—+4+o
T 2e? 4
<-1,

as a consequence of (4.27).

Drawing from (4.28), (4.29), (4.30), (4.31), (4.32), and (4.33), it is straightfor-

ward to deduce the existence of a sufficiently small €, such that :

Z(S,E,I,R;01,0,) < -1 for any(S,E,LR;él,éz}TED\WE. (4.34)
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Let :

alaSOM+ alﬁI
1+k,Sy (1+kiI)

@7 = sup {—M(y+5_l}(7?,%—1}++a188+a1yI+
(S,EIR,8,,0,)ERxIR2
A BSI O1E

TS TO+RDE I +4p+0+1[01|+ 02| +y +a+

5,1 o I . L, o?
- 2 +plé)lé)l—plbf+71+p2€)2€)2—p2€)§+72}.

BSo
1+ leg

Then :

Z(S,E,I,R,0,,0;)<@7<o0  forany(S,E,I,R,6;,0,)T e RExR%  (4.35)

» Step 3 (Existence of a stationary distribution):
For any initial condition (5(0), E(0),1(0), R(0),6,(0), 5,(0)T eD integrating the
expression (4.20) from 0 to t and subsequently calculating the mathematical
expectation we obtain :
- t
B t
1 (! .
+1 | BEVSOE@10,R6),016)05(6)ds
0

< EV(5(0), £(0),1(0), R(0), 0,1(0), 01 (0))
- t

0

1(f _ _
+ ;L E(Z(S(s), E(s), 1(t), R(s), 1 (s), 35(s)))ds (4.36)
o0 t
+3M3 alazAﬁIEU (xV0)3Y; (x)dx— %J- (8,(s) V oﬁdsl
oo 0

t o0
+M15llf (q(s}\/O}ds—J- xfl(x)dxl
tJo 0

t o0
+ aZMIEllf (r(s)V O}ds—J- xfz(x)dxl.
t Jo 0

Through the ergodic properties of 0, 05, q(t) and r(t), coupled with the strong

law of large numbers [112], we have :

o0 t
limIEU- (x\/O}‘i'Tl(x}dx—%J- (51(s)v0)‘ifdsl:o as. (4.37)
o 0

t—00
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and ) t _
}im E % (q(s)v0)ds— xY; (x)dx|=0 a.s. (4.38)
—e [P Jo Jo i
and ) t _
1 ™ 00 _
}im E n (r(s)v0)ds— xY5(x)dx|=0 a.s. (4.39)
- Jo Jo

By applying the lower limit to both sides of (4.36) and consolidating it with
(4.37), (4.38) and (4.39), we arrive at :

0 <liminf
t—co t
1 (! _ _
Hi:minf?J- E(Z(S(s), E(s), I(t),R(s),01(s), 02(s)))ds
o 0 (4.40)

1 (! ) )
:liminf?J- E(Z(S(s), E(s),I(t),R(s), 01 (s),05(s)))ds a.s.
0

t—00

Furthermore, in accordance with (4.34) and (4.35), we obtain :

1 (! ] ]
1iminf;f E(Z(S(s), E(s), 1(1), R(5), 8, (5), 6(s)))ds
0

t—o00

S o
leg"gglf;J; E(Z(S(s), E(s), I1(t), R(s),01(5), 02(5))) L (5(s), E(s),1(s),R(s), 5, (5),8,(s)) TeW, 45

NS B o
+1lmlnf?J- E(Z(S(s), E(s),I(s), R(s), 01(5), 02())) L (5 (5),E(5),1(5),R(5),6, (5),6,(s)) T€(D\W,) 4§
0

t—o00

t—o00

e
<@7liminf - J; L(5(5),E(s),1(5),R(5),81(5),82(5)) T e, 4S

L1t
~liminf— L L(5(s),E(5).1(s),R(s),81 (5),0(s) T€(D\W;) 4 S

t—co

N N
<-1+(@7+1)liminf r J L(5(s),E(5),1(5),R(5),81 (5),0,(s)) TeW, 45-
0

t—o0

(4.41)
By considering (4.40) and (4.41), we deduce :

>0  as  (4.42)

t—o00

NS B
hmmf;J; L(S(9) (519 RE)01(5) 0206 T 45 2 g

Based on the definition of event probability and the Fatou lemma , (4.42) can

be expressed equivalently in the following form :

>0 a.s.

1 (! ] ] 1
1iminf—f B(s, (S(s), E(s), 1(5), R(s), 31 (s), 52(5)), Wo)ds >
’ (4.43)

t—oo f _(D7+1
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In the expression P(t, (S(t), E(t), I(t), R(t), 01(t), 02(f)), W, ), P represents the tran-
sition probability of the state vector (S(t), E(t),I(t), R(t), 0,(t), 0,(t)) belonging
to the set W,. Consequently, by invoking Lemma 2.33, it follows that the
system (4.5) possesses at least one stationary distribution, denoted as W(.), de-
fined on the space R x IR?, and this distribution exhibits the Feller property.

With these considerations, the proof is concluded. O

4,4 Extinction

In this section, our primary focus is on exploring the conditions that are sufficient
for the eradication of the disease.

Theorem 4.3.

For any initial condition (S(0),E(0),1(0),R(0),6,(0),0,(0)) € Iler x R?, the solution
(S(), E(t),I(t),R(t),61(t),0,1)) of system (4.5) exhibits the following characteristic :

1n(‘5_@l E+ 5_@2 I)
+ +o+y+ - .
limsup 17 ¥ }; 2tyre Smin{é)l+}4,,u+bz +y+a}(REx—1} a.s.,
t—o0
here : © J ©®, =1 and
where : = = ,0,=1an
! VRo(p+ 0, +y+a) 2
+0)(u+d
o R (1 OO, o
o1p TP mm{é)l+,u,y+é)2+y+a}
07
+ = - .
npzmin{é)l +y,y+62+y+a}
In particular, when R{" is less than 1, then : }im E(t)=0, }im I(t)=0 a.s.

Proof. Accordingto Theorem 1.4 in reference [137], it can be deduced that there ex-

) Sy
e
ists a left eigenvector (©,0,;) for matrix B = S 1K correspond-
1
0

ptor+y+a

ing to Ry i.e.,4/Ro(©1,0;) = (©,,0,)B. Taking ©; =

41

= 0, =1,
VRo(p+ 0 +y +a) 2
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I, we obtain

and denoting F(E,I) = __@l E+ __@2
op+p  pt+toaty+a

C1[ e BSI .
L(lnf}_}‘|5_l+y(l+kllr (bl(t}+,u)E)

- T
pto,+y+a

+ (Sl(t}E—(eré_z(t}erJr lszI)I)]

1l e ... -
<—|= Sql — (67 + u)E
st

0,

+__—
p+or+y+a

(61E —(y+5_2+y+a}I)]

L O -SE, @ [5-4l

op+pu F ) ;4_+62+y+a F (4.44)
0, |02 — 0|

p+or+y+a F

+

1 T T
sf(@l,@z)(mb}n -(E,D)") _
L O 1-8E, O  [5-5F
oy+p  F proyty+a F
@2 |‘52_‘5—2|I
p+d+y+a F

+

Smin[é_l + u, }4+5_2+V+a}('\JRO -1)

BS; ) _— ) =
+{1+ — 01— 01|+ 05— 05|
( TRt batyra) 01 = 01[+02 — 05

Moreover, based on the principles of ergodicity from reference [102], both 6, and 0,
2

0q

are expected to undergo weak convergence toward the normal distributions N(é_l, 5
P1

2

- O
and N (0,, 2—2}, respectively, in the following manner:
P2
_pe-9)? _p2ly-5)°
Tl(x}:\?f_p_le T xeR, Tz(x):ﬁe 7 xeR
e 0,
Subsequently, we obtain :
lim r\t|ei(~ Sids= [ 16,(x) 8 ¥y (x)dx = —2 (4.45
tiglotuo 1(s) 1 b—u_oo 1(x) 1M (x)dx = oy 45)
and
1 ~1 ) _ 00 ) _ o,
}im n |05(5) — &5]ds = |05(x) — 05| V5 (x)dx = (4.46)
b0 0 J—oo sz
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By integrating (4.44) over the interval [0, ], dividing by t, and taking the limit as
t approaches infinity on both sides, and subsequently combining with (4.45) and
(4.46), we derive the following result :

InF(E(t),1(t),)

limsu ; Smin{5_1+y,y+52+y+a}(\/7% -1)
t—00
BS, 1J“ _ -
+(1+ - — | [01(s) —04qlds
( \/TTg(y+5z+y+a}}f 0| 1(s) —01]dss

1 (- -
o1 | 162061l
t Jo

Smin{é_l+;4,,u+6_2+y+a}(\/7?—1}

ﬁ?@ ) 01 n 03
VRo(p+0,+y +a) \VEp1  \ip2

Smin{é_l+y,y+52+y+a}(7%gx—1} a.s.

+(1+

Hence, when R{" is less than 1, the disease will lead to extinction. This concludes

the proof. O

4,5 Computational simulations

Employing the widely recognized Milstein [119] high-order numerical technique,
we will present two practical instances along with numerical simulations to validate
the analytical findings mentioned earlier in this section; the discretization equation

for system (4.5) is articulated as follows :

krk
skel — gk A - ] —(u+0)S¥AL,

iR
S¥I -k
plet _pky (PO kK At,
[1 + kl Ik ( 1 au) ]
k k< kek - k Kk
J I =T+ [6, E —(y+é>2 +y+1+k2Ik I*]At, (4.47)
REL Z RE 4198k 4 (y + — &)1k RK|AL,
[ v+ e R
S = gk 4 o1 (87 — 5K (8)| At + 0y VAEE 1,
1‘515-'_1 = 1‘515 + pz[é_z — E)lz(]At + 07V Atéz_k.
Here, considering a positive time increment Af >0, and &; x(with i = 1, 2) represent-

ing two independent Gaussian random variables following the distribution A (0,1)

for k = 1,..,n , we select realistic parameter values from established references,
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Table 4.2: List of parameters of stochastic system (4.5) .

Parameters Values Source

A 2.5 Assumed
7 0.0875 [138]

o1 0.125 [139]

kq 0.1 [132]

ks 1.25 [132]

a 0.01 Estimated
o 0.2 Estimated
0 0.002999 Estimated

presenting all biological parameter values in Table 4.2. Subsequently, through nu-

merical simulations, our primary focus revolves around validating two key aspects:

* Examining the stationary distribution of system (4.5) under minimal stochas-

tic noise.

* Assessing the impact of environmental noise on the disease extinction of sys-

tem (4.5).

Example 4.1.

To numerically establish the presence of a stationary distribution, we choose the
parameters as follows: (01,0;) = (0.01999;0.01999), (p1,p2) = (0.1;0.1),y =0.02,8 =
0.002 and the remaining parameter values are outlined in Table 4.2. Through direct
computation, the results indicate that:

1

(s8] = 3 _ 2 1
Aﬁ(ﬁj_w—l(\%xml) e dx)}
s Gl

(;4+8}(y+6_1)(;4+52+y+a) 2\mp1(p+ 1)

1
00 -\3 1
Aﬁ(%j_w,—l(\%xml) ey
_ o1 _ . 2 ~10.37>1.
(p+0)(p+o+y+a) 2\Jpa(p+ 0y)

Consequently, meeting the criteria stipulated in Theorem 4.2, we can conclude that

system (4.5) possesses a stationary distribution denoted by W(.), signifying the sus-
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tained and predominant existence of individuals exposed to measles and those in-

fected with measles with absolute certainty. This is illustrated in Figure 4.1 and

Figure 4.2.
200 1 Stochastic 10 1 == Stochastic
—— Deterministic —— Deterministic
190 - g -
180 A
6 -
wv —
170 A
4_
160 -
2_
150 A
0 5000 10000 15000 20000 0 5000 10000 15000 20000
Time Time
14 1 — — stochastic 60 4 L) 3
—— Deterministic
I m-
|
|
: 40
w i e L M : @
. I e B L HiLe] . 30
H iR I R P
.‘.! ' :.‘.i.“'l" ‘-"I -‘-l. : -
J b ‘| - Wy _" H ye & S i
Sy, n e i ¢ 20 -
’I 'f' ! : i — = Stochastic
' 10 —— Deterministic
0 5000 10000 15000 20000 0 5000 10000 15000 20000
Time Time
Figure 4.1: The illustration depicts the simulated evolution of the solution

(S(f),I(t),E(t),R(t)) in systems (4.1) and (4.5) using the given parameter values
(01,02)=(0.01999;0.01999), (p1,p2) = (0.1;0.1),y = 0.02, § = 0.002.

Example 4.2.

In order to affirm the assertion that a high reversion rate or low volatility intensity
can induce the extinction of the Measles disease, we opt for the parameter values
(01,07) = (0.001999;0.001999), (p1,p2) = (0.3;0.3),y = 0.3, = 0.0000002, with the

remaining parameters detailed in Table 4.2. Subsequently, we perform the neces-
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Figure 4.2: Frequency Histograms and Marginal Density Functions for

VariablesS, E, I, and R within System (4.5).
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sary computations to establish that:

0 d,
R O
o1p TP, min{é)l +y,y+é)2+)/+a}
+ it

P2 min{éi—l FU O, Y+ a}
~0.024

<1,

as per Theorem 4.3, it becomes apparent that the Measles disease is poised to un-
dergo exponential extinction almost surely. This assertion is corroborated by the

visual representation in Figure 4.3.

10

212 4 Stochastic Stochastic
—— Deterministic —— Deterministic
210 A 8 -
208 1
6 -
N 206 b
a-
204
202 - 27
200 01
4] 50 100 150 200 250 200 4] 50 100 150 200 250 300
Time Time
10 - = Stochastic

—— Deterministic

1\

T T T T T T T
4] 50 100 150 200 250 300
Time

Figure 4.3: The solutions for both the deterministic system (4.1) and the stochas-
tic counterpart (4.5) are explored under the specified parameter values (07,0;) =

(0.001999;0.001999), (p1,p2) =(0.3;0.3), = 0.3, = 0.0000002 .
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4.6 Discussion

This work examines a stochastic model for measles transmission dynamics, enriched
by the integration of the Ornstein—-Uhlenbeck process. The study begins by rigor-
ously demonstrating that the stochastic system (4.5) possesses a unique global pos-
itive solution, laying a solid theoretical foundation. Following this, we explore the
existence of ergodic stationary distributions for the random system (4.5). This is
achieved through the construction of a sequence of carefully designed Lyapunov
functions, highlighting the role of the Ornstein—-Uhlenbeck process in establishing
such distributions. Additionally, sufficient conditions for disease extinction are de-
rived, offering a theoretical basis for strategies aimed at preventing and controlling
the spread of infectious diseases.

To reinforce these theoretical insights, numerical simulations are conducted,
providing empirical validation of the findings presented. Despite these advance-
ments, the study is not without limitations. The investigation remains confined
to the formulation and analysis of specific stochastic systems, leaving key questions
unanswered. For instance, future research should evaluate the applicability of alter-
native random perturbations in addressing similar epidemiological problems, thus

broadening the scope and robustness of this approach.



Chapter 5

Threshold Dynamics of a Stochastic
HIV-1 Model with Dual Transmission
Pathways, Immune Response and

Black-Karasinski Process
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5.1 Introduction

The persistent challenge of Acquired Immunodeficiency Syndrome (AIDS) contin-
ues to endanger global public health and societal stability. According to the Global
AIDS Update 2021, an estimated 37.7 million people worldwide were living with
Human Immunodeficiency Virus (HIV) in 2020 [140]. HIV specifically targets lym-
phocytes, particularly T-helper cells, thereby impairing the immune system and
reducing its ability to combat infections. This compromised immunity leaves indi-
viduals susceptible to numerous opportunistic diseases [141, 142]. T-helper cells
are vital for adaptive immune responses, as they secrete differentiation factors es-
sential for the functioning of other immune system components [143, 144].

To curb the impact and spread of HIV/AIDS, public health interventions have
employed strategies such as media-driven campaigns aimed at educating individ-
uals and promoting behavioral changes to reduce risk exposure [145]. In parallel,
mathematical modeling has become a critical tool in studying HIV dynamics, par-
ticularly in understanding viral replication and transmission processes [146]. Early
models primarily analyzed interactions among healthy cells, infected cells, and free
virus particles, focusing on virus-to-cell transmission pathways [147]. However,
researchers have since discovered that HIV can also propagate via direct contact
between infected and uninfected cells [148].

Emerging evidence suggests that cell-to-cell transmission is more efficient than
virus-to-cell transmission, as the bloodstream presents additional challenges com-
pared to tissue environments. Consequently, mathematical models of HIV infection
now often incorporate both transmission mechanisms to provide a more compre-
hensive understanding of the disease’s dynamics. Over time, ordinary differential
equation models that integrate these dual pathways have gained traction, offering
valuable insights into the complexities of HIV/AIDS [149, 150, 151]. Notably, Ji-
azhe Lin et al. [152] proposed an HIV model that closely aligns with the framework
described below

d;if) = A —dx(t)— Pyx(t)v(t) - Box(t)y(t),
dy(t
% = Brx(t)v(t) + Box(H)y(t) —ay(t) — ay(t), (5.1)
dv(t) = ky(t) — uv(t)— pv(t)z(t), |
dg(tt}

= cv(t)z(t) - bz(t) - Bz(t).

dt
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This dynamic framework models the progression of infection by examining the
interplay between various components. The variable x(f) represents the population
of uninfected cells, which are produced at a rate A and experience natural death at
a rate d. Infected cells are represented by y(t), while v(t) denotes the viral load, and
z(t) accounts for B-cell populations.

Throughout this work, we denote the time-dependent state variables of the sys-
tem by x(f),y(f),v(t),z(t). For simplicity of notation, we sometimes write (x,y,v, z)
instead of (x(t), (), v(t),z(t)) when no ambiguity arises.

The model includes two distinct infection pathways: virus-to-cell transmission
with rate | and cell-to-cell transmission with rate f,.

Death rates are incorporated for different populations, with a, 1, and b repre-
senting the mortality of infected cells, viruses, and B-cells, respectively. Disease-
induced mortality is modeled through parameters a for infected cells and g for
B-cells. The parameter k represents the production of free virus particles by each
infected cell. Interactions involving B-cells are expressed through terms such as
pv(t)z(t), describing viral elimination by B-cells, and cv(f)z(t), which captures the
stimulation of B-cell production in response to antigen presence.

By employing the methodology developed by Ma et al. [133] and utilizing the
generation matrix technique, it can be established that system (5.1) possesses a pos-

itively invariant set.

A kA
Q= {(x,y,v,z}|x+y < #—,v+ §z< #—};}41 =min{d,a}, p» = min {d, a} min {u, b},
1 2

the basic reproduction number for system (5.1) is calculated as

_ (B1k + Bou)xg

Ro ula+ a)

which serves as a decisive factor in determining the occurrence of the disease,where

A
Xp=—+.

d
Moreover, by integrating the global stability theory of equilibrium [153, 154], sys-

tem (5.1) exhibits the ensuing threshold dynamics :

* When R <1, system (5.1) attains a disease-free equilibrium denoted as E(xy,0,0,0) =

(%, 0,0,0), which exhibits local asymptotic stability within the region (2.
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* In the case where R is greater than 1, alongside the disease-free equilibrium
E,, there exists a distinct endemic equilibrium denoted as E*(x7, y", v", z"), with
x",y",v", and 2" being greater than 0, which demonstrates local asymptotic sta-

bility within the interior of the domain (2.

In contrast, the formulation of system (5.1) assumes a stable and deterministic en-
vironment. To extend this framework and account for environmental variability, we
reformulate system (5.1) as a stochastic system, following the approach outlined in
the previous section. To model the impact of environmental noise on the transition
rate ) and the virus transmission rate f8,, these parameters are treated as stochastic
variables. Their behavior is governed by random fluctuations, consistent with the

formulation presented in [112]

dp;(t) = pj[B; — B;(t)]dt + o;dB;(t), (j = 1,2), (5.2)

where f; and f3, represent positive constants indicating the long-term average level
of B, and B,; py,p,, 01, and 0, are positive constants denoting the rate of reversion
and the intensity of volatility, respectively; B;(f), (i = 1,2) signifies a standard Brow-
nian motion defined within a complete probability space (l_[, F, [f;]tZO,P) with a
filtration {#;},> adhering to standard conditions [112].

While the Ornstein—-Uhlenbeck process provides a more nuanced representation
of environmental noise compared to linear perturbations, it does not inherently en-
sure the non-negativity of f; and B,. This limitation arises from their assumed
distributions, f; ~» IN(E(p(t)), Var(,(t))) and p, ~~> IN(E(B2(t)), Var(p;(t))), which
permit negative values. Inspired by the framework proposed by Allen [108], we
hypothesize that f; and B, follow a Black—Karasinski process [155].

In this model, the natural logarithms of §,(t) and p,(t) are governed by an Orn-
stein—-Uhlenbeck process, as described by their respective stochastic differential equa-
tions. This transformation ensures that f;(f) and B,(t) remain strictly positive,
aligning with their biological interpretation in the model. The use of the Black—Karasinski
framework not only addresses the non-negativity issue but also provides a robust
method for modeling the dynamic influence of environmental noise on these critical

parameters

dlnﬁj(t}:pj[lnﬁj—lnﬁj(t}]dt+crjd3j(t}, (j=1,2), (5.3)
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where p;, Bj(f) and 0; (j = 1,2) remain consistent with those defined in (5.2). It is
evident that f,(t) >0 and f, > 0 are prerequisites.
Consequently, by substituting f; in system (5.1) with B;(t) as defined in (5.3) (where

j=1,2), the stochastic counterpart of (5.1) is formulated as follows

dx(t
dy(t

) =[A —dx(t)— By (t)x(t)v(t) — B2 (t)x(t)y(t)]dt,
) = [B1(t)x(t)v(t) +ﬁ2(t )x(t)y(t) —ay(t) —ay(t)]|dt,
dv(t) = [ky(t)— uv(t) — pv(t)z(t)]dt,
dz(t) = [cv(t)z(t) — bz(t) —ﬁz(t}]dt,

d(In By (1) = py[In fy, —Inp,(H)]dt + o,dB, (1),

d(In Bo(t)) = pa[In fiy — In fo(£)]dt + o2dBy().

(5.4)

For ease of representation, let ¢(f) = In ﬁflg_(t} and @(t) = In ﬁfzg_(f}’ making system
1 2

(5.4) equivalently expressed as

dx(t) = [A —dx(t) - fre?x(t)v(t) — fePx(t)y(t)]dt,
dy(t) = [Bre?x(t)v(t) +ﬁze x(t)y(t) —ay(t)—ay(t)]dt,
) dv(t) = [ky(t)— uv(t) — pv(t)z(t)]dt, (5.5)

dz(t) = [cv(t)z(t) — bz(t) —ﬁz(t}]dt,

dg(t) = ~p1p(t)dt +01dB (1),
AD(t) = —p,D(t)dt + 0,dBy(t).

5.2 Existence and Uniqueness of the Global Solution

Within the realm of biology, a pivotal inquiry revolves around determining if the so-
lution is both globally applicable and positive. This section establishes the existence

and uniqueness of the global positive solution for system (5.5).

Theorem 5.1.

For every prescribed initial value (x(0),y(0),v(0),z(0), q()([)},(D(O}}F1r € Iler x R?, model
(5.5) exhibits a unique global positive solution (x(t),y(t),v(t),z(t), @(t),D(t)) for all
t > 0 with almost certain probability, meaning (x(t),y(t), v(t), z(t), @(t), o) e Iler X
R? holds for all t > 0 almost surely.

Proof. Note that the coefficients of the given system exhibit local Lipschitz conti-
nuity. Following the work of Mao [112], it can be inferred that the system (5.5)
possesses a unique local solution (x(t), y(t),v(t),z(t), @(t),P(t)) over the interval t €
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[0,Q),), where Q), represents an explosion time. Consider the set F;:= (=, j)x(=],7)%
(=7,7) % (=], j) x(=j,j) x (=], j), with j > 0. It is evident that, for any initial condition
(x(0),»(0),v(0), z(O),q()(O},(D(O}}F1r € Iler x IR?, there exists a sufficiently large integer
mo > 1 such that (Inx(#),Iny(f),Inv(t),Inz(t), p(t), D(t)) € E,, where [, is defined

for each integer m > my. In this scenario, a stopping time I, is defined for m > m
IT,, = inf{t € [0,Q,) : (Inx(t),Iny(t),Inv(t),Inz(t), @(t), (1)) ¢ E,,}.

It is evident that IT, is a monotonically increasing function over the interval
[mg, ). Defining I, as the limit IT,, approaches infinity, we leverage fundamental
results, such as inf¢p = co and I1,, < (), almost surely, to establish the equivalence
of the first part of Theorem 5.1 with the assertion I'l,, = co almost surely. To demon-
strate this, we employ a proof by contradiction. Assume Il < co almost surely;

then, there exist constants T >0, e € (0,1), and a positive integer m, such that :
P{Hm gT}ze Vm> m,. (5.6)

From a certain perspective, considering any t < II,, we formulate the following

nonnegative C?- Lyapunov function U(x,y,v, z, ¢, D):
U(x,v,v,2,¢,9) = (x-1-Inx)+(y—-1-Iny)+(v-1-In v}+£(z—1 —Inz)+e¥—¢p-1 +eP-d-1
c

Applying the Ito’s formula, we derive

b A
£U:A—dx—ay—ay+ky—uv—pvz—kpvz—p—z_ﬁz__
c c x
_ i 3,e? . k b
+d+ﬁ1€(pv+ﬁzeq)y—ﬁle xv—ﬁze®x+a+a——y+u+pz—pv+p—+ﬁ
y v c c
/ o 4 @ %3 o
—plq()(e“"—l}jt?e“"—pztb(e —1}+7.e
b . _
5A+d+a+u+a+p—+ky+ﬁle“"v+ﬁzeq’y+pz+ﬁ
c c
_ o o2
_Plﬁf)(e(‘o—1}+718(P—p2CD(eCD—1}+72eCD.
(5.7)

Furthermore,we obtain
dx+y)=[A—dx—ay—ay]dt
<[A —dx—ay|dt
<[A —min{d,a}(x+yp)|dt.
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This suggests that

x(0) + (0), if x(0) +p(0) > f
1

x(f) +(t) < <A, (5.8)
A i x0)+p(0) < X
1 M1
where
] A
u1 =min{d,a}, A := max{x(0}+y(0},#—},
1
and :
d(v+ Ez} =[ky —uv — P, ﬁ—pz]dt
c c c
<[ky —uv — b—pz]dt
c
S[ky—min[u,b}(vjtgz}]dt,
c
so "
, 2(0)+ £2(0), if v(0)+ P2(0) > 22
v(t)+ 2z2(t) < g y F2 o <A, (5.9)
¢ KA it v(0)+ P20y < 2
K2 ¢ M2
where

kA
p2 =min{d,ajmin{u, b}, A, := max {v(O} + E2(0}, —},
C ;42
It's worthwhile to note that
| llim (—p1p(e?—1)+M;e?) = —00,YM; >0, ICIllim (—p2®(e?~1)+M,e®) = —c0, VM, > 0.
(p—)OO =30

We determine

2
As :sup{(%+ﬁlA2)e‘P—pl@(e‘P—1)}<oo, (5.10)
PR
2
A4:sup{(%+ﬁ‘2A1)e‘D—p2cD(e‘D—1)}<oo. (5.11)
PelR

Substituting (5.8), (5.9), (5.10) and (5.11) into (5.7) leads to that

b
LU=< A+d+a+u+a+2 +EE kA +pAy + A5+ Ay = As.
C C

In this context, let A5 be a positive constant unaffected by the variables x,y,v,z, @,
and ®. The remaining steps of the proof closely resemble those in Theorem 3.1,

and we, therefore, exclude them for brevity. This concludes the proof. O

Define the set E as follows
A kA
E.:{(x,y,v,z,qo,CD}EIlerlez,ijy<—,v+£z<—}.
H1 c H2
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Remark 5.1.
Throughout the remainder of this paper, we assume that (x(0), y(0), v(0), z(0), ¢(0),P(0)) €
Z. By Theorem 5.1, the solution (x(t), y(f),v(t),z(t), ¢(t),P(t)) will remain in Z a.s.

5.3 Stationary distribution

In this section, we will establish sufficient conditions for the existence of a stationary

distribution, which plays an important role in the analysis of disease persistence.

Define

ot o3
RS — A(ﬁ_lkelQpl +ﬁ_2m3892)
L (a+a)ud '

Theorem 5.2.
If Ry > 1, system (5.5) has at least one stationary distribution V(.) on Iler x R

Proof. As per Remark 5.1, (x(), v(t), v(t),z(f), @(t),P(t)) belongs to E almost surely.
Consequently, all the descriptions of R in Lemma 2.33 need to be adjusted to &
for system (5.5). The proof of Theorem 5.2 is partitioned into the subsequent three
steps.

* Step 1. (Construction of a non-negative C’—function): An important Lya-
punov function V(x,y,v,z, ¢, D) is defined by

Vo(x,0,7,2,¢0,®)=S(-Iny —Inz— (@ + @) Inx - @3Inv + %z—k %9)

—lnx—lny—lnv—ln(yl—x—y}—ln(,uz—v—gz}
c
+(e?—p-1)+ (e -D-1),

where @, @,, @3 represent positive constants to be determined subsequently,
and let S be a positive constant sufficiently large to satisfy the condition to be

specified later in (5.29). Let

Vi(x,9,v,z2) =—-Iny-lnz— (@) + @;)Inx - @31nv + %zjt %v

Vo(x,9,7) ==Inx—Iny-Inv
Wao(x,p,v,2) = —ln(i —x—y}—ln(E -v- Ez}
Hi1

H2 ¢

Vi(@, @) = (e? —p—1)+ (P —D - 1).
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Note that

liminf ~ Vol(x(t),y(t),v(t), z(t), @(t), D(t)) = co.
(x(t),9(t),v(t),2(1), (1), D(t)) —>dE

Here, dZ represents the boundary of &. Consequently, there exists a point
(x0, V0, 0, 20, 00, Pg) € E\JE such that Vy(x, v, v, z, @, D) will be minimized. Sub-
sequently, a suitable nonnegative C? —Lyapunov function

V(x(t), v(t),v(t),z(t), p(t),P(t)) can be formulated by
V(x(t), v(t),v(t), z(), p(t), D(t)) =Vo(x(t),v(£), v(E), z(f), (1), D(t))
—Vo(x0, %0, v0, 20, o, Po)-

Applying It6’s formula [112] to V} , we have

X

A o o
— 2+ Dyd + Dy eV + Dy ey

@3k

+o3u+d3pz—cv+b+p

@3cky  d3cuv  @3cpvz

b b b
@ @

A PrePxv  @s3ky

<( )+ @1d + @3u
X y v
A
(222 g )k Gadtatatbip
X
d3ck _ I _ e
+3Ty+(ch+caz}f31e“"v+(cal+caz}f32eq’y
@ @
<-3JB1d3AP ke 3 +B1d+ Dyu— 2Py APre 2 +dpd +a+a+b+p
(53Ck

+ =y (@1 @) prev + (@1 + D2)fre%.
(5.12)
Concerning the equations fifth and sixth within the framework of system (5.5),

namely
dp(t) = —pr(Ddt +01dBy (), dD(t) = —pyD(t)dt + 5,dBy(1).

Referring to the literature [113, 114, 156}, it can be readily established that
both ¢(t) and @(t) exhibit ergodic characteristics, leading to their eventual
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weak convergence towards the invariant densities

2

- pi
mi(g) = Jge o (geR;i=1,2),
62 62
respectively. Namely IN(O, 2—1} and IN(O, 2—2} Therefore, combining the er-
P1 P2

godic theorem [115], we obtain

2.2

22
1 _ 2 [ e
J- e"mi(t)dt = —J- e’ +_"’F_’r"_dr:e_‘4’7’r"_,for any e>0,(i=1,2), as.
R Ve Jr
(5.13)

Simplifying matters, we assign values Oy =

parla+a)(Ry—1)

52 ’
4Gy + @)1 kAePt
3 +a)(R5 -1 (D + @ (D) + @

4((51 + (ﬁz}ﬁ_erE
(x(t), v(t),v(t), z(t), @(t), P(t)) € E for all > 0 it can be asserted that

. 1 . 1 kA S,
e?Wy(t) < (4—00 + OOeZ‘P(‘l}v(t} < @v(tH OoZez‘P(”

1 < 1 - A
eCD(t)y(t} < (E + Ooech(f)}y(t} < 4_(5{}y(t}+ OO_eZCD(f)

0 M1
and let
9 9 9
_ Apike™r  _ Apre®2  _ ABike™1
@1 = ud?2 2T T gz 37T u?d

Combining (5.12) and (5.13) we get

2 2
0] d 03

¢ h
Ly <- (“;“}(Rg —1)-33@103Af1k(e3 —e30P1)— 2o, Afy(e 2 —el0P2)

+b+ﬁ+(@3Tdc+a‘O}y+a0E+(cﬁl
H2

- kA 9 AL 2
+@2)ﬁ1—00(82(p—ef’11 }+((51+(52}[3’2—Oo(ezq)—eré}
H2 M1
<_ (a+a)
B 2

(Ro— 1)+ Wi(@, D)+ Wy(p),
(5.14)
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where
@ 012 o 022
Wi (0, ®) = =3@1@3Af1k(e3 —e55P1) =2 3d,Afo(e 2 —e16P2)
+((51+@2}f§1&00(82¢—8#}+((51+(52)f3_2£60(82®—8%)
H2 231
@3ck kA
Wh(p) = ( 3b +a0}y+b+ﬁ+a0#—.
2

In the same vein, utilizing It6’s formula on V,, V3 and V4, respectively, results

in
2 P
LVZ:—Q—M—Q+d+a+a+u
X vy v
+pz-— ﬁ_zecpx +Brefv+ ﬁ_zecpy
5.15)
Ak (
S————y+d+a+a+u
X v
Ak - kA - A
+ S b fi—e? + fr—e®,
H2 H2 M1
bp_ Pp
A—dx—ay-ay ky—m)—?z—?z
£V3: - + p
.‘ul_x_y '.u_z—’{)——z
c
(5.16
pp )
S_—ay + £ +p1+ o
n‘ul_x_y }42—‘{)——2
A kA
where j; = —, i, = —, and
" H2
| o2 o .. 2o
£V4:—plq0(e‘P—1)+7.e‘P—p2(D(e —1}+?e : (5.17)
By (5.14), (5.15), (5.16) and (5.17), we get
IS _ _
v <0 e 1)L EWi (g, @)+ SWs(y)
Bp
Ay @
X v op-x-y yz—v—%z (5.18)
cAk o _kA__, oZ _ A
d I+ 10 + —— + (—L e? 4 (=2 2e®
td+ata+u+p+p+ 5 + 5 +f31#2 Je¥ +( > +ﬁ2}41}e
—p1@(e? 1) — p,@(e® - 1).
Considering

I PikA _
Ag = sup{(g—l + ﬁl—}e“"— ﬂq()(.e‘“’— 1}} < 0o,
@R 2 H2 2
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s
A
A7:mm{ﬁ2+ﬁl4§%12®w®—n}<m,
ocr | 2 F1 2
it follows that
ﬁvSU(x,y,v,z,q(),(b}+(§Wl(q(),(D}, (5'19}

where

_S(a+a}

57— (Ry=1)+SWa(y)

b,
C

D(x,v,v,2,¢,0) =

ky ay

X v p—X-—7Y ,uz—‘b‘—gz
c

+d+a+a+u+b+ﬁ+y‘l+y‘2+A6+A7+u—?qo(e‘i"—1}—p—22®(eq’—1}.

(5.20)

* Step 2. (Construction of a compact set): Define a bounded closed set IH by

H, := {(x,y,v,z,qo,CD}TEE:er,yZe,vzez,x+;} Sﬂl—ez,v+gzs;{2—€ ,
c

1 1
<= o< -\,
ol <~ ol < -}

2

Here, consider a positive constant € that is sufficiently small, meeting the fol-

lowing set of inequalities

A
~Z i Ag< -1,
€

b
< __—J
S((D3ck + ba_g}

k
—+Ag<—1,
€

o
—=+ Ay <1,
€

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)
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Our empbhasis is placed on the sets listed below
II—IE 1= {(x, V,7,2, q(),(D}F1r €EX,x< 6},11‘12_2 = {(x, V,7, z,q(),CD}F1r €& y< 6},
e3_{(Jc v,v,2,¢,P EE,v<€2,y2€},
=i(x,p,v,2z,0,® EE.,x+y<;Il—€2,y2€},

:{xy,vzqo, EE,v+£z<;{2—€2,226},

c

1
c6= {(x v,v,2,¢,P E.._.,|q()| > - |(D| > — }

Clearly, E\H, = UII—I . Subsequently, we will verify that D(x,y,v,z,¢,®) <

—1 holds on H, nece551tat1ng confirmation across the six aforementioned re-

gions.

— Case1: For any (x,9,v,z, ¢, (IJ}F1r € II—IE_I, in view of (5.20), we have

U(x;?,‘b‘,Z,qO,(D}S—£+‘S_'W2(y}+d+a+a+u
X

Ak
+b+ﬁ+yl+y2+A6+A7+c—
P2 (5.27)
A
<-—+A
= € 9
<-1

which follows from (5.21) and
@3¢k
Ao =S[(—,

A kA
+dg)—+b+ptray—|+d+at+a+u+b+ P+ +pp+Ag+
H1 M2

A7+ —< 0.
H2

— Case 2: For any (x,v,v,z, @, (IJ}F1r IS II—IE_Z, according to (5.20), we obtain
S(a+ a)

D(x,v,v,2,¢,P) < - (Ry - }+SW2(y}

Ak
+d+a+a+u+b+ﬁ+yl+y2+A6+A7+C—
K2 (5.28)
- @3ck
<- ‘S(““}(RO 1)+ S5+ dole +Ag

S_]-}

as a consequence of (5.22) and

S A Ak
ASZS(b+ﬁ+aO }+d+a+a+u+b+ﬁ+,u"l+;I2+A6+A7+C_<OOI
H2 H2

S(a+a}

~—5— Ry 1) +Ag<-2. (5.29)
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— Case 3 : For any (x,v,v,z, @, (IJ}F1r S I[—I2_3, from (5.20), we get

U(X;?,‘U;ZJQOJCD}S—k—y+‘5_'W2(y}+d+a+a+u
v

Ak
+b+ﬁ+¢a+ﬁQ+A6+A7+£——
H2
2o k_j A (5.30)
€
k
<-—-+A
= € 9
<-1

—_— ’

as a result of (5.23).

— Case 4: For any (x,v,v,z, @, (IJ}F1r S I[—IEA, according to (5.20), we have

wmyu;@ﬂnS——JEL—+SWﬂw+d+a+a+u+b+ﬁ+m+ﬂ2
Pr—x—Y
Ak
+A6+A7+£——
H2
S—a—ze-i-Ag
€
<—g+A9
<-1

(5.31)
which follows from (5.24).

— Case 5: For any (x,9,v,z, ¢, (IJ}F1r € I[—IE_5, by (5.20), we obtain

pr,
Dix,y,v,2,¢,P) < - ¢ +‘S_'W2(y}+d+a+a+u+b+ﬁ+ﬂl+y’2
Po—v——2z
Ak
+A6+A7+£——
H2
pe
S—€—2+A9
p
<-—+A
== 9
<-1

(5.32)

as a consequence of (5.25).
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— Case 6: For any (x,9,v,z, ¢, (IJ}F1r € I[—IE_G, from (5.20), it follows that

D(x,y,v,2,¢,P) < - p2—lq0(e‘P— 1)- p—22(D(ecD— 1}+SW2(y}+d+a+a+

Ak
u+b+ﬁ+_u_l+_,u_2+A6+A7+c—
H2
-1

Pl+92(1_e?}
€

<Ag—

S - ]-}
(5.33)

as a result of (5.26).

Considering (5.27), (5.28), (5.30), (5.31), (5.32) and (5.33), it is evident that we

can readily deduce the existence of a sufficiently small €

D(x,9,v,2,¢0,P)< -1 for any(x,y,v,z,qo,(D}TEE\II—Ie. (5.34)
Let
S(a+a s - Ak o
Mig:=  sup {— JRy- 1)+ W) - = F
(x,0,0,2,¢,0)T eREXR2 X v o H1—Xx—Y
P,

c _ _ cAk
——————t+dtata+tu+b+p+pu+pn+Ag+ Ay + —
Pp—v—=2z H2
c

P e —1) = P2p(e® - }
> ee¥-1) > De” —1)3.
Then :

V(x,p,v,2,¢,®)<Ajg<co  forany (xv,v,2z¢ @7 cRxR%. (5.35)

* Step 3. (Existence): For any initial condition (x(0), »(0),v(0),z(0), ¢(0),P(0)) €

E, integrating both sides of equation (5.19) from 0 to t and subsequently com-
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puting the mathematical expectation results in

V(1) (1), (1), 2(1), (), D(1)
- t
_EV(x(0),9(0),v(0),2(0), 9(0), ®(0))
t
t
; %J; E(LV(x(5), 9(5), v(5), 2(s), @(s), B(s)))ds
_ EV(x(0),2(0),v(0),2(0), ¢(0),(0)
- t

1 t
+ _J; IE(U(X(S}, ?(5};’0(5}; Z(S}, GU(S)JCD(S}}}dS

0

(5.36)

t

-1t
+SIE(?J; Wi(@(s), D(s)))ds.

To a certain extent, employing (5.34) and (5.35), one obtains

t
%f E(D(x(s), v(s), v(s), 2(s), @(s), D(s)))ds
0

1 t
:? J; E(D(x(s), y(s}; v(s), z(s), @(5}: (D(5}}}]1(x(s),y(s),v(5),2(5),@(5),@(5))T€H5ds

1 t
+o J; EW(x(s), p(s), v(s), 2(s), @(s), P()) L x(s),0(5),0(5),2(5)0(5) D(s)) T (E\H,) DS

Ao [ 1 (!
ST 0 L (x(5).0()v(5),2(), () D (5) TeH A5 s L(x(5)9/(5).0(5),2(5),p(5), () Te(@\ H, ) 45

AlO +1 t
s-ls— J; L (x(5),9(5)0(5),2(5),p(s),D(s)) T €M -

(5.37)
Combining (5.36) and (5.37) yields

Ap+1 EV(x(0),y(0),2(0),2(0), ¢(0),P(0))
; J; L (x(5),9(5),v(5),2(5), () D(5) TeH A5 21 — ;

-1t
- SIE(? J- Wi(@(s), D(s)))ds.
0
(5.38)
From a different perspective, relying on (5.13), the strong law of large numbers

[112], and the ergodicity of Y;(t), (i = 1,2, Y;(t) = @(t) and Y5(t) = D(t)), we

1 (! 0247 1t 0247
— N _ i |ds| = E|lim — | 9V ds|—e i
t 0 t—oo f 0

926:-2
= J- eGTHI‘(T}dT— e¥i =0, as.YO>0.
R

obtain

IimE

t—00
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This, coupled with the formulations of W (¢(s), ®(s)), implies

t
lim IE(%J; Wi(@(s),®(s))ds =0, a.s. (5.39)

By taking the lower limit on both sides of (5.38) and consolidating with (5.39),

one arrives at:

S
hg‘gggf;L Lxopsrverztrp@e@)Ten ds 2 £ >0 as (5.40)

Considering the definition of event probability and invoking Fatou’s lemma

[136], the expression (5.40) is tantamount to

>0 a.s.
(5.41)

t
li}“ﬂi(r)lf% J; P(s, (x(s), p(s), v(s), z(s), @(s), P(s)),He)ds > Agrl
In the context of P(¢, (x(t), y(t), v(t),z(f), (t), P(t)),IH.) denoting the transition
probability for (£, (x(t), v(t), v(t), z(t), @(t), CD(t}}Flr within set H., Lemma 2.33 es-
tablishes the existence of at least one stationary distribution W(.) on R} x R?
for the system defined by system (5.5). This distribution possesses the Feller
property, thereby concluding the proof. O

5.4 Probability density function

In this section, we will derive the explicit formula for the probability density func-
tion of the distribution W(.). Mathematically, obtaining the probability density for
system (5.5) is a more detailed and specific task compared to finding the stationary

distribution. We begin by presenting equivalent transformations of system (5.5).

5.4.1 Equivalent reformulations of system (5.5)

Firstly, we define a quasi-chronic infection equilibrium E* = (x%, y+,v+, zT, q()+, CIJJF}T
subject to stochastic influences through the following equations

A—dx" —p; e xTut - fﬂ_zeq)+x+y+ =0,

dﬁ_l e xTut + ﬁ_zecp+ x+y+ - ay+ - ay+ =0,

kvt —uvT —pvtzT =0,

) P (5.42)

cvizt—bz" - ﬁz+ =0,

-p19” =0,
—pz(b+ = 0




5.4 Probability density function 121

By solving Equation (5.42), we find that if R{; > 1, then
xT = x*,y+ = y*,v+ =v%,z =2 p" =0T =0,

where x",9",v" and z" are the same as in Section 5.1.
Let (x1, x5, x3, xil}r1r = (x—x",y-p",v—0", z—er)rlr According to It6’s integral and system

(5.5), the corresponding linearized system of (5.5) around E" is given by

dx) = (—aj1x] — a12X — a13x3 — a15X5 — A16X6)d1,
dx, = (ay1X] —Ay,X5 + ay3x3 + aysXs + AyeXg)dt,

dx3 = (a3yx; —az3x3 —azgxy)dt,

(
(
(

(5.43)
(

dxy = (a43x3 — agqxg)dt,

dX5 = —leC5dt+O'ldBl(t),

dXG :—pzxédt+02d32(t},
where
ayp =d+prv’ +payT > 0,a1=pox" >0,

apz = f3_1x+ >0,a15= f3_1x+v+ >0,a14= f3_2x+y+ >0,

prxTv*

+

a21:f3_1v+>0,a22:a+a—ﬁ_2x+: >0,

ay3=F1x7 > 0,ay5=P1x v" > 0,6 = fox"y" >0,

a3, =k>0,a33=u+pz >0,a33=pv" >0,a33=cz >0,a34 =b+p—cv" =0.
5.4.2 Probability density of stationary distribution \V(.)
Theorem 5.3.

If Rf} > 1, the stationary distribution V(.) around ET approximately has a normal

density function, which is defined by

J(x9,v,2z,@,¢)= (21'1t)_3|):|_1/2 exp {—%(x —xt, Y- y+, v-v',z-z", - ¢, ¢ - (f)+)):_l
(x=x"y—p v—vz-2"0-9" - 9M)T},

where ¥ is a positive definite matrix, and the specific form of ¥ is given as follows

1. If P, =0, then

T = 07(Q11Q10Q9Q3Q:Q1) " o1 [(Q11Q10Q9Q3Q2Q1) T
+ QZ%(szQzlQ20Q14Q13Q12)_1)j}z[(szQzlQ20Q14Q13Q12)_I]T'
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2. If P, #0, then

T = 0§(Q6Q5Q4Q3Q:Q1) ' 01 [(Q6Q5Q4Q3Q2,Q1)']"
+03(Q17Q16Q15Q12Q13Q12) ' T02[(Q17Q16Q15Q14Q13Q12) 1"

3. If P4 =0, then

Y= QJZ(Q8Q7Q4Q3Q2Q1)_IEI}1 [(QsQ;Q4Q3Q,Q)) 7"
+0,7(Q19Q18Q9Q8Q7Q6) " T02[(Q1oQ18Q9QsQ7Qe) 17,

where P(i = 1,..,7)and P, = 0;Q;,Q;,Q;(i =1,2);9:, 9,9, x1, Xi» £:(i = 1,...,5) and
0j,01(i = 1,...,4) are shown in (5.49), (5.50), (5.51), (5.52), (5.53), (5.55), (5.57),
(5.58), (5.61), (5.63) and (5.65), respectively. Q;, Xo;, Yo; and EZOI- will be given
in the following proof, Vi =1,2;j=1,..,22.
Lemma 5.4 ( [93], Definition A.1, page 17).
If the matrix A is a |-dimensional square matrix whose characteristic polynomial is

defined as @ ,(A) = Al +a; A +a2/1!_2 +--ta_1A+a,

ay as ds - Adgk-

L a; ag -+ ax_
AR =0 ay az - a3l

00 0 - a

k=1,2,..,1 then matrix A has all negative real-part eigenvalues. In this case, we call
A €RH(]).

Lemma 5.5 ( [157], Lemma 2.4, page 08).

Consider the five-dimensional real algebraic equation

HE + AgXo + ToAd =0,

where X is a symmetric matrix, Hy = diag(1,0,0,0,0) and

81 —& 8 ~§% &
1 0 0 0 0
A=l o 1 0 0 o0
0o 0 1 0 0
0o 0 0 1 0
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If Ay € RH(5), or its equivalent

My=g1>0My=g192-93>0,My=g1(293 - g181) — (8f —5185) > 0,
Mg = (819>~ 3)(9394 — 85) — (g184 — g5)> > 0, and g3 > 0,4 > 0,

then ] _
0ip, 0 -0 0 033

0 6y, 0 —635 0
Yo=|-0p, 0 O35 0 Oy
0 —055 0 04y O
(013 0 04 0 Oss |

is a positive definite matrix, where

Our — 82(8384 — 8285) — 84(8184 — &5) 0., — 8384~ 8285
11 — 2= 7 Aaxgr

2M, o2 oM,
O $184785 o 81848 5 _ Ms

Lemma 5.6 ( [158], Lemma 4.1, page 18).
Let AgXg + Hg + EOAE; = 0, be an algebraic equation where Hy = diag(1,0,0,0) and

Yy is a symmetric matrix real, and the standard matrix

If g >0,33>0,844>0 and §13,33 —gr32 —glzg4 > 0, then X is a positive definite
matrix, where

$285 0188 _ . ) 6 ,
2081 8283 - 83 - 41 84) . 2(81 8283 -85 - 81 84) )
v e B 0 e
g = o 2818283 —03'3—3'] A1) . Al_g]ggg3;g3 -4184) .
2818283 - 43 -4744) 20819283 -85 - 2] 24)
0 SR W— 0 f182-83
T T2T3 -85 - T8y 20818283 -85 - 81 8a)

Proof. To simplify matters, let X = (xy, x5, x3, x4, x5,%6) T, B(t) = (0,0,0,0, B, (t), B5(t))7,
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; 0000 0 0
—d —d —d —d —d
11 12 13 0 15 16 0 0 0 0 0 0
a —d a a a
A [2)1 022 23 205 [2)6 H 0 0 0 0 0 0
- a —d e ’ = ’
e 0000 0 0
0 0 0 0 -p 0
0000 o, 0
0 0 0 0 0 -p
0000 0 o

with these notations, system (5.43) can be rewritten in the following equivalent form

dY(t) = AY(t)dt + HdB(t). (5.44)

According to the theory of continuous Markov processes [159], system (5.44) has a
unique probability density [J(x, x5, X3, x4, X5, x¢), which is governed by the following

five-dimensional Fokker-Planck equation

b J of 92 o5 P B
57 (Y(0).1)+ aT(t}[AT(t}j(T(t)’t}]_Ta_;éj(x(t}’t}_?a_xgj(ﬂt)’”_ 0.

(5.45)
Next, we will derive the precise expression for the probability density by solving
Equation (5.45). Note that %j(]’(t}, t) = 0 in the stationary case. Because the diffu-
sion matrix His constant, the probability density 7 (7") can be expressed as a normal

distribution, as demonstrated in Roozen’s study [160], namely
Lo
T(Y) = sexp(—ET DT),

where D is a real symmetric matrix and s is a positive constant that meets the nor-

malization condition JNdYy =1.
]Ré

Inserting these results into Equation (5.45), we get that the constant s = (2H}_3|E|_%

and D satisfies the subsequent algebraic equation
DH?D+DA+ATD=0. (5.46)

If D is positive definite and therefore invertible, let D! = ¥. Under this condition,

the algebraic equation (5.46) can be reformulated as follows

H?2+AY+XAT =0 (5.47)
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Taking into account the finite independent superposition principle [159],and so

H? + A% +3;AT =0,

i=1,2,

where H{ = diag(0,0,0,0,07,0), H3 = diag(0,0,0,0,0,07), and the symmetric matri-

ces ¥; (i = 1,2) are their solutions, respectively. It is easy to see that 0% = ¢{ + 03 and

H? = le + sz We are now ready to determine the specific form of o and verify its

positive definiteness, which we will accomplish in two steps.

Step 1

Let

HZ+ Ay, +3,AT = 0.

Define A} = (Q3Q,Q1)A(Q3Q,Q;)™", where

o O o O = O

0
0
1
0
0
0

0
0
0
1
0
0

o = O O o O

o O o O O =

- o o O o o

Then it is straightforward to obtain that

where

Pl =dy tajpt+axy—an iO,Pz =

h=ap—aiply=—apt

—ais
0

0
0
0

apsasn
Py

100000 10 0
010000 01 0
011000 |00 1
000100’Q3_00%
000010 00 0
000001 00 0
00 0 0 0
oty —ai3 0 —ae
P, i35 0 0 0
0 P, -—as3 —azg 0 |
0 Py a3 0 0
00 0 0 —p
a32(_a11312_a22} N 03;?‘32 gy, Py = o5 =

yl3 =—ayp—das;.

Based on the value of P;, which is

(5.48)

- o o O
o o o O
o o o O

o
[a—
o

—a34437
P’

(5.49)
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Case 1

If P, 20, Let Ay = Q44 Qil, where Q4 has the following form

o o O

0
0
0
Qq= 0

1 0
01
0 0
0 0
0 0

o o = O O

0
0
0
0
0

— 1

000 0 01

Then it is easy to obtain that

—dis o 2 —di3 0 —die
0 P 1 0 0 0
A2 _ 1 3 )
0 0 P2 Iq —A34 0
0 0 0 P G 0
0 0 0 0 0 —P2
where )
—az3P;  asyP; —a3,Ps
Pf = + + A2 ’ = . 5.50
4 P, P2 34 P, (5.50)
Depending on the value of Py, we examine the following two conditions
Case 1-1
If P, 20, Let A3 = QsA,Q5", where Qs is given by
1 0 0 0 0 O
0 P PPy PPy(-ajp—ax—a3z3) P B 0
0 0 P2P4 —a33P4 P5 0
Qs = ,
0 0 0 Py G 0
0 0 0 0 1 0
0 0 0 0 0 1
where
az4as3P; a3y P Ps
P5: 7_'9%4}1)6:1)4“%3} P7 :P4a33a34— . (551)

P P
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Then
—pP1 0 0 0 0 0
—ai5sP1 PPy —o0; -0y, —03 —o04 —ajePiPsPy
0 1 0 0 0 0
Aj = ,
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 —p2
where
01 =—(ly +13+14+15),00 = Pyazy — Py + 1113+ 1 1g+ 1115+ 1304 + 1305 + 1415,

03 = Py1yty — 111304 — 111315 — Ly L4ls — Iy Igls — Pyasgly — Pyasgis + Pytyis — P Pyays, (5.52)

04 = 11131415 — Pi1yigts — Py Pyiyazg + Pyazaiyis + Py Pyay3is.

Additionally, let A4 = Q6A3le, where Qg is given by

—aj5P PPy -0y -0, —o03 —o04 —ajgPiPPy
0 1 0 0 0 0
0 0 1 0 0 0
Qs =
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

Through straightforward calculations, we obtain

-9 =9 93 -9 95 -a;cPiPPypr—p1)
1 0 0 0 0 0
0 1 0 0 0 0
A4: - ¥
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0>
where
91 =p1 +01, 9 =01p1 + 03,93 = 0zp1 + 03,94 = 03p1 +04,95 = 04p1. (5.53)

Moreover, Equation (5.48) can be reformulated into the following form

(Q6Q5Q4Q3Q,Q1)HE(QQ5Q4Q3Q2,Q1)™ + A4(QsQ5Q4Q3Q,Q1)X1(QsQ5Q4Q3Q,Q1)T
+(Q6Q5Q403Q,Q1)21(Q6Q5Q4Q3Q,0Q1) " A =0,
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that is,
HZ+ AT + XAl =0, (5.54)

where 2g; = 07%(Q6Q5Q4Q3Q:Q1)21(Q6Q5Q4Q3Q,Q1)" and Q) = —a;5P P,Pyo7.

Based on Lemma 5.5, we can conclude that X, is given by the following form

©11 0 -©,p 0 ©33
0 ©, 0 -0 0
-0 0 ©33 0 -Oy
©33 0 -©4 O Os5
0 0 0 0 0

hg|
=
—
Il
o o o o o O

where

95(9394 — 9,95) — 9y(9 84 — 95)

O = . ,

M 2[(919, — 93) (9394 — 9,95) — (9194 — 95)2]

_ 9394 — 9,95

227 D[(9195 — 93)(93 94 — 9,95) — (9194 — 95)2]'

o _ 9,9, — 95

P37 D(818;, — 95)(83 94 — 9,95) — (8,84 — 95)2]

919,95

@4422 o
[(8197 —93)(9394 — 9,95) — (8194 — 95)?]

o 191(3233—3134)—(9%_31195)

55

T 2[(819, - 93)(93 9 — 9,85) — (9194 — 95)2]

Then ) = Q3(QsQ5Q4Q3Q,Q1) ' £01[(QsQ5Q4Q3Q,Q1) "] and the leading prin-

cipal submatrix of order five of X(; is positive definite as demonstrated below

O 0 -0, 0 ©33
0 ©, 0 -0 0
(05)
o1 =] O, 0 ©33 0 -Oyy
©33 0 -©y 0 Os5

Case 1-2
If Py = 0, Let As = (Q3Q7)A»(QsQ7)™", where the standardized transformation ma-

trices Q7 and Qg are defined as follows
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1 0 0 0 0 0
az4P; az4P;
0 PP, P(-ax-—aj;—az+ ) ) (—azz+ ) )? azgaz; O
az4P3
0 0 P —da3 + —a 0
Q, = 2 33 P, 34
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
and
—-a;sP P, —o; -0, —o03 —o4 —ajcPP,
0 1 0 0 0 0
0 0 1 0 0 0
Qg =
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
Direct calculation gives that
-9 =9 =93 -8 -9 -a16PP(p2—p1)
1 0 0 0 0 0
0 1 0 0 0 0
As = ,
0 0 1 0 0 0
0 0 0 G 0 0
0O 0 0 0 0 —p»

where

19_1 =p1+o01, 19_2 =01p1 + 03, 19_3 = 0,01 +03, 19_4 = 0301, 19_5 =o04p1 —04G with (Py=0).
(5.55)
Likewise, Equation (5.54) can be reformulated into the following equivalent expres-

sion

(Q3Q7Q4Q30Q,0 }HE(Q8Q7Q4Q3Q2Q1}T + A5(Q8Q70Q4Q3Q,Q1)T1(Q:Q704Q3Q,Q1)”
+(QsQ7Q4Q3Q,Q1)%1(QsQ7Q4Q3Q,Q) AL = 0.

i.e.,

HZ+As¥g, +X01AL =0, (5.56)
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where To; = Q1 (Q5Q7Q1Q30:Q1)%1(Q5Q7Q4Q3Q,Q1)" and O = —ay5Pi Pooy.
Referring to Lemma 5.6, we obtain that To; takes the following form

O 0 -0, 0 00

0 ©, 0 -03 00

a -0,, 0 O3 0 00

Yo1= 2 - ,

0 -6 0 Oy 00

0 0 0 0 0 0

0 0 0 0 0 0

where
o, P31 (0102 —03) + 05(p102 + 03) ~ p102 +03
11 = 3 2 P22 = 3 2 »
2(py +pyo1 +p102+ 03)(0102 —03) 2(py +pyo1 +p102 +03)(0102 —03)
- p1+0] 3 p101(p1 +01)+ 0107 — 03

33~ /B4 = .
2(p3 + ptoy + p1 0y +03)(01 0, —03) 2(p} + p?0, +p10, +03)(0105 —03)

Then ¥ = (0, *(QsQ,Q4Q3Q,Q1) ' £01 [(QsQ7Q4Q3Q,Q1)"|T and the fourth-order

submatrix of X is positive definite as shown below

O1; 0 -0, 0
oy | 0 ©p 0 -Os
-0,, 0 SN 0

0 -©3 0 Ouy

Case 2

If P, =0, Let Ag = Q9A; Qg_l, where Qg has the following form

Qo =

o o o o o

o = O O O O

0
0
0
1
0
0

0
0
1
0
0
0

o o o o O =
o O o o = O
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then we have

-1 0 0 0 0 0
—ais L Iz 0 —ayz —die
0 Py 13 0 0 0

0 P3 0 as4 0

0

0 0 0 —-azy —aszz O
0o 0 0 0 0  —p
Next, define A, = (Q,Q;0)A4¢(Q1Q10)"}, where the standardized transformation

matrices Q;p and Qq; are defined as follows

1 0 0 0 0 0
0 —a3uPi Py a3sPs(azs —13) —ass(a3;—azy) ass(2a3,—azs) O
0 0 —a34P3 a33P3 a§3 —a§4 0
Qo0 =
0 0 0 —d34 —d33 0
0 0 0 0 1 0
0 0 0 0 0 1
and
ajsazaP Py —0y —0p, —03 —0y ajgazP P
0 1 0 0 0 0
0 0 1 0 0 0
Qn = ,
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
where
0y = —(1y +13+a33),0, = 1113 — 11a33 — 13433 + a3, — Pi1y, (5.57)
0_3 =I113d33 — a§4£1 - a§4£3, 0_4 = a§4£1£3.
It can be readily shown that
=91 =9, -9 -9 -5 nlp1-p2)
1 0 0 0 0 0
0 1 0 0 0 0
A; = ,
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 —p2
where . . .
191 :pl+0_l,192 :0_lpl+0_2,193:0_2p1 +0_3, (558)

94 =03p1 + 04,95 = 04p1.
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Additionally, Equation (5.48) can be equivalently rewritten in the following form

(Q11Q10Q9Q3Q,Q1)HZ(Q11Q10Q9Q3Q,Q1)T
+A7(Q11Q10Q9Q3Q,Q1)% (Q11Q10Q0Q3Q,Q1)T
+(Q11Q10Q9Q3Q,Q1)%1 (Q11Q10Q9Q3Q,Q:1)TAT = 0.

The preceding equation can be reformulated as the following equivalent expression

HZ+A7%0 + 1AL =0, (5.59)

where ¥o; = 07%(Q11Q10Q9Q3 Q2Q1)21(Q11Q10Q9Q3Q2Q1)" and Q0 = aysassPPsoy.
By applying Lemma 5.5, we derive that 2:01 assumes the following form

©, 0 -0, 0 O3 0
0 ©, 0 -0 0 0
_ —0,, 0 O3 0 -0y 0
Yo1 = - - ,
0 -0 0 Oy 0 0
O3 0 -Oy4 0 O5 0
0 0 0 0 0 0
where
. - )5(939, — 9,95 — 94(8, 9, - 5))
nN=—"—"—=5 = ==
20(8; 9, - 83)(859, - 8,9) — (8, 9, - 85)2]
; §,9,- 8,9
Oy =
2[(8; 9, - 83)(859, - 8,9) — (8, 9, - 85)2]
= 8194 - 95
2[($ 32—33}(331?4_—321?5}—(31 94 —95)%]
- 919, -9;
@44 r
2[(3132—33)(3334 9,95) — (8,94 - 95)?]
o - 81(8,8; - 819, - (93 - 8 %)
o5 =

20($19; — 5)(95 84— 5,95) - (8, 84 - 85)2]

Then £ = OF(Q11Q10QQ32Q1) ™' To1[(Q11Q10Q9Q3Q,Q1) '] and the leading

principal submatrix of order five of Yo is positive definite as demonstrated below

O 0 -0, 0 Oy
0 ©, 0 -0;5 0
05) = = =

o=l -6 0 @ 0 -Oy
0 -©3 0 Oy 0

©3 0 -Oy 0 O
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Step 2

Consider the algebraic equation
H? + AY, + 3,AT = 0. (5.60)

Following the procedure outlined in Step 1, we define Ag = (Q14Q;3Q12)A(Q14Q13Q12) 7",

where
00000 1 100000 10 0 000
100000 010000 01 0 000
o1 0000 o1 1000 oo 1 000
le_001000’Ql3_00()100’(2”‘_00%100
000100 000010 00 0 010
000010 00000 1 00 0 00 1

Then we compute that

-p2 0 0 0 0 0
—a1e 11 12 —ay3 0 —aps
0 P 13 O 0 0
0 0 P, —az3 —azy O
0 0 P; a3y 0 0
0 0 0 0 0  -p

Given the value of P,, we will examine the following two cases:

Case 1

If P, %0, Let Ag = Q5A3Q]3, where

o O

Q15 =

o o o O

1
0
0
0
0

o o©O o = O
[a—
o o© o o O

0 00 0 01
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Next, we calculate that

-p2 0 0 O 0 0
—ayg by b —az 0 —ays
0 P 13 0 0 0
0 0 P, 14 -ay O
0O 0 0 P G 0
0

and so
Case 1-1
If Py # 0, Let Ajg = (Q17Q16)A9(Q17Q16) ", where the standardized transformation

matrices Q;4 and Q;- are defined as follows

1 0 0 0 0 0
0 P P,Py PiPy(—ajp—az;—az3) Ps P 0
0 0 P2P4 —a33P4 P5 0
Q16 =
0 0 0 Py G 0
0 0 0 0 1 0
0 0 0 0 0 1
and
—a1P PPy —0; —0y —o03 —o04 —ajsPiPPy
0 1 0 0 0 0
0 0 1 0 0 0
Q7 =
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

Then it becomes clear that

-X1 —X2 —X3 —Xa —X5 —aisPiP,Py(p1—p2)
1 0 0 0 0 0
0 1 0 0 0 0
Ay = ’
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 —o1

where

X1=pP2+101,X2=010P2+F02,X3 =002+ 03, X4 = 0302 +04, X5 = 0402. (5.61)
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Thus, Equation (5.60) can be transformed into the following form

(Q17Q16Q15Q14Q13Q12)H?(Q17Q16Q15Q14Q13Q12)"
+A10(Q17Q16Q15Q124Q13Q12)%2(Q17Q16Q15Q12Q13Q12)”
+ (Q17Q16Q15Q14Q13Q12}EZ(Q17Q16Q15Q14Q13Q12}TA{0 =0,

that is
HZ + A0z + Z02AT) =0, (5.62)

where Yo, = 057(Q17Q16Q15Q14Q13Q12)22(Q17Q16Q15Q14Q13Q12) "
and (), = —a; 4P, P,Py0;,. By applying Lemma 5.5, we derive that X;; assumes the

following form

11 0 =y 0 33 0
0 =, 0 —Hz; 0 0
-8 0 = 0 -E 0
22 33 44
202 - - - ’
0 —&i33 0 Ziq4 0 0
E33 0 —-E44 0 s 0
0 0 0 0 0 0

where

X2(X3Xa—X2X5)— Xa(X1Xa—X5)
2[(x1x2—Xx3)(X3xa—X2X5)— (X1X4—X5)?]

[1]

11

- _ X3X4— X2X5
—i22 =
2[(x1x2-x3)(x3xa— X2X5)— (X1X4— X5)?]
5 = X1X4— X5
’ 2[(x1x2—x3)(x3Xa—X2X5)— (X1X2— Xx5)*]
B4y = X1X2— X3
2[(x1x2—x3)(X3x2—x2X5) — (X1X1— Xx5)2]
- xi(x2x3 = x1xa) = (x3 - xaxs)
—h5 —

2[(x1x2—x3)(X3Xa— X2X5) — (X1Xa— x35)?]
Then ¥, = Q3(Q170Q16Q15Q14Q13Q12) ' T02[(Q17Q16Q15Q14Q13Q12) " ]” and the lead-

ing principal submatrix of order five of ¥, is positive definite as demonstrated be-

low
En 0 -E» O E33
0 E,» 0 -5 0
Eg};) = O, 0 ©33 0 -Oy
0 —Esy 0 4 0
E33 0 -EZ4 O Ess5
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Case 1-2
If P, =0, Let Aj; = (Q;9Q;8)A9(Q9Q;5)"}, where the standardized transformation

matrices Q;g and Qg are defined as follows

1 0 0 0 0 0
az4P; az4P;
0 PP, Py(-ax—ajp;—az+ ) (a3 + ) )2 azgaz; O
az4P3
0 0 P —dq3 + —a 0
Qs = > 3+ 7p 34
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
and
—a1PP, —07 -0, —03 —04 —a;sP P
0 1 0 0 0 0
0 0 1 0 0 0
Q9=
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

Direct calculation gives that

-X2 - 5 —a1sP1P(p1 —p2)
0
0
0

0

-X1 —X
1 0
0 1
0 0
0 0
0 0

© O O © O X

o O o o o

-p1
where

X1=p2+01,X2=01p2+02,X3 =002 +03,X4=0302, X5 =04p2—04G with (Py=0).
(5.63)

Likewise, Equation (5.54) can be reformulated into the following equivalent expres-

sion
(Q19Q18Q9QsQ7Q6)H (Q19Q18Q9Q3Q7Q6) T
+A11(Q19Q15Q9Q5Q7Q6)%5(Q19Q15Q9Q5Q7Q¢) T
+(Q19Q18Q9Q3Q7Q6)T2(Q19Q18Q9QsQ,Qs) TAT, = 0.
i.e.,

HZ + A1 Zos + oAl =0, (5.64)
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where ¥4, =, *(Q19Q15Q9Q5Q7Q5)22(Q10Q15Q9Qs Q7Qs)T and (3, = —a; 5P, P05

Based on Lemma 5.6, we can conclude that ¥, is given by the following form

5, 0 -Z,, 0 00
0 &, 0 -Ez3 00
B} -, 0 = 0 00
22 3
202 - —_ _ »
0 —Z33 0 =44 0 0
0 0 0 0 0 0
0 0 0 0 0 0
where
2
o, pilo102 —03) +02(p107 + 03) ~ p102 +03
11 = 3 2 P22 = 3 2 »
2(py +pyo1 +p102+ 03)(0102 —03) 2(py +pyo1 +p102 +03)(0102 —03)
- p1+ 0] - p1o1(p1 +01)+010—03

33~ /B4 = .
2(p3 + ptoy + p1 0y +03)(01 0, —03) 2(p} + p?0, +p10, +03)(0105 —03)

Then ¥, = Q,°(Q19Q18Q9Q5Q7Q6) ' T02[(Q19Q18Q0Q5Q7Q6)!]” and the fourth-

order submatrix of ¥, is positive definite as shown below

1 0 —-Ey» 0
- (04) 0 Ex»p 0 -Es
Yoo = = -
—Z02 0 233 0
0 -Ez3 0 By

Case 2

If P, =0, Let A1y = (Q2:0Q51Q20)A5(Q2:Q51Q20) ", where the standardized transfor-

mation matrices Qy9, Qz0, and Q¢ are given by
1 000 0

0
0
0
Qa0 =
1
0
0

01 00 0
0 01 0 0
0 00O 0
0 001 0
0 00O 1
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1 0 0 0 0 0
0 —a3sP P assPs(azs—13) —ass(aizz—a3,) ass(2a3,—a33) O
0 0 —a34P3 a33P3 a§3 —a§4 0
Q21 =
0 0 0 —d34 —d33 0
0 0 0 0 1 0
0 0 0 0 0 1
and
ajeaz4P P —0; -0y —03 —o04 ajsazPiP;
0 1 0 0 0 0
0 0 1 0 0 0
Q=
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
Then
X1 —X2 —X3 —Xa —Xs5 Llp2—p1)
1 0 0 0 0 0
0 1 0 0 0 0
AIZ - »
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0  —p
where
X1=p2+01,X2=01p2+ 02, X3 = 0202+ 03, X3 = 0302 + 04, X4 = 042 (5.65)

Additionally, Equation (5.60) can be equivalently rewritten in the following form

(Q22Q21Q50Q140Q13Q12)H2(Q5,Q51Q50Q,4Q1301,)"
+A12(Q22Q21Q20Q12Q13Q12)%2(Q22Q21 Q20Q12Q13Q12)”
+(Q22Q21Q20Q14Q130Q12)2(Q22Q21 Q20Q14Q13Q12) TAT, = 0.

which implies that
HZ + A0, + £0,AT, =0, (5.66)

where T, = Q32(Q57051Q20Q124Q13Q12)E2(Q2:Q21Q20Q14Q130Q12)"
and Q, = a,¢a34 P, P30,. Referring to Lemma 5.5, we obtain that Yo, takes the fol-
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lowing form:

2, 0 -2, 0 E33 0
0 =, 0 -E35 0 0
i} _E. 0 = 0 -Eu O
22 3 44
Yoo = = _= ’
0 —&33 0 :..4 0 0
Bz3 0 -Bxu 0 Hs 0
0 0 0 0 0 0
where
= _ X2(X3X4— X2X5) — Xa(X1 X4 — X5)
Hll_ = = = = = = = = = = r
2[(X1X2 — X3)(X3X4— X2X5) — (X1X1 — X5)?]
o= X3X4— X2X5
—22 — = = = = = = = = = = ’
2[(X1X2 — X3)(X3X4 — X2X5) = (X1Xa = X5)*]
:=3: X1X4— X5
2[(X1X2 — X3)(X3X1 — X2X5) — (X1X1— X5)2]
:=4: X1X2— X3
2[(X1X2 = £3)(X3X1— X2X5) — (X1X4— X5)2]
- X1(2X3 = X1X4) = (X3 = X1X5)
H5—

2[(X1X2 — X3)(X3Xa— X2X5)— (X1 X4 — X5)*]
ThenX, = ﬁ%(QZZQZl Q20 Q14Q13Q12)_12?)2[(Q22Q21 Q20Q14Q130Q12)"]" and the lead-

ing principal submatrix of order five of )j}z is positive definite as demonstrated be-

low . ) )
o 0 -E,, 0 Ei
0 EZ, 0 -E33 0
)= -8 0 3 0 -
0 -Z33 0 Eyu 0
E;3 0 -Eyu 0 Es

Then ¥ =%, + X, is positive define.Thus, the expression for a normal density func-
tion around the quasi-endemic equilibrium of model (5.5) is derived by

J(%,9,2,0,9,¢) = (21) B[S V2em 10 y=y v 22 g =g I eyt vt 22— =g

This completes the proof. O

5.5 Extinction

This section focuses on analyzing the conditions sufficient for the long-term extinc-

tion of the disease within system (5.5) by utilizing the concept of the basic repro-
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duction number Ry. Initially, a critical threshold Ry is defined to delineate the

conditions for disease extinction

2 2 5 2 2

d o e A 2 1=
Rou g (ef’l —2e®1 +1)2+ P2 7 (ef2 —2e2 +1)7,
min <j<; {C_!} H1 miny <j<o {é}#l

ﬁl (:2 [S’lk+ﬁ2u

ula+a)’

(=
MI'—

Rgx :Rg-i-

where () =

Theorem 5.7.
IfR§ <1, then HIV-1 within system (5.5) with x(0) < xo will experience exponen-
tial decay with a probability of 1. To be more precise
ln(&;ﬁtﬁv} . (5.67
limsup X0 Y < min {g }(RM 1)<0 a.s. -67)

1<i<2

t—co t
Proof. Employing It6’s formula on the natural logarithm of F(t), one obtains

dInF(t)
dt

= %{Cl[(ﬁ_le‘i"v + fre®Py)x — (a+ a)y] + Colky — (u +pz}v]}
= %{Cl(ﬁlv+f§2?}x_[Cl(a+a}—C2k]y—[C2ta]v (5.68)
+C1[(f§le(pv+ [S’_zeq’y}x— Cl[(fj’_lv+ fj’_zy}x}

Employing the formulas for (; (where i = 1,2 ), it is straightforward to verify that
they fulfill the given equalities

{ Cl(a+a)—C2k:ﬁ_2; (5.69)

Cou = [3’_1-
Using the first equation of system (5.5), we find that dx(t) < [xo—x(t)]dt. Considering

x(0) < xq, it follows that x(t) < x¢ for any t > 0. If R < 1, we obtain Ry < 1.
Consolidating equations (5.68) and (5.69) leads to

ﬁl —v(e?-1) +C1ﬁ2 }’(‘3 1)
H1

dInF(t R
Zf(} l(_ox_l(ﬁmﬁzyl #1 :
ﬁl o140, 2280 5.70
<(I3’_10+[3’_2y}(7?,g—1} 01— vle | +C— : yle | (5.70)
) C1y +Cov Ciy+Cov

1<i<2

A
<m1n{ﬁ}(Rg—1} R”‘dwp |+ﬁ2—|eq°—1|,
Hi1 H1
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thus

Inf(t) Inf(0) _ . [Bi _ oudl P(s : b
. ; 1n21<2{c }(Rg 1) J- e ds+ J- | —1|ds,
(5.71)

by applying the ergodicity of ¢(t) and ®(t) and considering the superior limit on
both sides of equation (5.71), we derive the result

limsupln:(t} < min {fé }(R -1)+ Rgudt tJ- e?) —1|ds

t—oco 1<i<2

}1m " J- 6P —1]ds
.-“l =00

= min {E}(Rg— 1}+RO”dJ- |8T—1|H1(T dt+ —J- |e —1|H2(T dr.
1<i<2 Ci M1 R

Utilizing equation (3.14) in conjunction with Holder’s inequality yields the follow-

ing result
a2 ol
f |le” — 1| mi(v)de < (J le” ~ 1| 7i(v)d)? = (ePi —2e%i +1)3, (5.73)
R R

Consequently, based on (5.72) and (5.73)

1 d o _ o LA G 9
limsup nF(t) < min {ﬁl}(R -1)+ Rou (eF’ll —284Pll +1}%+ﬁ2_( > 23452 +1}%

00 1<i<2 i Hi 1
_ 5
(5.74)

If Rgx is less than 1, we consequently have }im F(t) = 0 almost surely, resulting

in }im y(t)=0and }im v(t) = 0, a.s. Thus, the proof is concluded. O

5.6 Computational simulations

To validate our aforementioned theoretical findings through numerous numerical
simulations, we must initially convert system (5.5) into a discrete representation.

Employing the well-established Milstein’s higher-order method [119], we derive the
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discretized equation for system (5.5) as follows:

s W [A - dx) — ﬁ_le‘pjxjvj —ﬁzecpjxjyj]At,

yI*l =y + [Fre? Wl + fre® ¥yl —ayl - ayl]at,

< VIt = vl 4 [kyl — uvl - pviZi|At, (5.75)
2 =20 1 [cvid — b2 - B2t

o =@l —p1p/ AL+ 61@6{,

Pi+tl :cDj—pZCDjAHszeé.

Here, the time step is denoted by At > 0. eg, represents two independent random
variables following the Gaussian distribution N(0,1) for i = 1,2; j = 1,2,...,n. Fur-
thermore, (xj,yj,vj,zj, q()j, (Dj} signifies the respective values of the jth iteration of
the discretization equation mentioned above.

We select realistic parameter values sourced from published references and list all
biological parameter values in Table 5.1. Subsequently, through numerical simula-

tions, our primary focus is on verifying three key aspects:

1. The existence of a stationary distribution for system (5.5) under the condition

Ry > 1.
2. The existence of the probability density.

3. Assessing the impact of significant reversion speed or low volatility intensity

on the quantities of infected cells and free viruses.

Example 5.1.
To numerically establish the existence of a stationary distribution, we set u = 0.3,k =
0.9, and (py,p2,01,02) = (0.1,0.1,0.2,0.4), and the remaining parameter values are

detailed in Table 5.1. Through direct computation, we find that

of o5
RS = A(frke 1 2P1 + fpue®P) ~9.543> 1
0 (a+a)ud ) )

Consequently, satisfying the conditions of ??, we conclude that system (5.5) pos-
sesses a stationary distribution W(.), indicating the sustained prevalence of infected

cells and free viruses with certainty. This is illustrated in Figure 5.1 and Figure 5.2.
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Figure 5.1: Depiction of Trajectories for Uninfected Target Cells x, Infected Cells

v, Populations of Free Viruses v, and B Cells z for Both the Stochastic System (5.5)

and the Corresponding Deterministic System (5.1), Utilizing Parameter Values u =

0.3,k = 0.9, and (py, p3,01,0,) = (0.1,0.1,0.2,0.4).
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Figure 5.2: Frequency Histograms and Marginal Density Functions for
Variablesx, y, v, and z within System (5.5).
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Table 5.1: List of parameter values of system (5.5) .

Parameters Values Source

A 1 [161]

d 0.1 Assumed
B1 0.4 [161]

B> 4.7x1077 [152]

a 0.5 [161]

p 0.06 [152]

b 0.05 [161]

c 0.1 [161]

B 1073 Assumed
a 0.8 Assumed

Example 5.2.
To confirm the presence of the probability density around the quasi-chronic infec-

tion equilibrium, we set u = 0.3,k = 0.9, and (py, p2,01,07) =(0.1,0.1,0.2,0.4), and

+ o+ o+ ot

the other parameters are listed in Table 5.1. Thus, we have E*=(x", y,v,z, q()+, CIJJF}T =

(7.14244,0.5392,0.10002,71.065) and

of o3
RS = A(frke 201 + frue®02) ~9.543 > 1.
0 (a+a)ud

Therefore, the conditions of Theorem 5.3 are satisfied, indicating that system (5.5)

possesses a Gaussian probability density near the quasi-chronic infection equilib-
rium E* . Furthermore, we find Py = 0.06538640289179085 > 0. Consequently, by

the second case of Theorem 5.3, the specific form of the covariance matrix ¥,

3633.1828 —-3790.6157 0.1997 -0.0465 -3.8278 -33.9239
-3790.6157 3954.8711 -0.2084 0.0424 3.9978 35.4337

v 0.1997 -0.2084 0.0000 0.0023 -0.0012 -0.0111
| -0.0465 0.0424 0.0023 -0.5992 -0.0091 -0.0813
-3.8278 3.9978 -0.0012 -0.0091 0.4039 0.0000

-33.9239 35.4337 -0.0111 -0.0813 0.0000 0.4517

, and the marginal density functions of x(t), y(t), v(t) and z(t) can be obtained as
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follows

L,(x)~N(7.14244,3633.1828),L,(y) ~ N (0.5392,3954.8711),

L3(v) ~ A/(0.10002,0.0000),L,(2) ~ NV (71.065,—0.5992).

Figure 5.3 illustrates this.

031 —— 1000000 iterations —— 1000000 iterations
—— 1500000 iterations 154 —— 1500000 iterations
024 —— Marginal density function —— Marginal density function
5 8101
b s
011 0.5 -
0.0 T T T T 0.0 T T T T T
0 2 4 [+] 0.0 0.3 1.0 15 2.0
x Y
2.0
—— 1000000 iterations 0.4 4 — 1000000 iterations
1.5 4 —— 1500000 iterations —— 1500000 iterations
—— Marginal density function 0.3 { — Marginal density function
3] [3]
2 2
2104 =
g £ 02
057 0.1
0.0 f T T T T 0.0 T T T

Figure 5.3: Numerical simulations for the frequency histogram fitting density

curves of x,y,v and z of system (5.5) with 100,000 and 1,500, 000 iteration points,

respectively, and the marginal probability densities of x,y,v and z of system (5.5).

All parameter values are the same as in Figure 5.1.

Example 5.3.

In order to confirm whether rapid reversion rates or low volatility levels can result

in the extinction of infected cells and viruses, we chose specific parameter values,

including u = 0.000043,k = 1, and (py,p3,01,07) = (1.9,1.9,0.1,0.2), while keeping

the remaining parameters consistent with those listed in Table 5.1. Subsequently,

our computations revealed the outcomes
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+ Patr . [e%—Ze‘:_’zz+l
ming ;<; { ?j }#1
~0.0023 < 1.

According to Theorem 5.7, it becomes evident that the infected cells and viruses

will experience exponential extinction. This a

findings depicted in Figure 5.4.

ssertion is further supported by the

10 1 P 0.10 4 l‘ Stochastic
- 1 === Deterministic
/, 1
B 1 I, 0'08 1 ‘
/ '
7 \
i 0061 |
69 ;‘ . :
x ;f > ‘|
0.04 - \
4/ \
| |
] \
! 0021 |\
27 I" Stochastic ‘\
i P A
I === Deterministic 0.00 4 e e e
T T T T T T T T T T T T T T T T T T
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
Time Time
0.10 —— Stochastic
-—~ Deterministic
0.08 A
0.06 A
=
0.04 1
0.02 1 \
0.00 1
T T T T T T T T T
o] 10 20 30 40 50 a0 70 80
Time

Figure 5.4: The solutions of the deterministic system (5.1) and the stochastic sys-

tem (5.5) with the parameter values u = 0.000043,k = 1, and (p1,p2,01,07) =

(1.9,1.9,0.1,0.2).
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5.7 Discussion

This research focuses on a stochastic model of HIV-1 that incorporates virus-to-cell
and cell-to-cell transmission pathways, alongside humoral immune responses and
the Black-Karasinski process. This integrated approach provides a robust frame-
work for analyzing within-host infection dynamics. The study begins by confirm-
ing the existence of a unique global solution for the system (5.5), which establishes
a critical foundation for understanding the model’s dynamic behavior. Through the
application of a stochastic Lyapunov function, we derive sufficient conditions for the
existence of a stationary distribution, offering insights into the system’s long-term
behavior. Furthermore, under these conditions, we determine the explicit proba-
bility density function that describes the distribution of system states around the
quasi-chronic infection equilibrium.

Mathematically, the stationary distribution reflects weak stochastic stability, while
the probability density function adds a nuanced perspective on the system’s dynam-
ics. Biologically, these findings indicate the sustained coexistence and interaction of
all relevant cell populations and free viruses. Additionally, the study identifies con-
ditions under which infected cells and free viruses can be eradicated, providing a
theoretical foundation for designing effective disease control strategies. Notably,
our results underscore the importance of parameters such as reversion speed and
volatility intensity in regulating infection dynamics, with direct implications for
disease management strategies.

To complement the theoretical results, numerical simulations illustrate the influ-
ence of environmental noise on population stability, offering novel perspectives for
controlling HIV infections. Despite these contributions, further exploration is nec-
essary to expand the model’s applicability. Extending the Black-Karasinski process
to other parameters within the system could improve its realism and alignment with
empirical observations. Moreover, examining the impact of alternative stochastic
disturbances, such as nonlinear noise or colored perturbations, may reveal addi-
tional complexities in infection dynamics. Collaborative studies with experimental
researchers and clinicians, coupled with rigorous empirical validation, are essential
to enhance the translational relevance of our findings, bridging the gap between

theoretical insights and practical applications.



Conclusion and Perspectives

This thesis has presented a comprehensive exploration of prominent stochastic epi-
demic models, aiming to address several open questions and challenges in the field
through the development of innovative analytical frameworks. By introducing and
leveraging novel methodologies distinct from those commonly employed in the lit-
erature, the research bridges critical gaps and contributes to a deeper understand-
ing of stochastic epidemiological dynamics. This conclusion encapsulates the major
achievements of the thesis, situating them within the broader context of mathemat-
ical epidemiology, while also identifying potential pathways for future research.

In Chapters 3 and 4, the stochastic dynamics of the coronavirus and measles
epidemic models were analyzed with the incorporation of the Ornstein-Uhlenbeck
(OU) process. Through rigorous analysis, it was demonstrated that the stochastic
systems admit unique, positive, global solutions, ensuring the well-posedness of

these models. By constructing carefully chosen Lyapunov functions, two critical

thresholds were established:

* When Rj, > 1, the existence of a stationary distribution with ergodic properties

is guaranteed, signifying the persistence of the disease over time.

* Conversely, when R{* < 1, exponential extinction of the infectious population

occurs, reflecting effective disease control.

These theoretical insights were further corroborated through extensive numeri-
cal simulations, which provided a vivid representation of the impact of stochastic
perturbations on epidemic dynamics.

Chapter 5 extended this analysis by solving the corresponding Fokker-Planck

equation to derive an approximate expression for the probability density function
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near a quasi-positive equilibrium. This result enriches the understanding of the
stochastic system’s behavior in the vicinity of equilibrium states and underscores

the robustness of the proposed analytical techniques.

The Role of the Ornstein-Uhlenbeck Process

A pivotal innovation in this thesis is the integration of the Ornstein-Uhlenbeck pro-
cess into epidemic modeling. Its mean-reverting property ensures that transition
rates stabilize around biologically plausible mean values, offering a more realistic

depiction of random perturbations than traditional Brownian motion. Specifically:

* In Chapter 3, the OU process was employed to introduce stochastic perturba-
tions to the transmission rate (6), modeling uncertainties in detecting infec-

tious individuals.

* In Chapter 4, the OU process captured environmental noise influencing the
progression rate from the exposed to infectious class (0;) and the disease-

induced mortality rate for measles (0;).

This approach highlights the utility of the OU process in reconciling randomness

with stability, making it a versatile tool for stochastic modeling in epidemiology.

Refinement of Hypotheses and Assumptions

Building upon the insights of previous chapters, Chapter 6 proposed an alterna-
tive framework by incorporating the Black-Karasinski process. This process, which
models the logarithm of parameters such as the recovery rate (f;), addresses limita-
tions of the OU process, particularly its occasional failure to ensure non-negativity.
By integrating the Black-Karasinski process, the research achieves a more biolog-
ically consistent representation of key epidemic parameters while expanding the

applicability of stochastic modeling techniques in epidemiology.

Methodological Contributions

The analytical approaches developed in this thesis, including Lyapunov-based tech-

niques, solutions to the Fokker-Planck equation, and the integration of advanced
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stochastic processes, provide a robust toolkit for analyzing complex stochastic sys-
tems. These methodologies not only offer theoretical insights but also enhance the
practical applicability of epidemic models in predicting disease dynamics and eval-

uating control strategies.

Future Directions

The findings of this thesis pave the way for several exciting research directions:

1. Incorporation of Lévy Processes: Extending the stochastic framework to in-
clude Lévy processes would allow the modeling of jumps and heavy-tailed

distributions, capturing rare but impactful epidemiological events.

2. Machine Learning Integration: Combining stochastic analysis with machine
learning techniques could improve predictive accuracy and optimize interven-

tion strategies.

3. Network-Based Epidemic Models: Future work could explore stochastic mod-

els on networks, considering contact structures and spatial heterogeneity.

4. Time-Dependent Perturbations: Investigating the impact of temporally vary-
ing stochastic perturbations could provide deeper insights into seasonal or pe-

riodic disease dynamics.

5. Adaptive Immunity Dynamics: Integrating stochastic processes with models
of adaptive immune responses offers a promising avenue for understanding

long-term disease-host interactions.

In summary, this thesis has contributed significantly to the mathematical analy-
sis of random epidemic models, offering new perspectives on persistence, extinc-
tion, and stochastic stability. By employing advanced stochastic processes such
as the Ornstein-Uhlenbeck and Black-Karasinski processes, the research provides
a versatile and rigorous framework for studying epidemic dynamics under uncer-
tainty. The methodologies and insights developed here not only address pressing
challenges in stochastic epidemiology but also lay a strong foundation for future

interdisciplinary research.
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