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Introduction

Differential equations (DEs) are crucial in numerous scientific and engineering fields
because they effectively represent complex systems and natural phenomena. They are
essential in describing how physical quantities change over time or space, making them
fundamental in many fields. For instance, in physics. DEs are used to model the motion
of particles and the propagation of heat. In biology, they help in understanding popu-
lation dynamics and the spread of diseases. In economics DEs are employed to model
market dynamics and economic growth. Their versatility and wide-ranging applications
underscore their importance in both theoretical research and practical problem solving,
see [43], [93].

The study of differential equations began with the birth of calculus, which dates back
to the 1660s. It should be noted that differential equations are largely related to the
qualitative behavior of solutions such as stability, instability, convergence, boundedness,
etc. These are very important problems in the theory and applications of differential
equations, see [46], [15], [56].

Neutral differential equations constitute an important class of functional differential
equations. Unlike traditional differential equations, neutral equations allow for the inclu-
sion of delays that depend not only on the current state but also on past states of the
system. This feature makes them particularly suitable for describing phenomena such
as biological processes with memory effects, chemical reactions with transport delays see
[13, 60].

Delay differential equations (DDEs) are a type of differential equation. Delay equa-
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tions have been introduced to model phenomena in which there is a temporal mixture
between the action on the system and the system’s response to that action. For example,
in the process of birth in the biological populations (cells, bacteria, etc.). In [27], the
authors, introduce an epidemic model based on delay equations. Many phenomena en-
countered in physics, biology, chemistry, etc, have found in the theory of delay equations
a good means of modeling (a more realistic means than in the case of ordinary differential
equations). Since the 1940s, the theory of delay equations has known a great development,
in particular we find Bellman and Cooke [21] (1963), Hale [38] (1977), [5, 6, 11, 87].

In recent years, much attention has been devoted to the qualitative properties of
such equations, including existence and uniqueness of solutions, boundedness and sta-
bility. These properties are fundamental for understanding the long-term dynamics of
the systems and for ensuring the reliability of mathematical models used in applications.
Various analytical tools, such as fixed-point theorems, Lyapunov functionals and integral
inequalities have been developed to tackle these issues see [13, 59]. The stability and
the boundedness of solutions constitute one of the most burning problems in control the-
ory, dynamical systems, systems with delay. Ezeilo [5-7], Tejumola [83] and Tung [87] .
Among the recently proposed works, many authors use the Lyapunov method to discuss
the qualitative behavior of solutions to such equations.

e In 1959, Ezeilo [28] studied the boundedness of solutions to the differential equation
2" +ax’ +bx' + f(x) = p(t).

e In 1968, the same author [29] introduced new conditions to establish that all solutions
to the equation.
" +ax” + f(x)2' + g(x) = p(t),
are uniformly ultimately bounded.
e In 1971, Nakashima [50] proposed asymptotic stability conditions for the solutions

of the following equations
2"+ ax” + g(x)2' + h(z) = e(t,x, 2’ 2"),

and

2"+ pt)z" + q(t)g(2") + h(x) = e(t,x, 2’ ,2").

8 Ahmed Draia University 2025- 2026
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Let us then mention Hara’s results:
- Hara [41] studied the uniform asymptotic behavior of the solutions of the differential
equation of the form

2" +a(t)x” +b(t)x’ + c(t)x =0,
- The same author [41] also considered the following differential equations
2" +a(t)z” + b(t)x' + c(t)x = e(t),

"+ a(t)z"” + b(t)z" + c(t)h(z) = e(t),

and

2" +a(t) f(z,2" )" + b(t)g(x,2" )" + c(t)h(x) = e(t),

and introduction of the conditions for which all the solutions of the The above equations
are uniformly bounded and tend to zero as t — +o0 .

e In 1992, Zhu [99] showed the stability of the zero solutions of the two delay equations

2" +ax” + 02’ + f(x(t — 1)) =p(t), (1)
and

2" +ax” + o2 (t — 1)) + f(x) = p(t).

It establishes sufficient conditions to guarantee the uniformity of the bounds, the ultimate
uniformity of the solution bounds, and the existence of periodic solutions to equation (1).
e In 1999, Mehri and Shadman [49] considered the following third-order nonlinear

differential equation:
2"+ a(t) (") + b(t)g(a') + c()h(z) =0,

and established sufficient conditions for its solutions to be bounded.

e In 2005, Sadek [80] considered the following equation:
" +a(t)x” +b(t)x" + c(t) f(z(t —r)) = 0.
o In 2007, Tunc [86],

" + a2 + fo(2'(t —r(t)))x’ + azx = p(t,x,a’ x(t —r(t)),2' (t —r(t)),2").

9 Ahmed Draia University 2025- 2026
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e In 2007, Zhang Li Juan and Si Li Geng [98]
2"+ g(2")2" + f(x,2")a’ + h(z) = 0.
e In 2008, Yao and Meng [94]

2"+ o(a") + g(x(t —r(t),2'(t = r(t)) + flz(t —r(t)) =0,
And
2"+ ¢(z.a")a" + g(a(t — r(t)2'(t —r(t))a’ + f(a(t —r(t)) = 0.
e In 2009, Omeike [54] examined the asymptotic stability and boundedness of the
solutions of the nonlinear differential delay equation:

" 4+ a(t)x” +b(t)g(x") + c(t)h(z(t — 1)) = p(t).

He discussed the stability of the solutions to this equation when p(t) = 0 and the bound-
edness of the solutions when p(t) = 0.

e In 2010,

- Ademola [5] obtained sufficient conditions that ensure the boundedness of the solu-

tions of differential equations of the form
2"+ f(2") + g(2") + h(z) = p(t,x 2’ 2").

- Afuwape and Omeike [11], proved under certain assumptions that all solutions of the

equation:

2"+ h(a)a” + g (@' (t —r(t)) + fx(t —r(t))) = p(t.a’w(t —r(t)2'(t —r(D)).2"),

are asymptotically stable for p(.) = 0 and bounded for p(.) # 0.
- Tun, ¢ [88] examined the asymptotic behavior of the solutions of the following equa-

tion:

2" +a(t)z"+b(t)gy (' (t=r(1)) +g2(2") +h(w(t—r(t))) = p(t.z.2"w(t—r ()2 (t=r(t)),2").

e In 2015, Remili and Beldjerd [68] studied the uniform asymptotic behavior of the so-

lutions, and established sufficient conditions that ensure the boundedness of the solutions

10 Ahmed Draia University 2025- 2026
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of differential equations of the form

P(@()2' ()" + a()y(2'(t))2" () + b(t) f(2'(t)) + c(t)h(x(t —r(t)))
= e(tx(t),x(t —r(t).2'(t),2'(t — r(t),2"(t)),

for e(.) = 0 and e(.) # 0 respectively.
e In 2016, Remili and Rahmane [72] examined the boundedness and the Square inte-

grability of the solutions of the equation

!/

L a(t) (p(l'(t))l‘”(t)), +b(t) (q(m(t))x’(t)) + C(t)f(x(t))g;’(t) +d(t)h(z(t)) = e(t),

e In 2019, Oudjedi, Lekhmissi and Remili [58], in this article, sufficient conditions are
obtained of the boundedness and the square integrability of the neutral equation of the

form
x(t) + Bx(t — )" + a(t)x” (t) + b(t)2'(t) + c(t) f(x(t — 7)) = h(t),

e Recently, in 2022, Graef, Beldjerd and Remili [37] have established new conditions
for the stability, boundedness, and square integrability of solutions to a class of third-order

neutral delay differential equation :

(" )+ Q" (t—r)) + T (z(@t)) " )+ (x@t) 2’ () +h(z(t—0))=0.

e In 2023, Fatmi, Remili and Rahmane [31] give sufficient conditions for the stability

and square integrability of solutions of the nonlinear fourth order differential equations.
((8) + pa (¢ = r(8)))" + alt)((x(£))2" (1)) + b(1) (g(w()’ (1)) + c(t) f(x (1))’ (1)

+d(Oh(z(t = (1) = (&, (1), 2'(t), 2" (t), 2" (¢))
for ¢(.) = 0 and (.) # 0 respectively.

e Very recently, in 2025, Ayman M. Mahmoud, [48] extends and generalizes previous

findings on third-order neutral differential equations and providing new qualitative results

11 Ahmed Draia University 2025- 2026
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by investigating the stability, boundedness, and asymptotic stability of the solutions for
the third order neutral delayed differential equation

) (@) +Cat—0)]"+9®)a" )+ W) (t—7)+ ¢ () R(x(t—T))
=Q(tx(t),x(t—o),2 (t),2 (t—0o),2" (1))

for all ¢ > t; = tg + p, where p = sup{o, 7} and ( is a constant with 0 < ¢ < 1 and
o,7 > 0. The functions n (t), ¥ (t), ¢ (t), ¥ (t), R(z) and Q (.) are continuous depending
only on the arguments shown.

Thus, motivated by the work cited above on the stability of nonlinear non-autonomous
delay systems, we propose to study the stability, boundedness and ultimate boundedness
of some differential equations that generalize certain equations those cited above.

This thesis focuses on some qualitative properties of solutions for higher-order neutral
differential equations, aiming to establish sufficient conditions for boundedness, stability,
and square integrability of solutions. We also investigate oscillatory and asymptotic be-
haviors under different structural assumptions, extending and generalizing many existing
results in the literature.

The thesis is organized as follows :

e Chapter 1 presents the necessary mathematical concepts and theory concerning
stability and boundedness of solutions for ordinary differential equations, delay differential
equations and neutral differential equations.

e Chapter 2 presents our contributions to the qualitative study of certain third-order
nonlinear delay differential equations of neutral type, where we have used the Lyapunov’s
second method (direct method) in each contribution. This chapter is composed of three
sections:

1: First section deals with the uniform asymptotic stability, the boundedness and the
square integrability of solutions for a given neutral delay differential equation.

2: Second section establishes some sufficient conditions for the boundedness, the square
integrability and also the uniform asymptotic stability of solutions for certain neutral
differential equation.

3: Third section contains the proofs of two new results concerning sufficient conditions

that guarantee the boundedness and the square integrability of solutions for a considered

12 Ahmed Draia University 2025- 2026
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third order neutral differential equation with delay.

e Chapter 3 extends the analysis to fourth-order nonlinear neutral differential equa-
tions and provides new theoretical results.

e Chapter 4 investigates some qualitative properties of solutions to certain classes of
third, fourth order and integro-differential equations of neutral type

Finally, we summarize the main contributions and outline possible directions for future

research.

13 Ahmed Draia University 2025- 2026



Chapter

Preliminaires

The primary objective of this chapter is to provide a solid theoretical foundation and
establish the mathematical framework necessary for the subsequent analysis of higher-
order differential equations. Before diving into the specific complexities of delay and
neutral differential equations, it is essential to revisit the fundamental principles governing
Ordinary Differential Equations (ODEs). This chapter serves as a comprehensive review
of the standard introductory concepts, focusing on the structural properties of solutions.
Furthermore, we introduce the core definitions and theorems related to stability theory
and boundedness, which are the central themes of this work. By systematically presenting
the basics of ODEs alongside the specialized theory of delay systems, this section ensures
a clear understanding of the transition from memoryless systems to those whose evolution
depends on their past states. The topics covered in this chapter include:

Fundamental Definitions: An overview of n-th order ODEs and their functional rela-
tionships.

Stability Concepts: Defining different types of stability (Lyapunov, Asymptotic, etc.).

Delay Systems: An introduction to the notation and structure of delay and neutral

differential equations.

14



1. PRELIMINAIRES

1.1 Basics of Ordinary Differential Equations

This section establishes the fundamental groundwork for the study of Ordinary Differen-
tial Equations (ODEs) by revisiting their core definitions and structural classifications. It
emphasizes the importance of understanding n'® order equations, distinguishing between
implicit and explicit forms, and defining the functional relationship between indepen-
dent variables and unknown functions with their derivatives. These elementary concepts
serve as the essential building blocks for exploring more complex systems, particularly
those involving time delays, and provide the necessary mathematical language to analyze

advanced qualitative properties and stability criteria throughout the work.

Definition 1.1. [14] (ODE). An nth order ordinary differential equation (ODE) is a

functional relationship taking the form

F(t,x(t),ix(t),jﬁx(t),...,j;x@)) —0

that involves an independent variable ¢t € I C R, an unknown function z(t) € D C R" of
the independent variable, its derivative and derivatives of order up to n. For simplicity,

the time dependence of x is often omitted, and we in general write equations as
F(taa 2. . .a™)=0 (1.1)

where (™ denotes the nth order derivative of . An equation such as (1.1) is said to be
in general (or implicit) form.

An equation is said to be in normal (or explicit) form when it is written as

™ = f(taa 2. ")

Note that it is not always possible to write a differential equation in normal form, as it

can be impossible to solve F(t,z,...,z(™) = 0 in terms of (™.

Definition 1.2. [14] (First-order ODE) Let f : I xR — R be a given function, where I C
R is an interval. A first-order ordinary differential equation in normal form is expressed
as :

¥ = f(t,x) (1.2)

15 Ahmed Draia University 2025- 2026



1. PRELIMINAIRES

Note that the theory developed here holds usually for nth order equations.

The function f is assumed continuous and real valued on a set «f C R x R™.

Definition 1.3. [14] (Initial value problem). An initial value problem IVP for equation
(1.2) is given by

{ o = f(t),
x(tg) = o

where f is continuous and real valued on a set U C R x R™, with (tg,z¢) € U.

1.2 Existence and Uniquness

Theorem 1.1. [26] Let f be continuous on U C R x R™ and let (to,x9) € U. Then IVP

has a solution.

Definition 1.4. [26] A function f : U — R™ satisfy a local Lipschitz condition with
respect to x at point (tg,z) if there is a neighborhood N of (y,z0) and a constant K such

that (t,z1) and (t,x2) € N imply || f(t,x1) — f(t,x2) [|< K || 1 — 22 ||

Theorem 1.2. [26] Let f be continuous on U and let (to,xo) € U. If f satisfied a local

Lipschitz condition with respect to x at (to,xo), then IVP has a unique solution.

1.3 Stability and Boundedness

The investigation of the qualitative behavior of solutions is a central theme in the theory
of differential equations. Since finding explicit analytical solutions for nonlinear systems is
often mathematically challenging, it is essential to determine the characteristics of these
solutions over a long-term horizon. This section focuses on the fundamental concepts
of stability and boundedness, which serve as the primary tools for characterizing the
evolution and constraints of the system’s state variables. The analysis presented here
is deeply rooted in Lyapunov’s Direct Method. This robust approach allows for the
assessment of stability properties through the construction of scalar functions, known as

Lyapunov functions, without requiring direct knowledge of the solutions themselves. We

16 Ahmed Draia University 2025- 2026



1. PRELIMINAIRES

will outline the various categories of stability ranging from simple stability to asymptotic
stability and establish the criteria for ensure that solutions remain within predefined
bounds. These preliminary results are indispensable for the subsequent chapters, where
we extend these methodologies to evaluate the stability of fourth-order equations with

multiple delays.

1.3.1 Boundedness

Definition 1.5. [46] A solution x(t,ty,x0) of the system (1.3) is bounded, if there exists
a B > 0 such that || z(t,to,zo) ||< B for all ¢t > ty, where 5 may depend on each solution.

Definition 1.6. [46] The solutions of the system (1.3) are

(i) Uniformly bounded if there exists a positive constant ¢, independent of ¢ty > 0, and

for every a €]0,c[, there is § = B(a) > 0, independent of ¢y, such that

[ z(to) |< a ==l z(t) [[< 8, Vi =t (1.4)

(ii) Globally uniformly bounded if (1.3) holds for arbitrarily large a.

(iii) Uniformly ultimately bounded with ultimate bound b if there exist positive constant
band ¢, independent of ¢y > 0, and for every a €]0,c[, there is T = T(a,b) > 0,
independent of t(, such that

[z(to) [<a==z(t) [<b, VE=to+T (1.5)

(iv) Globally uniformly ultimately bounded if (1.3) holds for arbitrarily large a.

1.3.2 Stability

Definition 1.7. [46] A point z* is an equilibrium point of the system (1.3) if f(¢,2*) =0
for all t > 0.

Definition 1.8. [46] The equilibrium point z* = 0 of the system (1.3) is

17 Ahmed Draia University 2025- 2026



1. PRELIMINAIRES

(i) Stable if :

Ve > 0,6 =d(ete) > 0: | z(to) |< 6 = a(t) < &, Vt>1to>0.

(ii) Uniformly stable if :

Ve > 0,36 = 8(c) > 0: || alto) |< 8 = =(¢) [|< &, Vt>to > 0.

(iii) Unstable if it is not stable.

(iv) Asymptotically stable if it is stable and if there exists d; = d1(¢g) > 0 such that

| a(t) 1< 8 = lim_a(t) = 0.

The next lemma gives equivalent, more transparent, definitions of uniform stability

and uniform asymptotic stability by using class I and class KL functions.

Class K and Class KL Functions

Definition 1.9. [46] A continuous function ¢ : [0,a) — [0, 4+ o0) is said to belong to
class K if it is strictly increasing and ¢(0) = 0. It is said to belong to class Ko, if a = +00

and p(u) — +00 as u —» +00.

Definition 1.10. [46] A continuous function ¥ : [0,a) x [0, + c0) — [0, + 00) is said
to belong to class KL if for each fixed s, the mapping ¥ (u, s) belongs to class K with
respect to u and, for each fixed u, the mapping 1 (u, s) is decreasing with respect to s and

P(u,s) — 0 as s — +o0.
Lemma 1.1. [46] The equilibrium point x* = 0 of the system (1.3) is

(i) Uniformly stable if and only if there exists a class K function ¢ and a positive

constant c, independent of ty, such that:

| 2() 1< ol (to) ), Ve >to >0, ¥ | a(te) || < c.

18 Ahmed Draia University 2025- 2026



1. PRELIMINAIRES

(ii) Uniformly asymptotically stable if and only if there exists a function ¢ of class KL

and a positive constant ¢ independent of ty such that:
Izt < (I 2to) I, = to), ¥t 210 2 0, ¥ || alto) lI< .
(iii) Globally uniformly asymptotically stable if and only if inequality (1.3) is satisfied
for any initial state x(to).
Definition 1.11. [46] The equilibrium point z* = 0 of the system (1.3) is

(i) Exponentially stable if there exist positive constants ¢, k and A such that:
[ 2(t) |< k| 2(to) [| e X7, Ve >89 >0, V|| 2(to) ||< .
(ii) Globally exponentially stable if the previous condition is verified for any initial state
l‘(to)

Definition 1.12. [46] We consider the system (1.3). Let D C R" be a neighborhood of
0 and V : Ry x D — R be a continuous and differentiable function on D. The function

V' is said to be positive semi definite if :
(i) V(t,0) =0, Vt € R,.
(i) V(t,x) >0, Vt € Ry, Vo € D — {0}.

Definition 1.13. [46] Let D C R™ be a neighborhood of 0 and V' : Ry x D — R be
a continuous function that is differentiable on D. The function V is said to be positive

definite if:
(i) V(t,0) =0, Vt € R,.
(ii) There exists a positive definite function W, such that:

Wo(z) < V(tx), Vt € Ry, Vo € D.

Definition 1.14. [46] Let D C R™ be a neighborhood of 0 and V' : Ry x D — R be a
continuous and differentiable function on D. The function V is said to be decrescent if

there exists a positive definite function W; such that: V(t,z) < Wi(z), Vi € Ry, Vo € D.

19 Ahmed Draia University 2025- 2026



1. PRELIMINAIRES

Definition 1.15. [46] Let D C R" be a neighborhood of 0 and V' : Ry x D — R be
a continuous and differentiable function on D. The function V is said to be radially

unbounded if : V(t,x) — +o0 when || z || = +o0.

Remark 1.1. [46] If V is a positive definite function on D then there exists a positive
definite function Wy such that Wy(x) < V(t,z), Vo € D. which implies the existence of a

function ¢, of class K such that
woll] z ||) < Wh(x) < V(tx), Ve e B CD.

If moreover V' is a decrescent function on D then there exists a positive definite function
Wy such that V(t,x) < Wi(z), Vo € D, which implies the existence of a function ¢; of
class IC such that

V(t,e) < Wi(x) < (]| ), Ve e B CD.

So V' is a positive definite, decrescent function on D if and only if there exist functions

o and 7 of class K such that
wo(ll 2 |) < V(ta) <oz |), Yo e B, CD.

V' is a positive definite, decrescent and radially unbounded function on D if and only if

the functions ¢y and ¢; are of class K.

Definition 1.16. [46] (Lyapunov function) Let D be a neighborhood of 0 and V' : R, x
D — R a continuous and differentiable function on D.
1- We say that V is a broad-sense Lyapunov function at 0 if it verifies the following
two properties:
(i) V is positive definite.

(i) V(t,x) <0, VY(t,x) € RT x D.

2- We say that V is a strict Lyapunov function at 0, if it verifies the following two

properties:

(i) V is positive definite.
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(i) V(tz) <0, ¥(t,z) € R* x D — {0}.

Theorem 1.3. [/6] Let x* = 0 be an equilibrium point of the system (1.3) and D a
domain that contains the origin. Let V : Ry x D — R be a continuously differentiable
function on D such that

Wy(z) < V(t,x) < Wi(x),

ov. oV

AT <
ot G (k) <0,

forallt > 0 and x € D, where Wy and Wy are continuous positive defined. Then z* =0

1s uniformly stable.

Theorem 1.4. [/6] Let x* = 0 be an equilibrium point of the system (1.3) and D a
domain that contains the origin. Let V : Ry x D — R be a continuously differentiable
function on D such that

Wo(z) < V(tx) < Wi(z),

ov v

ot  Ox
for allt > 0 and x € D, where Wy, Wi and Wy are continuous positive defined. Then

ftx) < =Ws(x),

x* = 0 1s uniformly asymptotically stable. If D = R"™, then x* = 0 s globally uniformly
asymptotically stable.

Theorem 1.5. [26] Let x* = 0 be an equilibrium point of the system (1.3) and D a
domain that contains the origin. Let V : Ry x D — R be a continuously differentiable
function on D such that

Wi(z) < V(t,x) < Wa(x),

v 9V
- - < —
5 T 8xf(t’x) < —Ws(z) + M, for M >0

forallt > 0 and x € D, where Wy, Wy and W3 are class IC functions. Then the zero

solution of (1.8) is uniform bounded and uniform ultimate bounded.

Lemma 1.2. [22] ( Gronwall’s lemma) Let k be a non negative constant and let f and

g be continuous non negative functions on some interval a <t < b satisfy the inequality

ft) < k’+/tf(s)g(s)ds forall a<t<b
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then
¢

f(t) < kexp (/ g(s)ds) forall a<t<b

a

1.4 Delay Differential Equations

While the classical theory of ordinary differential equations assumes that the future state
of a system depends solely on its current condition, many real-world processes exhibit a
"memory” effect. This necessitates the study of Delay Differential Equations (DDEs),
where the derivative of the state variable at any given time depends on its values at
previous times. This section introduces the fundamental mathematical framework and
notations required to analyze such systems. To rigorously define the solution space for
DDEs, we introduce the concept of the phase space, typically represented as the Banach
space of continuous functions C([—r,0],R™). Unlike ODEs, where the initial condition is
a single point, the initial condition for a delay system is a function defined over a past
interval. This transition from finite-dimensional to infinite-dimensional spaces is crucial
for understanding the stability and qualitative properties of the fourth-order neutral delay
differential equations that will be addressed in the subsequent chapters of this thesis.
In the following, we provide the necessary preliminary definitions, including the history
function z; and the associated norms, to establish a consistent language for our analysis.

For z € R", || . || is any norm. For r > 0 and H > 0, we define
Cg = {qﬁ e C([-r0],R") || ¢ |lc< H} with (C, || . ||c) is the Banach space of
continuous functions ¢ : [-r,0) = R" and || . ||¢ is the norm on C defined by

Vo e, |[¢lle= sup 1o0) 1l -

oel—r,

Let x : [ty — r, tog + A] — R™ continuous where t; > 0 and A > 0. For ¢ fixed in
[to, to + A], we define the function :

rn=z(t+0), —r<6<0.

x; € C([—r, 0], R™) it is the restriction of z to the interval [t — r, ¢] translated to [—r, 0].
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Let us now consider
T = f(t, z;) (1.6)
where f : [ x Cy — R" is a continuous application, locally Lipschitzian in its second
argument and such that f(¢,0) = 0 for all ¢ € R. Moreover, f satisfy the condition :

VH, < H, 3L(Hy) >0, || ¢ |lc< Hy =| f(t,9) ||lc< L(H1)

A function z(t) is said to be a solution of (1.6) if it is defined and continuous on
[to — 7, to+ A] verifies x(t) = ¢(t) on [to —r, to], is differentiable on [to, to + A] and satisfy
(1.6) on [ty, to + A].

Definition 1.17. (Yoshizawa [96] ). A function x(to,¢) is said to be a solution of the
system (1.6) with the initial condition ¢ € Cy at t = tg, tg > 0, if there exists a constant
A > 0 such that x(to, ¢) is a function from [ty — 7, to + A] to R™ with the properties :

(1) l‘t(to, ¢) € Chxlorty <t<ty+ A,
(i) @ty (to, @) = &,

(iii) x(to, ¢) satisfies (1.6) for o <t <ty + A.

x(t, to, @) is the value of z(ty, ¢) at point ¢.

Theorem 1.6. [39] Suppose that the function f is continuous. Then for all ¢ € C, the
equation (1.6) has at least one solution. Moreover, if the function f is locally Lipschitzian

with respect to x;, then the solution is unique.

Theorem 1.7. [26] Let V(t,x¢) : [to, + 0o[xCx — Ry be a continuous functional satis-
fying a local Lipschitz condition, and V (t,0) =0, Vt > ty such that :

ol

(1) Wo(ll 2(@) ) < V(tze) < Wil 2(2) [D+Wa(ll 21 [|2), where || 2, [la= {Zn:[i x?(S)dS}

(1) Vie (b)) < =Wa([| x(t) []),

for all t > ty and x € Cy, where Wy, W1, Wy and W3 are class K functions. Then the

zero solution of (1.6) is uniformly asymptotically stable.
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Theorem 1.8. [26] Let V(t,x¢) : [to, + 0o[xCx — Ry be a continuous functional satis-
fying a local Lipschitz condition with H = 400, such that :

(i) Wolll 2(t) 1) < V(tae) < Wil 2(0) 1) + Wa( Sy Walll 2(s) [1)ds)
(i1) Vi) (t20) < =Wa(ll 2(t) 1) + M, for M >0

for all t > ty and x € Cy, where Wy, W1, Wy and W3 are class K functions. Then the

solutions of (1.6) are uniform bounded and uniform ultimate bounded.

1.5 Neutral Functional Differential Equations

After establishing the framework for delay differential equations, we now progress to
a more specific and complex class known as Neutral Functional Differential Equations
(NFDEs). The defining characteristic of neutral equations, which distinguishes them
from retarded delay equations, is that the derivative of the state variable at the current
time t depends not only on the past values of the state but also on the past values of
the derivative itself. Mathematically, this relationship is expressed through the operator
G(t,z;), representing the neutral part of the system. Such equations arise frequently
in modeling phenomena where signal propagation speeds are finite, such as in electrical
networks, aeroelasticity, and complex mechanical systems. In this section, we provide the
rigorous definitions of NFDEs and their solutions within the context of continuous and
differentiable functions. These foundations are essential for investigating the qualitative
properties of the fourth-order neutral delay systems that constitute the core contribution

of this thesis.

Definition 1.18. [38] Suppose Q@ C R x C'is open, f: Q — R" G : Q — R" are given

continuous functions, with G is continuously differentiable. The relation

d
%G(t@t) = f(t,z) (1.7)

is called neutral functional differential equation NFDE(G, f).
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Definition 1.19. [38] For a given NFDE(G, f), a function z is said to be a solution of
the NFDE(G, f) if there are a ty € R, A > 0, such that

reC(fto—rto+ A), R"), (t,z;) € Q, t € [to,to + A),

G(t, ;) is continuously differentiable and satisfied equation (1.7) on [to,tg + A). For a
given ty € R, ¢ € C, and (to, ¢) € 2, we say z(to, $,G,f) is a solution of equation (1.7)
with initial value ¢ at ¢y or simply a solution through (to, ¢) if there is an A > 0 such
that z(to, ¢,G,f) is a solution of equation (1.7) on [ty — r,to + A) and z(to, ¢,G,f) = ¢.

Theorem 1.9. [38] (Existence). If Q is an open set in R x C and (to, ¢) € ), then there
exists a solution of the NFDE(G,f) through (tg, ¢).

Theorem 1.10. /[38] (Uniqueness). If @ CRxC is open and f : Q — R™ is Lipschitzian
in ¢ on compact sets of ), then, for any (ty, ) € 2, there exists a unique solution of the

NFDE(G, f) through (to, ).
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Chapter

Third-Order Differential Equations With
Delay of Neutral Type

Building upon the mathematical foundations established in the previous chapter, this
chapter is devoted to a detailed qualitative investigation of a specific class of third-order
neutral delay differential equations. Neutral differential equations, characterized by the
presence of delay in the highest-order derivative, present unique analytical challenges
compared to retarded or ordinary differential equations. Such models are of significant
importance due to their ability to describe complex physical phenomena where the rate of
change is influenced by past states and past rates of change. The primary objective of this
chapter is to derive sufficient conditions that guarantee the uniform asymptotic stability,
boundedness, and square integrability of the solutions. We focus on non-autonomous sys-
tems where the presence of time-varying coefficients and nonlinear perturbations requires
a sophisticated approach. By employing the Lyapunov direct method and constructing
suitable functional candidates, we establish rigorous criteria that ensure the energy of the
system remains controlled and converges toward equilibrium. The analysis is structured
as follows:

Section 2.1: Provides a comprehensive study of the first equation, introducing the core
assumptions and establishing the main stability theorems.
Asymptotic Analysis: Investigates the behavior of solutions under various parametric

constraints and external perturbations.
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

2.1 Qualitative Study of a Third-Order Neutral Dif-
ferential Equation with Delay

This section presents a rigorous qualitative analysis of the first third-order neutral
delay differential equation discussed in this chapter. The primary objective is to establish
sufficient conditions for core solution properties, including uniform asymptotic stability,
boundedness, and square integrability. By utilizing the Lyapunov direct method and
constructing a suitable Lyapunov functional that accounts for neutral delays and nonlin-
earities, the study derives parametric constraints and integral inequalities to ensure energy
dissipation within the system. These theoretical results provide the necessary framework
for ensuring that solutions remain bounded and converge toward equilibrium, facilitating
subsequent investigations of more complex perturbed systems.

Let the following neutral delay differential equation
Q' (1) /(1) + Qe )2t )| + P2 (0) + Q') (21)
+R(t)|g(x()) + pag(a(t — £)) | = 0
and
Q1) 2 (1) + p Q' (¢ — )’ (= 1)] + PO(0) + Q1) (2.2)
+ R() (1) + pag(a(t — 0)] = w(ta(t)x(t — 0.2/ ()2 (t - 02" (1))

for all t > t; = top + 0 where 0 = max{r/(} and max{p1,p2} = p < 1, rl,p; and ps
some positive constants and P,Q,R € C'(I,(0,00)), I = [t1,00); g € C}(R,R); Q €
C*(R,R); ¢ € C(I x R5,R) and ¢(0) = 0.

Define a solution of (2.1) by continuous function z : [t,,00) — R for ¢, > ¢; satisfying

equation (2.1) on [t,,00) and such that
[ 2() € C3([t00)R) ,
{ where Z(t) = {Q (2'(t)) 2'(t) + p1 Q2 (t — r))a!(t — r)} :
L Z() € C'([tzso0).R)

We will assume throughout this work that every considered solution of (2.1) is continuable

and nontrivial.
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

The famous Lyapunov second method was the main device used for studying the
stability by large class of authors in the literature especially when dealing with a non
linear differential equations.

Equation (2.1) can be written as the system

)
{ 2 (t) = y(t)

{ S (1) (2.3)
P 2t = —P(t)H(t) — Q)y(t) — (L + p2) R(t)g(x(t))
i () [ 9 (2 () ds,
where
Z(t) =Q(a'(t))2"(t)x" (t) + Qa'(t))2" (t)
+ o1 (Y2 (t — )2 (t = r)2"(t —r) + Q' (t — )" (t — 1)),
Z(t) =y (OH(t) + pry'(t —r)H(t — 1) = 2(t) + pr2(t — 1)
and

H(t) = ' (y(1))y(t) + Qy(t))-

The following notation will be adopted in the whole work

H(t) = D(a'(t)) = (' (0)2'(t) + Qa/(1) and 6(t) = ¥ (& (1))a" (2).

2.1.1 Basic Assumptions

This subsection establishes the necessary theoretical framework for the qualitative
analysis of the first neutral delay differential equation (2.1). It focuses on defining a
set of fundamental assumptions and mathematical constraints regarding the functions
and parameters involved in the system. These assumptions are essential to ensure the
validity of the stability and boundedness theorems developed throughout the chapter.
By imposing specific conditions on the coefficients P(t), Q(t), and R(t), as well as the
nonlinear components, the section provides a rigorous basis for investigating the long-

term behavior of the solutions.
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

Suppose that there are positive constants hg, Py, Qo, Ro, h1, P1,Q1, R1, k, 9, 09, 01,
and ay such that the following conditions which will be used on the functions that ap-

peared in equation (2.1) are satisfied :

i) ho < H(t)<hy, PBh<Pt)<P, Q<Q) <Qi, Ry<R(t)<R;forallt>t;

ii) 51§g(xx)§52 for all z #0 and |¢'(z)] <4 for all z € R;

i) [ (R )+ P'()] +1Q () ds < o

+o0o
iv)/ 19 (u)| du < a.

2.1.2 Uniform Asymptotic Stability

In this subsection, we present the central stability results for the third-order neutral
delay differential equation (2.1). The primary focus is to establish sufficient conditions
that guarantee the uniform asymptotic stability of the equilibrium solution. Unlike simple
stability, uniform asymptotic stability ensures that all solutions starting sufficiently close
to the equilibrium not only remain nearby for all future time but also converge to the
equilibrium state at a rate that is independent of the initial time ¢y. The following theorem
provides a rigorous set of constraints on the system parameters, including the delay terms
and the nonlinear coefficients. These conditions are derived by ensuring that the time
derivative of the constructed Lyapunov functional is negative definite. The complexity
of the bounds, particularly the requirements involving the minimum values of the system
constants, reflects the intricate interaction between the neutral delay and the third-order
dynamics. Satisfying these mathematical criteria is crucial for ensuring the reliable and
predictable behavior of the system in practical applications.

For the case ¥ = 0, we have the following theorem:

Theorem 2.1. In addition to conditions (i)-(iv) being fulfilled. Then every solution of
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(2.1) is uniformly asymptotically stable, provided that

<rmn{ 2%Q0 — 2R, 1S — 2kP; — k 2% Rody
P i Q1+ k+2(1+ k)R160 + (Ck + 2hy)R10° Ry (63 + Ck6)’

2hy (Po k:(2+ho)>]

APy 4 2k + 20R16ho + ho(Qo + 2Ry + k) \ Iy 2ho }

( Py Qo Qho Pohg }
k< , , 2
: mm{ 37 6 4P7 “hi(2+ ho)
where { (2.4)
| 46h1 Ry Rih10 1
tQ0>maX{ ]; 1, lkl +P1+2}

Proof. The proof of this theorem depends on the properties of the continuously differ-

entiable function W (t,z,y,z) = W defined as

L (s)ds

W=e « 0 F (2.5)

O+ [P0 +1Q ()| +0(t)] and

in which ¢ (t) = |R
F=F(tzyz) = (1+,02)/’CR(lf)G(fL")+(1+02)R(1ﬁ)fif(t)g(ﬂf)yﬂL;kP(t)y2

+i Q() () 2 +kyZ%—1Z2+ka—% SHQ () + P (1) ry
ﬂm/ @+@// ¢) dcds, (2.6)

where G(z) = [5 g(u)du, 1, B2 and « are some positive constants that will be deter-

mined later in the proof.

Rewriting F' as follow

F=F+F+ I+ Fy + F5,
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with the notations

and

411Q (t)H (t)y* + kP (t) xy + ikQ (t) 2”

(1322 + kyZ + ;kP (t)y* + éZQ,
61322 + kxZ + ikQ (t) 2*
(1+p) ER() G (x) + Q1) H ()5 + (1+ p2) R(0) H (1) 9 (2)y

Fs=pn [ 2)ds+5 [ [y (0)dcs

By conditions (i) and (2.4)

£y

L H W +EP (1) oy + hQ (1)
AkP (1) ko,

FQWH ) {y onEO” T HD"

000 |(v+ 2] + 7 (- irm) 7]

1 k P2

Zk 1 —4—1 2
4 @ < 3h0> !
0511'2,

1 kP?
where oy = ZkQO <1 —4—— )

also

QGho
1, , 1 , 1,
F, = -Z°+kyZ+-kP(t)y"+ =2
6 2 6
1 1
- 6(22+6k:yz+3k:P() >+622
1 1
- 6(Z+3/cy +3k(P(t)—3k)y2)+6Z2
1 1
> —k(Py— ~7?
> Qk( o — 3k) 1/ vt
1
= Oé2y2+622
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1
where o = 5/{: (Py — 3k) and

Fy, = -7° +ka+1k;Q() 2
<Z2+6kazZ+ 2kQ (1) 2 )

<Z+3k;a: 2 ()—6kz)x2>

=W N = Y=o =

k (Qo — 6k) 2

3
where 3 = Zk (QO - 6]45)
Using the equality
2 [* g (wg(u)du = ¢*(a),

using conditions (i), (ii) and (2.4) we obtain

Fo = (4 )RR G @)+ {Q )V H ()57 + (1 +p2) R H (1) g ()
(

Q1)
= (1) RR() [ g (w)du+ Q) H (1) “yﬂ(”/)?g;ftgt)g(@}
4 (1+ pz)2 R%(t) ¢ (x)-l
ZICIE |

then

Fi = (14 p) kR() [ g (w)du—

> (1+p2)kR(t)Kg(u)du—25

Q
> (14 p) R(1) @-25“*23)(?;“”)fgm)du

> (14 p2) Ro (k 45}1122)/ g (u)du > 0.

from (ii) we have

¢(@) =2 [ g (wg(wdu < 206()
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6177 < ¢*(z) < 26G(z),
SO
G(z) > —x

SO

51(1—|—p2)R0( R1> 9
> — 46h;—
4 = 25 k 6h1Q0 X
F4 Z Oé4$2
o1 (1+ R, R
where ay = 1(2;2)0 <k; — 45h1Q(1)>
Since

t
+—

0 ft
Fo=pby [ 2()ds+ B [ [ () dcds >0,
there exists a positive constant g, small enough such that
F > X [22(t) + y°(t) + Z3(t)] . (2.7)
where
Ao = min{ay, 9,053,004 }

Since ¢(0) = 0 and |¢'(x)| < 6, we see that |g(x)| < d|x|.

From i), ii) and inequality |g(x)| < d|x| and the fact that 2a8 < o? + 3% we get

t
t—

P (@4 +22) 4061 [ (s)ds+ fo /_Z ﬁ 2 (O)dcds,  (2.8)

where A; = $ max {5 (14 pa) KRy + (14 pa) R1h103 + k(14 Q1+ P1), (1+ p2) Rihy +
kP, 4+ Qihy + k + kP, 1+ Qk}.

By iv) we have

t T2(t) 400
t |9<s)|ds:/; |6 (u)|du < [ |6/ (u)|du < as < oo, (2.9)

33 Ahmed Draia University 2025- 2026



2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

where 71 (t) = min{x(t1),2(¢)} and 7»(t) = max{xz(¢;),z(t)}. From inequalities (iii), (2.9)
a1+ Qo t
_ 7—/ v (s)ds
and estimate e « <e QJu <1 implies

W > X(2® + 2 + Z27), (2.10)

_061 + Qo
where Ay = Age a  and by (2.8) we get

t 0 t
W<\ (2242 + 2%) + pﬁ% 22(s)ds + 52/KL W2 (C) dCds, (2.11)
for all x,y and z, and all £ > ;.
Next, the derivative of F' along system (2.3) trajectories can be given by

P(t) ,
H(t)

Fog = (L+p)ROHW) G @)y + 2+ prorrzz (t—1) —

H(t)
Z((i))zz (t—r)—pQ{t)yz(t—r1)
—pr(L+p2) R(t) g () 2 (t =) = kQ (t) y* + kyz + pikyz (t — 7)
+EP(t)y* — (1 + pa)kR(t)zg(x)

+paR (t) (Z + ky + kx) fﬁ y(s)g (z(s))ds+ phz® — pbiz° (t — 1)

t OF
—l—BgEyQ—BQ/ Yy ()d8+—
t—t

H (1)

P

Rewriting F (2.3) as,

F(23)—F6+F7+68];>
such that
TS k P(t) ,
Fso = (14+p)ROH) G (v)y +Wz +p1H<t>zz(t—r)—H—(t)z
-p1§§j§zz<t-r>- Q1) 2 (t— 1) — pr (14 po) R (1) g (x) 2 (t — 1)
—kQ (1) y* + kyz + pikyz (t — ) + kP(t)y* — (1 + pa)kR(t)zg(2),

Foo= mR()(Z+hy+5a) [ (s (2 () ds+phiz® = pps? (¢ = 7)

+B2Ly” — o A; y* (s)ds
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and

%1; = (L4 p) kR (1) G () + (14 p2) B (1) H (t) g (x) y

b L) RO g @)y + kP (057 +EP (1) oy

bl OHEOY QMM+ Ik 1)

by conditions i), ii) and (2.4) we have

Fs

<

it follows

Fe

<

IN

/ 2 k 2 P(t)Q
U+ ) ROVH (0 (0007 + 52 + oo =) =
P =) = QO (1) = (14 ) RO ()2 (1)
—kQ () y* + kyz + pikyz (t — 1) + kP(t)y* — (1 + pa) kR(t)wg(x)
F3rgle = 0] = 5ol =0+ 1l = A =)
(1+p2>R<t>H<t>g'<x>y2+iz2+pl Ly ()
A0 2H (1) TPYoH (1)
P) o pPW s, PO, 0@ s pQW L,
B (ORI (UM T 2 i Gt S SO

%(1+p2) ()67 (2) + 2 (1 p) R ()22 (6 =) — KQ (1) 2 + 5k

1 1 1
+§k2 -+ iplk‘yQ + *plsz (t — 7") + kP(t)y2 — (1 + pg)kR( ) ( )

2
P(t)zz+pp(t) P (1) pPPP(L)

1H (1) 2@ ) g - ”‘4}1() H(t =)

[ = (14 ) RV (0 (1) — 5pQ (1) — kP(0) — 5ok — SH] o7
k k 3P(t) 1] ,

_H(t)_pZH(t)_pélH(t)_Z}Z

_l’_

t) 215(%) +Q () +2R (1) + k} 2(t—r)

p(L+p2) R(t) 9" (z) — (1+ po)kR(t)zg(x)
(@) »

+p

(0= 1) | = 1 g =),
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Fs <

as well as

Fr =

then

IN

By taking

1 1 1
- {on — Ryhy0 — ik — kP — 5,0@1 — ipk: — pRihid|y

_{Po_k_lk_ L 3P1} 2
hohe 20 P2he g
1 2P, k
+2P{Q0+h01+h0+2R1+k:| (t—T‘)
Py 1 ,F
_ _ = 2 - _ 0. 2
(14 p2) [/{;Roél 2pR152} ph Yzt —r)| — 4p > —z25(t—r),

PR (1) (Z-+hy+ k) [ y(s)g (v (5)) ds
Ol + B = pii (=) = B [ () ds
PRz [yl (2 () ds +ppR ()2 (=) [ () (2 (5)) s

+okR W)y [ y(s)d (w(s)ds+pkRW)z [ y(9)d (o () ds

+pB12% = pBiz® (t— 1) + Boly® — o /t; y? (s)ds

pmlaz + 'OR 5/ s)ds + —€R1(52 (t—7)+ Rlé/ s)ds
4= péleay + ka15 / s)ds + kala / s)ds
+§p€k‘R15$ + pBi2? — pBi2? (t — 1) + Boly? — 3 l—e y* (s)ds
(;pﬁRlé — p,61> 2(t—r)+ (;prlcS + ,051> 22+ <;p€kR15 + 62€> y?

1
‘|—§,0 (1 + pg) El{?Rl(gl‘Q

1 2P,  k
= —(IRyS o442 k
B 2<R1 + Qo + h0+h0+ R1+>
1
B2 = 2P (14 p+ 2k) R0,
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we obtain
| 1 1 1 1
Fﬁ + F7 S - []CQO - R1h1(5 - 5]{3 — ]{ZP1 - inl - ipk‘ - ,0th15 - ipEleé

P, k 1 P, k
6, }y - {0 k0 o~ plRa pﬁl}

b he 20 Phe  Pong
1 or,  k
+{2 <€R15+Q0+++QR1+/<7>—P51}22@_7°)

he o
— (14 p2) [kRoél pR1 (03 + tho) | 2*
1 P 2P
~Slen =) - 1R =),

thus

r 1 1 1
Fe+ Fy < — |kQo — Rihi0 — ik — kP — 5/)@1 - §Pk — pRihy0

1
— SplkRd = p (1 + ) Radty?

Py k 2P,k
- | = - — — _ -y — — — 2

e k: p e ph pl R p (Qo+ 2R, + k)| z
— (1+p2) {kRoél — 5pRl (05 + ék&)} a?

1 PO2
— gl =) = PR )
§—g(:p —1—y2+22—{—pz(t—r)+2p|zz(t—r)|)

<—o(@PH PP+ 2+ (t—r)+ 222 (t—71)) = —0 (P +y* + 27),

where

(
1 1 1 1
0= min ikﬁQo—thlé — 5[6 - kPl - 5[)@1 - §pk — pR1h15 — §p£k’R15 — p(l + k’)RﬂSﬁ,

Po_k 1 oAk 1
(R0 — = 2 k
o he 2 ho 'Oho plRy 2P(Q0 + 2R, + k),

1 ) 1 P01
(14 po)[kRody — §pR1(52 + kS)] 4h}

1
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

and
. ‘ 2%Qo — 2R 16 — 2kP; — k 2% Ryd,
min
2h0 (PO k’(2 + ho)
4P + 2k + 2€R1(5h0 + ho(@o + 2R, + k) hq 2hg

On the other hand, by conditions i), iii) and iv) we obtain

oF
ot

IN

IN

IN

<

(L4 po) kR (8) G () + (L + p2) B (8) H (£) g ()
+(1+p)R)O(t)g(x)y+ ;kP’ t)y* + kP (t) zy
F5@ O H ()5 +5Q (000 + k@' (1)

(14 p) KR (]G (@) + 5 (14 ) IR (1) n (6 () + )
5 (4 0) Rl ()] (6 () +92) + 5k P (0] (2 +27)
Fah 1@ (17 + 5Qi 0] + kI ()]0

{(1 + p) ké3a* + ; (14 p) hid3a* + ; (1+p) hlyﬂ IR (t)|
+;k (a2 + 27| P (1)| + ; (ka? + hy?)|Q (1)
Qw3 (L p) B2 10 1)

2 2
a3 (2 +y* + Z°) [|[R' (0)] + [P ()] +1Q (1) + 16 (1)]]

(14 p) Riy* +

]

/)

az (P +y*+2%) o (t) < %gp (t) F where (F > X\ (2”+y>+2Z%)).
0

1 «
By taking — = =2 we obtain
Q@

Ao

- 1
Fog < —o@®+y*+ 2°) + —p (1) F.

By condition iii) and inequalities (2.9 ) and (2.12 ) we have

1 t
: . 1 —f/sO(S)dS
Wes = (F(2.3)—a90(t)F)6 a Jt
[ es)d
—— | @(s)ds
< 0@+ 2% e @)n
< —au (P P+ 27,

(2.12)

(2.13)

(2.14)
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

g
where ay = o e a.
We have established that the zero solution of (2.1) is uniformly asymptotically stable.
This fact completes the proof of Theorem 2.1. O

2.1.3 Boundedness And Square Integrability

This subsection extends the qualitative analysis of the third-order neutral delay dif-
ferential equation (2.2) to include boundedness and square integrability under nonlinear
perturbations (¢ # 0). The primary goal is to ensure that the system’s trajectories remain
within finite limits, a fundamental requirement for physical reliability. Furthermore, the
property of square integrability is investigated to provide insights into energy dissipation,
suggesting that the solutions and their derivatives diminish such that their total ”energy”
over time remains finite. These results are formalized in Theorem 2.2, which establishes
the specific parametric constraints and integral bounds required to guarantee these two
vital properties.

For ¢ # 0 we have a theorem as follows :

Theorem 2.2. Assume that all the conditions of Theorem 2.1 are fulfilled and that there

exist positive constants ey and ey such that :

[ (ta(t)x(t—0),2' ()2 (t—0),2" ()] < le(t)] < e and /Zoole (s)|ds < es.
(2.15)

Then there exists a positive constant py such that any solution of (2.2) satisfy
o fx(®)] <y 2/ (0)] < s [ (O HE) + pra” (= r)H(E—7)] <
and

2. 100 ((:c”(s)H(s) + 2’ (s —r)H(s — r))2 +z%(s) + :c2(s))ds < 0.

1
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

Proof. For the case ¢(t) # 0, the equation (2.1) is equivalent to the system

() = (o).
() = z,((t t)),
20 = ~P(0) 105 - QUOW(E) ~ (1-+ ) RO a(t) (2.16)
: +(tx(t),x(t — 0),2'(t),2'(t — £),2" (1))
k () [ 9 (2 () ds.

The derivative of the function F' along the trajectories of system (2.16) and by (2.14
) we get

F(2.16) < —0 ($2(t) +y7(t) + ZQ(t))

+ (kz(t) + ky(t) + Z (1)) w(t,x(t),x(t — £),2'(t),2'(t — €),2"(¢)).

Using condition (2.15), we have
Fioe) < —o (22(t) + (1) + Z°(8)) + (k ()] + ky(0)] +1Z(1)]) [e(1)].
Now, the inequality |v| < v? + 1 leads to

Froae) < =0 (2(t) + (1) + Z°(8)) + Asle(®)] (2 (1) + 2 (1) + Z°(¢) + 3),

(2.17)
where \3 = max{k,1}.
Due to ( 2.7), the above inequality implies
_ A3
Faae) < -le(IF () + 3Asle(t)] (2.18)
Integrating both sides (2.18) from ¢, to t, we obtain
¢ Ns [t
Ft) - F(t,) < 3)\3/ |e(s)|ds+—/ F(s)|e(s)|ds.
t1 )\0 t1
Let
€3 = F(tl) + 3)\362. (219)
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

Thus
As [t
< — .
F(t) < es+ " A F(s)|e(s)|ds

Using Gronwall inequality and ( 2.7) we have
A3 [t
F(t) < egexp (—/ ]e(s)|ds) < ey, (2.20)
)\0 t1
where e4 = ez exp (:\\—f)eg) This result implies that there exists a constant pq such that

lz(t)] < pp, |2' ()| < pa, |2"(O)HE) + pra” (t—r)H(E —7)| < py, forall t>t;.
Our next result concerns the square integrability of solutions of equation (2.2).

Define V() as

V() = F(t) + 7 [(gﬂ(s) +2(s) + Z2(s))ds forall t > £, (2.21)

1

in which 7 > 0 is a constant to be specified later. By differentiating V' (¢) and using (2.18)

we obtain

VIO < (= o) (20 + (0 + 2°0) + (2O + 3% ) @)

If we choose 7 — p < 0, then from (2.20) we get
V() < Mle(t)], (2.22)

where Ay = :\\—364 + 3As.

Integrating (2.22) from ¢; to t and using the condition of Theorem 2.2 we obtain

t
V(t)—V(t) = t V'(s)ds < M\seq.

By (2.20) and equality V' (t1) = F(t1) it is clear that

V(t) S )\462 +e3 — 3/\362.
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

We conclude by (2.21) that

t A — 3\
[ 2(6) 120 + Z2(a))s < 22— Ber
t1 T

which means the existence of positive constant ps such that

1 1

Consequently,

t t
/ 7% (s)ds < ,uQ,/ 2% (s)ds < pup
t t

1 1

and llt (2" (s)H(s) + pra”(s — r)H(s — r))2ds < ps.

This completes the proof of Theorem 2.2.

2.1.4 Example

t t t
/ 2% (s)ds < g, / y?(s)ds < po and [ Z*(s)ds < pig.
t t t1

(2.23)

We consider the following third order non-autonomous delay neutral differential equation

(o) 0 o ) e

5In (3 +sint)\ , (33 1 > ,
ST )+ (2 ——— ) A
+<7+3(1+cosht)>x(>+ > T1tvie” (1)

1 1 2z (t)
* <2 * 1+cosht> (x(t) T3 e r2@)

, 21 (t — 0.3)
100 (x(t_o'?’H3+1n(1+:v(t—0-3)+””2(t_0'3))>)

24 e~ _p (M) + cos (x(t — 0.3)) — sin (1" (t - 0.3))

12

L+t4+ 22+ 22 (t) + 2 (¢)

For all t > t; =ty + 0.5. It is esay to see that:
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

/t)
Q@(t) = ol
() 1+ 22 (1)
5In (3 + sint)
=P < P(t) = —— - <8 =P
(4) ’ b < Pt) =7 3 (1 + cosht) =8 !
33 1 37
= = — - < — =
17 Q=@ =5+ 17757 !
1 1 1
—_ = < et —_— g
2 Ro < R(1) 2 1+cosht — By
g g(x) 2
l=6<=—=—~2=1 <2=9
(i) =y +3—1—11r1(1—i-x—i-232)_ -

(2 +22+3+(1+x+2)In(z? +2+1))
(In(z2+z+1)+3)*@2+z+1)
< 2=4,¢(0)=0.

| g'(z)] = [1+2

Obviously, P,@Q, R € C}(I,(0,00)), I = [t;,00); g € CL(R,R); 2 € C*(R,R).

(ii)
Pt = 2(Cost + costcosht — 3sinhtIn (sint 4+ 3) — sin¢sinh ¢In (sint + 3))
B (sint + 3) (cosh 2t + 4 cosht + 3) ’
+00 +o0
/ P ()] dt < [) [P’ (t)] dt = 0.62435
t1
Q) - _e*t2—2t26*t2‘
(te—t* +1)°
+o0o +oo
/ Q' (t)|dt < / (e =262 |dt = V2e 3
t1 0
sinh ¢ +oo oo 1
R(t) = —— >t / R’tdt</ R (1) dt = =,
O RO [TiR e
then
too / / / _1 1
ﬂ (IP'()] +1Q (1) + [R (D)) dt < 062435+ V2e 2 + = <oy = 2.
(iv)

H(t) = &(a'(1)) Z(Q)' (@' ()2 (t) +Q (2 (1))
' (t
(2 (t) + 1)2’
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then
4 8
—=ho< Ht)< h ==
3= oS H{) <=3
1 — 32
(¥ +1) (y2 +1)
+o0 3
and [ 1D’ (y)|dy = 5\/§<0z2:3,

y) = 2+2

[(ta(t)at — 0.2 ()2 (t — 0),2"(t))]
2+ "0 —In (L) 4 cos (x(t — £)) — sin (a/ (t — €)) ‘

142
1+t 42422 (t) + 2 (1)

5—In ()

1+t+4¢2

IA

:|€(t)‘ <€1:5

and

5~ In (1325)

—+o00 [e%}
ds = /
K1 |6(S>| s t1 1+8+82

/Oo5d :E\/gm
0 9

|s2 4+ s+ 1] °

ds

clearly 1 € C(I x R R). The above constants lead to the following

0 i fl 2%Q0 — 2Ry S — 2kP; — k 2% Rody
p=> i "Qi+k+2(1+ k)Ry60 + (Ck +2h1) R0 Ry (3+L0Kk0)

2ho o k(2+h0))‘
APy + 2k + 20R10ho + ho(Qo + 2Ry + k ) ' Iy 2ho }

= min {0.429 12; 0.306 12; 0.03128 3, }

where

2
-(14::1.5< k:<min{P0 Qo @oho 2 Foho }

37 67 4P2’ "hyi(2+ hy)

! — min {2.3333;2.8333;1.5052; 2. 1}

45h hid 1
Qo =17 > max{ 1 Falmd | p } = max{14. 222; 12. 056}.

k7 k 2
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

The functions given above for constructing the equation of the example are suitable for
the existence of all the constants that satisfy the conditions of the two theorems then all

the results in the two theorems hold for the equation of the example.

2.2 A Study of a Second Class of Third-Order Neu-
tral Delay Differential Equations

In this section, we extend our qualitative investigation to a second class of third-order
neutral delay differential equations, as defined in equation (2.24). Similar to the previous
analysis, our objective is to establish sufficient conditions that ensure the boundedness,
square integrability, and uniform asymptotic stability of the solutions. This specific model
incorporates different functional structures and nonlinear perturbations, requiring a ded-
icated approach to verify its stability properties. By constructing appropriate Lyapunov
functionals and satisfying the required parametric constraints, we demonstrate that the
system’s trajectories remain controlled and converge toward the equilibrium state over
time.

Let the following neutral differential equation

"
/(1) + ' (t = 1) + h(@) + poh(a(t = )]+ PO2"(1) + Q)'(H)  (2.24)
+R(1)|g(2(0) + pag (a(t — 0))| = w(ta(t).o(t — )2/ ()2 (t — 00" (1))
for all t > t; = tog + max{r,o}, where, max{py,p2} = p < 1, r,0,p1 and py some
positive constants, and P,Q,R € CYR",(0,00)), RT = [0,00); ¢ € CHR,R); h €
C?(R,R); v € C(RT x R5 R) and g¢(0) = 0.
By solution of (2.24) we mean a continuous function z : [t,,00) — R for ¢, > ¢; which

satisfy the equation (2.24) in [t,,00) and such that

z(t) + pra(t —r) € C*([ty,00),R).
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

2.2.1 Basic Assumptions

This subsection outlines the fundamental hypotheses required to perform a compre-
hensive qualitative analysis of the second neutral differential equation (2.24). These as-
sumptions define the necessary mathematical constraints on the functional coefficients
P(t),Q(t), and R(t), as well as the nonlinear terms and time-varying delays involved in
the system. By establishing these prerequisites, we ensure that the conditions for the
existence and stability of solutions are rigorously met. These criteria form the essential
foundation for the subsequent stability theorems and integral inequalities that character-
ize the long-term behavior of the trajectories within this specific model.

The following hypotheses on the functions appearing in the equation (2.24) will be use-
ful in next subsequent sections, assume that there are positive constants pg, p1, Ro, R1, 9o, q1,

&1,&, &5 and v such that the following conditions are satisfied :
) 0<po<P(t)<p, 0<q<Q)<qi, 0<R < R(t) <Ry

Q'(t) <0, R'(t) <0 forall t>t;

i) g(0) =0, flﬁg(xx)ﬁfz (x#£0) and | ¢ (z)|< & forall z € R;

iii) Alt < | P'(s) | —R'(s))ds <.

The equation (2.24) is equivalent to the system

8

(t) = y(t) — hla(t)),
(t) = =(1),
Z(t) = —P(t)=(t) + PO (@)9(t) — Q1)I(t) — (1 + p2) R(t)g(x) (2.25)
+0R(1) I, (u(s) = h(x(s)) ) g/ (x(5)ds

(

(
+i(t,x(t),x(t — o), (t),2' (t — 0),2" (1)),

e e
<
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

where

y(t) = 2'(t) + h(x(t)),

e N e

Z(t) =y (t) + pry' (t —r) = 2(t) + prz(t — 7).

2.2.2 Boundedness And Square Integrability

In this subsection, we investigate the fundamental properties of boundedness and square
integrability for the solutions of the second neutral differential equation (2.24). Our anal-
ysis focuses on the general case where the system is subject to nonlinear perturbations,
represented by the conditions h # 0 and ¢ # 0. The primary objective is to establish
The following theorem, which identifies a set of sufficient conditions and parametric con-
straints that guarantee the trajectories and their derivatives remain within finite limits
over time. By ensuring these criteria are met, we provide mathematical assurance that the
system’s energy dissipates effectively, preventing any divergent behavior and confirming
the stability of the physical process modeled by the equation.

Let the following theorem where h # 0 and 1 # 0.

Theorem 2.3. In addition to assumptions (i)-(iii), assume that there are positive con-

stants 0, @1 and Dy such that the following conditions are satisfied:

QkRogl 2p0 — 3]{3}

H1) | B (u)|<d  forallueR and 5<min{ Re ?
152 P1—

H2) | Y(tx(t),z(t —r),a'(t),2'(t —r),2" (1)) |< o(t) < ¢y andAt o(s)ds < Dy.

Then, there exists a finite positive constant n such that all the solutions x(.) of (2.24)
and their derivatives '(.) and x"(.) fulfill

D |at)|<n, |2@)]<Sn and |2"()+pa'(t—r) [0, forallt > t,
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1I) :o <x2(s) +2”(s) + (2" (s) + pra”(s — T))2>d8 < 00,

provided that

{2k + 0)go — Ru(28 +0) — k(1 +2p1) — 6(py — k)

< mi )
g mmi Ri&[(2+3k)0+2 + i+ k+ Rid
WRofy +OREE o —3k—0(pi—k) | 2.26)
Ry(&ok +&3) 7 231(§3U—|—1)+3k—|—8p1+q1}’ '
where
I{ . [Po Q(Q) qo
i k<m1n{§7 fp%’ Z},
1 (2.27)
l Ri(263+06) + k(1 +2p1) +(p1 — k) 4Ru&s
L q0>max{ 2(k—|—5) , 2 }
Proof.

Our main tool is the continuously differentiable function V =V (¢;z;y; 2) defined by

V =Wexp <_F1 At A(s)ds), (2.28)

in which A(t) =| P'(t) | —R/(t), the function W = W (t;z;y;z) is given by

W = ;22 + k97 + l;P(t)ﬁQ + (14 p2)kR()G(z) + (1 4 p2) R(t)Vg(z) + QS%Q

1 ¢ 0t
thaZ + SRQ(O® + kP(O)wd +p [ 2(s)ds + A / / 92(7)drds,
—o Jit+s

t—r
with I and X\ are positive constants to be determined later in the proof and G(z) =
/ g(u)du. Rewriting W as follow
0

t 0 t
W =W +Wot Ws+Wy+p [ 2%(s)ds+ )\/ / 9%(7)drds,
—o Jt+s

t—r
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where
L 1 2
W, = ZZ +k192+§kP(t)19,

1
Wo = (L4 p)kR()G() + (14 po) R(£) g () + Q1)
Ws = ikQ(t)aﬂ + kP(t)xd + iQ(tw?
W, = iZQ + kxZ + ik@(t)xQ
In view of conditions (i), (ii) and (2.27) we have
L s 1 2
W, = ZZ + kv Z + 5/’{:]3(15)19l
1
7 (7 + 2k0)? + 2k (P(t) — 2k)0?|

v

1
§k(po — 2k)9?
oy 92,

v

where

1
ki = 5145(1?0 — 2k).

Rearrange W5 we obtain the estimate

W =(1+ p)kRIOG() + (1+ pa) R a(a) + Q1)

(4 ok ROG() + QO [ g2 40+ ) ROg()0

4| Q) |
—(1+ p)kR() [ glu)du
Q) [, 20+ p)R(t) 2 R ]
+4[<§+Q(t)g(x)> —4(1+ p2) QQ(t)g (fc)J
>(1+ po)kR(t) | " g(w)du — (1 + po) (;((Z))QQ(:C)
>(1 + p)kR(t U)mg Ydu — 2(1+ p )k}g&/xg() ()du}
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Note that by (ii) we have

which implies

SO

where

We have also,

Wy = QU+ kP(t)ad + ik@(t)ﬁ

4
- Jom]+ 20y - 02
_ iQ(t) [(19 + 221;(;>x)2 k1 — 4’22];(2;;)] 2}
> Jak[1- 2]
> kga®,
where
kg — iqgk[l _ 4’;’??].
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Rearranging W, we get

1 1
W, = Zk@(t)gﬂ +kaZ + - Z°

1
- ikz@(t) % + Qzlt)a:Z 7 Ql a 7|
_ ik;Q(t) @+ Q?OZ)Q + C;t)(; = C;t)
L ot
> kiZ%,
where .
ki= K[y - qj
Since

t 0yt
,u/ 2*(s)ds + )\/ / 9*(1)drds > 0,
t —o Ji+s

it follows that

W > k5<x2+192+22>,

where

k5 = min{kl,kg,kg,k4}.
By (iii) we conclude that

1> exp (_Fl Zt A(s)ds) > exp(

1

?)7
using (2.28) and (2.29) we obtain

V> ki (a® + 9% + 2%),

where

ke = exp(%)k@.

(2.29)

(2.30)
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For the time derivative of the function W along the trajectories of system (2.25), a straight

forward calculation yields

W(2.25) = W5 + W6 + W7, (231)

such that

Ws = (k= P(0)2 + (@) |(P(t) = K)Z — (L+ p2) R)g(x) ~ Q1))
tpikzz(t — 1) — pQ)92(t — 1) — pP()22(t — 1)
(14 p2)R)g(2)=(t = 1) — KQU) + (14 po) R()G () 0° + k02
(L p)R(g(w)e + RP()0P + iz — uz?(t =) = A [ ; 92(s)ds

+Ao¥? + [k(:c +9) + Z}w(t,x(t),x(t —0),2' ()2 (t — 0),2"(t)),

Wy = p2R(1) =+ pra(t — ) + ko + ke [ " (w(s))9(s)ds

t—o

and

ow

Wr = —.
T ot

By conditions (i), (ii) and by applying the estimate 2st < s? + t2

W < pgRl{&]’Z +€3 192( Yds + py 52 (t—a)—kplg;l ¥*(s)ds

2 2
t t

53%02 5‘; [ P(s)ds +£3—k +§‘; A 9 (5)ds|

pRl[&)’U 2 523 ?92( )ds +p€3—z t—o)+ —/ ¥*(s

53‘71@192 5; t;ﬂ?( )ds+(1+p)€30 5; t_gﬁz(s)ds]

IN
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From conditions (i), (ii), (H1), (2.26), (2.27) and the estimate u <] u |[< u? 4+ 1

W5 <

<

Therefore,

Ws+Ws < —[(k‘ +0)qo — g(R1§3OkJ +q+k)— 1+ p)Ri(& +

(= p0)2? + 3 [ — B)(Z2 4 ) & (L4 p)Ra(6(2) + 9%) — 200

k k
+ % + %zQ(t —7r)+ gq 0%+ §q At —r) + %plzz + %plf(t —r)
P1 P1
2

+ — (1 + p2)R1£2:C + — (1 + ,02)R122(t — 7”) — quﬁ2 + (1 + pz)R1€3ﬁ2
k k k k
+ 5192 b2y P2 P2 ) k(L + po) Rofaa? + kpr 92

2
2 2 2
t
+ pz? — p2(t —r) + Aod? — A/ ¥?(s)ds
t—o

+ [/{:(1,2 + 92+ 2)+ 2% + 1} | w(t,x(t),x(t — 0),2'(t),2' (t — 0),2"(t)) |

— 29 P(t) | 22(t = 1) | 4201 P(t) | 22(t — 1) | +(p1 — P P()22(t = 7).

(k —po)z® + g[(pl — k) Z* +9%) + (1 + p2)Ri(g*(x) +9%) — 2q0192}

k k
+ % + % 2t —7r)+ §q1ﬁ2 quz Ht—r)+ %plzZ + %ple(t —7)

+ D0+ po)Rage® + 5L+ pa) Ba (= 7) — kot + (1 + pa) Ra&a?

+ ];192 + I;z + 7/{:192 2k22(t — 1) — k(1 + p2) Ro&12% + kp?
+ p2® — p2(t —r) + Aov? — /\Aia ¥?(s)ds

+ [k(zz + 92+ 2)+ 2% + 1} | (tz(t),x(t —o)a' ()2 (t —o),2” (1)) |
+ o P(£)22 4+ 20 P(0)22(t — 1) — 201 P(t) | 22(t — 1) | —p>P(t)22(t — 7).

o
3)

P2 = S~ B~ o]
—(L+p2) {kRo& - gleg - pQRl(fzaUk’ + 53)%2

- :po - 5(31530 +k +5p1) — ;k‘ - M} 2+ g(Pl —k)Z
+ g (ngga +q + 2Ry + 2k + 3p1> - u} 2t =)
+[pRi&a(1 + k) - A ﬂa 92(s)ds

+d<x2 + 9%+ ZQ>g0(t) + 3dip(t) — 2p1po|zz(t — 1) — plpe2*(t — 7).
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

By taking

A = pRi&(1+k)
§ = g(ngga g+ 2Ry + 2k + 5p1)

d = max{k,1}
and by (2.29)
)
Wi+ Ws < —|(k+6)q — f(ngg[(2+3/g)a+2} taq +k+R15> ~ Ri(&+3)
k 5 )
—5(1+2p) - §(p1 B
R )
—(1+p ){kRofl *ngg P 1(53 k+§2)} 2(171 —k)Z*
3k
—[po — g(QRl(fsa +1) + 3k +8p1 + Q1) - ?} {Z +2p1]zz(t — 1)
+pi 2% (t — r)} + d(:c2 + 9% + Z2)<p(t) + 3dp(t),
P 0
< - [(k +8)qo — §(ngg,[(z +3k)o+2| + ¢ +k+ Rlé) — Ri(&+ 5)
k 5 )
—5(+2p1) = S — B)]Y
) R
~(1+ po) kR — SR — B (Gok + €3)]?
p 3k 90 9
—[po - 5(2]%1(530 +1) + 3k +8p1 + C]l) -5 5(191 - ]f)}Z
+d<w2 + 9 ZQ>¢(t) + 3dy(t),
provided that
< min 4 2090 = P (28 +9) k(14 2p1) — 3(py — 1)
i Ri&[(2+3k)o +2] + 1+ k+ Rid ’
%kRo& +ORIE  2po—3k—d(p—k) |
Rl(fga'k‘ + 5%) ’ 2R1(£3U + 1) + 3k + 8]?1 +q1 }
Hence, there exists a positive constant S such that,
Ws+Ws < —S[:I:Q + 92+ 22} + d(a:z + 92 + ZQ)go(t) + 3dp(t)
< (dpy — 8)(22 + 0 + 22) + 3dp(1), (2.32)
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

where S > dy; and
( 5

S = mini(k +8)qo — g(ngg[@ +3k)0+ 2] + g+ k+ Rad) = Ri(& + >
~ R o)~ ok, (14 p) [kRo& CR& - P ok + £3)]
po—L(2R(Go + 1)+ 3k +8p1 4 ) }
also
Wy = kPP + (14 p) B (D920 + k(1 + o) R(DG() + 30 (157
-I—;kQ’(t)a:Q + kP'(t)zv
= SRPOP + (14 p)R(0) o) + KG(@)] + SQ O + ka?) + kP (1)
< SIPO 1P+ (14 9) | RO | [36260) + 50 + 5k | PO | @+ %)
< ;k:A(t)(xQ—i-QﬁQ) —i—;(l—i—p) [ a:2+q92}
< WA (2* + 97 + Z7), (2.33)
where o — 2k (@ +2p)(€% +1)

By (2.29), (2.32), (2.33) and expression (2.31) can be rewritten as

Was) < —M(22 + 9> + 2°) + %A(t)W + 3d(t),
5

where M =5 — dyq
The derivative of the functional V' along the trajectories of system ( 2.25) is given by

. . 1 1 gt
Vi2.25) :[W(z%) - fA(t)W} eXP(Tl A(s)ds)
At) 1
2 2
<[~ M2+ 02+ 2%) + - AW +3dp(t) - =W exp(— [ A)ds).
Let ™' = g, hence

t

17(2.51) < { — M(a:2 + 9% + ZQ) + Sdgp(t)} exp(_F1 l A(s)ds).

1
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

By inequality (2.57)

Viesy) < —N (27 + 9% + Z%) + 3dep(t),

where N = M exp(—F), by integrating (2.34) from ¢, to ¢t where ¢ > t,,

V() < V(t1)+3d lt o(s)ds

S D27
where Dy =V (t1) + 3dD;. By (2.28)

W = Vexp(]{ /t A(s)ds)

t1

and from (2.57) and (2.35)
W < D, exp(%).

Due to the boundedness of W, there exists a positive constant 7 such that

[2(t) |<n, [9() |<n and [ Z(t) [<,

we have

| 2'(t) =] y(®) = h(x(D)) =] 9() [< n,
thanks to the boundedness of x(t) and (H1),

| 2"(t) + pra”(t = r) | =[ Z(t) = B (x(t)2'(t) = prh/(x(t —7))a'(t —7) |

(2.34)

(2.35)

(2.36)

<|Z(@) | + [ W) || 2(8) [ +p1 | B (x(t = 7)) | 2'(t —7) |

<m

where 1, = 77<1 +(1+ pl)d).

Finally z, ' and 2"(t) + p12”(t — r) are bounded.
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

We will show that the solutions and their derivatives belong to L.
We define the function

E(t) = V(1) + a[ (2(s) 4+ 9°(s) + 2%(s))ds, it >0, (237)

according to (2.34)

V() +a(23(t) +03(1) + 23(1))

< (a—N)(22(t) +03(t) + Z2(1)) + Bdi(2),

IN

E(t)

if we take o« < N then
E(t) < 3dp(t). (2.38)

Integrating (2.38) from ¢; to t, we obtain

E(ty)+3d tgo(s)ds

t1

< E(t)) +3dDy, (2.39)

E(t)

IN

we use (2.37) and (2.39)

a[ (a2(0) + 02(1) + 2°(0)ds < V(1) + a[ (a2(6) + 0°(1) + 2°(1) ) ds

< E(ty) + 3dDy,

while E(t;) = V(¢;) it follows that

[ (@0 + 0 + 20 )as < V(t) +3dDy _

Therefore,

¢ t t
/ 2%(s)ds < D, ¥?(s)ds < Dy and Z2(s)ds < Do, (2.40)
t t1

1 t1

we have

¢ ¢
/ 2%(s)ds = | 9*(s)ds < Ds.
¢

1 t1
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

By (2.40) and (H1) we have

lf {x"(s) + p1a”(s — r)rds

— At {Z(s) — h'(z(s))2'(s) — p1h(x(s —1))2' (s — T)} ds

Z*(s) + W (x(s))a(s) + pih"*(w(s — 1))a"*(s — 1)

I
B
o~
| —— |

— 27K (x(s))2(s) — 2p ZN (x(s — 1))’ (s — 1)

+2p1h (z(s))h (z(s — r))a'(s)x' (s — 7‘)} ds

t

< (1+5(1 + p1) /tt Z(s)ds + (0*(1 + p1) +0) ﬂ 2%(s)ds
+po(1+6(1+ 1)) [ 2%(s — r)ds

and from (2.40)

t t—r t1
/ (s —r)ds = / 2" (u)du < / 2" (u)du + Dy < 0°r + Ds.
t t

1 1—7r t1—r
Finally

ﬁt {:p”(s) + p1a” (s — T)rds < <1 + (1 + ,01)>D2 + (52(1 +p1) + 5) Dy

1—7

+p15(1 + (1 + p1)> (n*r + Dy).

The proof of Theorem 2.3 is completed. U

2.2.3 Uniform Asymptotic Stability

In this subsection, we establish the criteria for the uniform asymptotic stability of
the zero solution for the second neutral differential equation (2.24). This analysis is
conducted for the unperturbed case, where h = 0 and ¢ = 0. The primary goal is to
present Theorem 2.4, which provides a set of sufficient conditions involving the interaction
of system parameters and time delays. By ensuring that the derived inequality involving
the minimum values of the system’s coefficients is satisfied, we prove that all solutions

starting near the equilibrium will not only remain bounded but will also converge to the
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

equilibrium state independently of the initial time. These results reinforce the structural
stability of the second model under consideration.

For the case h = 0 and ¢ = 0. we have the following theorem

Theorem 2.4. Suppose that assumptions (i)-(iii) hold. Then every solution of (2.24) is
uniformly asymptotically stable, provided that

( 2kqo — 2R &3 — k(1 + 2py)

< min ,
P ingg[(2+3k)a+2} Ytk
2k R, 2o — 3k )
2)° ; (2.41)
R1(§30'k5 + 62) 2R1(§30’ + ].) + 3]43 + 8])1 + qi
where ’ )
. bPo G Qo
vk - 20 ¢
i <mm{2’ apt 4}’
(2.42)

| © max { 2R3 + k(1 +2p1) 4Ri&3 }
k do Qk 5 k .

Proof. Proof of Theorem 2.4. In this case, equation (2.24) becomes,
[2'(t) + pra’(t — )] + P(H)2"(t) + Q(8)'(t) + R(t)[g(x(t)) + p2g(z(t — 0))] = 0. (2.43)

The equation (2.43) is equivalent to the system
[

"(t) =y(1),
{ y'(t) = 2(1), (2.44)
L Z/(t) = —P(D)z — Q(t)y — (1 + pa) R(D)g () + paR(1) [, y(5)g (x(s))ds,

8

where

Z(t) =y'(t) + ;my' (t — 1) = 2(t) + pr2a(t — 7).

The proof depends on some fundamental properties of a continuously differentiable

functional V' = V(t,z(t),y(t),z(t)) defined by

V =Wexp <_F1 zt A(s)ds),
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

in which A(t) =| P'(t) | —R/(t), the function W = W (¢;z;y;2) is defined by

W o— ;ZQ +kyZ + ;kP(t)yQ + (14 p2) kR(t)G(x) + (1 + p2) R(t)yg(x) + =y

Q) »
2

1 t 0 st
+heZ + SkQWa® + kP(ay +pu [ 2 (s)ds + ) / / (1) drds,
t—r —0o J1+s

with I and A\ are positive constants to be determined later in the proof. Rewriting W

as follows

t 0 t
W= Wi+ Wyt Wy + Watp [ zQ(s)ds+Al L (1) drds,

where

1 1
Wy = ~Z*+kyZ + ikP(t)gf,

4

Wo = (L4 pkRIOG() + (14 p)R(yg(x) + Q)

Wy = JkQU + kP(tay + Q)

1 1
Wy = ~Z*+kaZ+ Z/{:Q(t)xZ,

4

with similar steps to the previous proof we obtain the next results.

Firstly let’s show that W is positive definite.

Wi > kiy?, Wa > koa?, Wi > kaa®, Wy > k22,

where
ky
ko
ks
k4
Since
t
i
tf

= hlpo — 2
fi(l + po)kRof1 - 2)
o
-4

0 gt
(s)ds + /\/ / y?(7)drds > 0,
—o Ji+s
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

it follows that

W > k(22 497 + 2), (2.45)
where
ks = min{ky,ky,ks,ka},
by (iii) we conclude that
exp (= / "Als)ds) > exp() (2.46)
F t1 - F ’
we use (2.45) and (2.46) we obtain
V> ko(a? + 42+ 22),
where
ko = exp(— k.
I
Also, it is esay to see that there is a positive constant d; such that
t 0 t
V<§@+yP+ 2% +u 2*(s)ds + >\/ / y*(7)drds, (2.47)
t—r —0o Jt+s

for all x,y and Z, and all t > t;.

For the time derivative of the function W along the trajectories of system (2.44), a

straight forward calculation yields

W(2.44) = W5+ Ws + W5,

such that

Wi = (k= P(1)2" + pikzz(t —r) = mQ(t)yz(t — ) — prP(t)z2(t — 1)

—p1(1+ p2) R(t)g(x)z(t — 1) — kQ(t)y* + (1 + p2) R(t)g' (x) y* + kyZ

t

—k(1+ po)R(t)g(z)x + kP(t)y* + pz* — uz?(t —r) + Aoy® — A y?(s)ds,
t

—0
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

Wo = R0z + pa(t = 1)+ ky + ko] [ y(s)g/(a(s))ds

and
ow

W7:W.

By conditions (i), (ii) , (iii), (2.41), (2.42) and by applying the estimate 2uv < u? +v* we

obtain
k
Ws+Ws < —[k?QO - g(R1§307€ +aq k)= (L+p)Ri&s — 5(1 +2p1) — )\0}92

—(1+p2) {kRo& - pZRl(fgak + 63)}3:2

[ 3
—|Po— g(Rlésa +k+3p) - ok - M} 2
+ _g(le?)U +q1 + 2Ry + 2k + 5py) — u} 2t —r)
[ t
+ _PR153<1 + k) - )\} l_ y*(s)ds — 2p1poz2(t — 1) — pipoz®(t — ).
Let
A = pRi&(1+k)
Ho= §<R1£30+Q1+2R1+2]€+5p1),
-{ 2kqo — 2R1&3 — k(1 + 2py)
p < min :
i Ri&[(2+3k)o +2] +q + k

Y

2k Ro&y 20 — 3k )
Ry (&0k + 5%)’ 2R (&30 + 1) + 3k +8p1 + ¢ }

The last inequality becomes

Wi + Wy < =S (a® + 42 + 22),

where

(
. k
S = min ik% - g(le3[(2 + 3k)o + 2] +q¢ + k) — Ri1&§3 — 5(1 +2p1), po,

)
R 3k
(1+ p2) {kRo& - %(ﬁsak + fg)}, Po — g(231(§30 +1) + 3k + 8p1 + q1> — 2},
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Wi = SRP(O0+ (14 )R (0g(a)y + (1 + kR (DG()
—l—;Q’(t)yQ + ;kQ'(t)asz + kP'(t)zy
WA() (2 +y* + Z?)

IN

2k + (1—1—/))(5%—1—1).

2
The above estimates lead to

and w =

Wian < =S(2® + 3% + Z%) + wA () (2* + y* + 2%).

Finally by (2.45) the derivative of the functional V' along the trajectories of system (2.44)

is given by
“/(2.44) = |:W(2 44) — *A exp / S)dS
< [ S(a? 12+ 2%) + CAmW - Lag )W} exp(—> /tA(s)ds).
- k F F t1
Let ™' = —
e o
S0
: —1 ft
Viay < =S(e +y* + 2%) exp(— / A(s)ds), (2.48)
t1
from (2.46) and (2.48) we have
Vipasy < —0a(2° +y° + Z22). (2.49)

where 0o = Sexp(%).

We have established that the zero solution of (2.44) is uniformly asymptotically stable.
This fact completes the proof of Theorem 2.4. O
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2.2.4 Example

We consider the following third order non-autonomous delay neutral diffential equation

[ 2'(t) +0.022'(t — 0,5) + ; sin(z(t)) + 0502 sin(z(t — 0.5))]//

2it2>$/(t)

_|_(4 + 1 arctan(—t)) [(§$(t> + $(t))

- 5 L+ a%(1)

+0_03(§x(t —02)+ f;tga (123,2))}
cos(t) sin(a’(t — 0.2))

1412 +22(t) + 2%(t - 0,2)°

+<5 + 72r arctan(t))x”(t) + (17 +

For all t > t; =ty + 0.5. It is esay to see that:

(i)

; =Ry<R(t)=4+ ;arctan(—t) < g = Ry,

M= <QW)=1T+5-5 <> =a,
—2t

Q) = 5 <O
~1

R,(t)—w(l—kt?)_o

(i)
9@ = 13+ g < E =6 g0 =0
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(i)

t / / t 2 1
A (1P(s)|—R(s))ds = A <7r(1 ot T +82))ds
too3
- /t (m + s2>>d8
+o0 3 3
< ) Gars)esg e
(H1)
| K(x)|= é | cos(z(t)) |< ; =0 forall x€R
and
1 (2kRofy 2p0—3ky .
F = o< mm{ Rlé)%l’ p(l) - } = min {0.57, 0.78}.
(H2)
| p(t,a(t),x(t —0.2),2'(t),2'(t — 0.2),2"(t)) |
cos(t) sin(2'(t — 0.2))
| 142 4+ 22(t) + 2%(t — 0.2) |
< 12Ol _ o)
< pr=1
and

¢ t| cos(s) | oo ] too ] v
ds — 7d</ d</ ds = = = Dj.
Klgo(s)s t1 14 82 0= t, 14 82 = 1+ s2 T !

For d =1.5 we obtain

{ - — — —
p = 0.03 < min 2(k 4+ 0)go — R1(285 +0) — k(1 +2p1) — 6(p1 — k)
Ri&[(2+3k)o +2] + a1 +k+ Rid

9

2kRo&1 — OR1&5 2po — 3k — 6(p1 — k) )
Ry(&30k +&3) 7 2R1(&30 + 1) + 3k + 8py + Q1}

= min {0.5;0.29; 0.0317},
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2
Po. 4 . %} = min{2; 2601; 4.25}

k=15 <min{—; —5;
{2 4p?

where

—_— N ——————

d = 17 > max {31(253 +0) + k(1 +2p1) +0(p1 — k), 23153}

2(k+9) ok
= max{15.41; 16}

———————

and
( , 5
S — 1.8873 = min i(k +8)qo — 5(1%153[(2 +3k)0+2 ko Rid) = Ri( + 2
k 5 5 R
— S(+2p) = S0 — k), (14 po) [kRo&a — SRS — PGk + )|,
\
3k 6
Po — g<231(f30 +1) + 3k + 6p1 + C]1> 5 5(]?1 - k?)}

= min {32.810, 1.8873, 59.122}

The given constants in the example guarantee the existence of the parameters p,k,qo
and S which satisfy all the conditions of theorem 2.5 and the theorem 2.4 then all the
solutions are bounded and square integrable and if h = 0 and ¢ = 0. they are uniformly

asymptotically stable.

2.3 A Study of the Exponential Stability of Solutions
of a Class of Third-Order Neutral Equations

The primary objective of this section is to establish two new stability results for a
specific class of third-order neutral differential equations with delay, as formulated in
equation (2.50). By employing the Lyapunov second method, we aim to derive a set
of sufficient conditions that guarantee the boundedness and square integrability of the
solutions. This analysis is crucial for ensuring that the system’s trajectories remain within

finite limits and that its energy dissipates effectively over time. By constructing a suitable
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Lyapunov functional and satisfying the required parametric constraints, we provide a
rigorous theoretical framework to confirm the stability of the system, even in the presence
of complex delay terms and nonlinear components.

Let a third order neutral differential equation with delay of the form

/

{x'(t) + o' (t—1)+ f(z)+ o f(z(t — r))}” + [V(x(t))x'(t)} (2.50)
+W(az‘(t)):c’(t) + go(:c(t)) + Qgga(x(t — 0)) = @(t,x(t),x(t —o0),2'(t),2'(t — a),x”(t))

for all t > t; = ty + max{r,0c} where max{p,00} = 0 < 1, r,0,0; and gy are
positive constants and V, W € C'(R, (0,00)); ¢ € C*(R,R); f € C*(R,R); ® € C(R" x
R° R), R* = [0,00) and ¢(0) = 0.

While the second part is devoted to prove a new interesting result about the exponen-
tial stability of solutions for the above equation in the case f =0, ® =0 and o1 = g2 = 0.

The solution of equation (2.50) is by definition a continuous function
x : [ty, +00) — R for which the given equation is satisfied in [¢,,00) for ¢, > ¢; and
such that

z(t) + o1x(t — 1) € C*([ts,00),R).

2.3.1 Basic Assumptions

In this subsection, we establish the essential mathematical framework for analyzing
the third-order neutral delay differential equation (2.50). To ensure the validity of the
stability and boundedness results presented in this section, it is necessary to impose
specific hypotheses on the functions V(z(.)), W (z(.)), and ¢(z(.)). These assumptions
define the required positive constants and functional bounds, such as the constraints on
the nonlinear term ¢(z) and the integrability of the derivatives V' and W’. By satisfying
these foundational criteria, we provide a consistent basis for the subsequent proofs and
the construction of Lyapunov functionals, ensuring that the system’s qualitative behavior
remains predictable and stable.

The given functions appearing in the equation (2.50) have to satisfy some conditions

that are necessary in the proof of the theorems of this section, assume that there are pos-
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

itive constants vy, vy, wg, wy, A, B, and C' such that the following conditions are satisfied :
i) vo < V(x(t)) <wvy, wo < W(x(t)) <wi;

ii) ¢(0) =0, ASMSB (for all z #0) and | ¢'(z) |< C for all x € R;

i) /_;“ (1V/() |+ | W) | )du <.

For brevity, we put

ex(t) = V'(x(t)z'(t),
eo(t) = W'(x(t))2'(t).

The equation (2.50) is equivalent to the system
x'(t

(t) = y(t) — f(x(t)),
() = =(0),

Z(t) = —V(a()2(t) + V(@®) (@)U (£) —e1 (VU () - W((t)U () (251)
—(1+ 02)p(a(t) + 02 Sy (u(s) = F(x(s)) ) @' (w(5))ds

+®(t,x(t),x(t — 0),2'(t),2'(t — 0),2" (1)),

e N e e

where

y(t) = f=(t)) = U(1),

(
Il Z(t) =y () + oy (t —r) = 2(t) + ¢12(t — 7).

2.3.2 Boundedness And Square Integrability

In this subsection, we focus on establishing the properties of boundedness and square
integrability for the solutions of the third-order neutral differential equation (2.50). This
investigation considers the general perturbed case where the functions f # 0 and ® # 0.
The central result is presented in the following theorem, which derives sufficient conditions
and specific parametric constraints including a requirement on the smallness of the con-

stant 0. These conditions ensure that the trajectories of the system, along with their first
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and second derivatives, remain within finite bounds and that their integral energy over
time is finite. This analysis confirms that the system maintains its qualitative stability
even when subjected to nonlinear external influences.

The following theorem is for f # 0 and ® # 0.
Theorem 2.5. In addition to assumptions (i)-(iii), assume that there are positive con-

stants k, 9, ¢1, and Dy such that the following conditions are satisfied:

2kA 2v — 3k3}

Hi)| f(u)|<d forallueR and 5<min{§,7k
V1 —

H2) | D{ta(t)a(t - )04/t — 7).a" (1)) 1< 6(0) < 61 and [ 6(s)ds < Dy

Then, there exists a finite positive constant n such that every solution x(.) of (2.50)

and their derivatives x'(.) and z"(.) satisfy

1 z(t) |I<n, [2()|<n and |2"(t)+ o2t —7r)|<n, forallt>t,

2. [ (l‘Q(S) +2”(s) + (2"(s) + 012" (s — T))2>d8 < 00,

t1

provided that
[ 20k + 8wy — (20 +6) — k(1 +201) — 6(vy — k)

< min ,
¢ i Cl2+3k)o+2]|+w +k+0
%A+ 0B 2up—3k— (v —k) | (252
C’ak—i—B2’2(00+1)+3/{:+6vl+w1} '
'{ k<min{v0 w—g wo}
| 2740} 4 |7
where { (2.53)
- >max{2c+6+k(1+2v1)+5(p1—k) 40}
(G 2(k +6) kS

Proof. Let’s define the differentiable function
U = ¥(t,x,y, z) defined by

U = Qexp (_Fl /tt A(s)ds), (2.54)

1
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where
A(s)ds = At[|£1(s)|—|—|£2(s) |]ds
= [TV @)+ W @ ) e (5) | ]ds
= [ v 1w | a
[V @ 1+ 10 ) | Jdu < oo, (2.55)

for A(t) =] e1(t) | + | ea(t) |, F1(t) =min{x (t1),z(t)}, [z (t) = max{z(t1),x (t)} and
the function Q = Q(t, x,y, 2) is given by

IN

0= ;ZQ YRUZ + ;k:V(x(t))UQ +(1+ 0)kG(x) + (1+ 02)Usp(a) + ;W(x(t))UQ

t 0 t
+kaZ + ;kW(x(tm? FRV(@@)aU +p [ 22(s)ds + A / U(r)drds,
—0o Jit+s

t—r
such that G(z) = [§ p(u)du, with I, ;4 and A are positive constants to be determined
later in the proof.

Rewriting €2 as follow

Q=0+ %+ D+ Qtp [ A)s+A [ OU t; U2(r)drds,  (2.56)
where
0 = izz +kUZ + ;kV(x)UZ,
= (14 ehG(r) + (1 + 02)Upl) + W (20,
Q5 — ikW(x)xQ + RV (2)2U + iW(w)UQ,
Qy = 122 + kxZ + ikW(x)xQ
In view of conditions (7), (iz) and (2.53) we have
le[ Z +2kU)? + 2k (V (x) — 2K)U?|
> ;kz(vo —2k)U?
> kU2,
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where

1
k’l = 5]{7(1)0 — 2]{7)

Since ¢(0) =0 and gy <1 it follows that

P@) =2 [ e(s)¢ (s)ds,

Sy = Wf) [(U + 2(VIVJE:£2) ( ))2 — 4(1W+2(Q;>)2902(:c)} +(1+ Qz)k/)x p(s)ds

> (et [ 1= 2 )] et

> (1t ok [ (1= 2 )p(s)s.

ka

Note that by (ii) we have

A2, 1, 1 = ,
. < E— <
L oat S oa¥ () CA p(s)¢'(s)ds < [ @(s)ds,

SO

Qy > kya?,
where ,
A 4C
by = (1 + Qg)k(l - kwo)

and

1 2KV (z) 2 AK*V2(x) , )

93—4W( )[(U W) x) — W2(a) T —|—/<:a:}
1 2kV () \2 4V (z),
1 4kv?1
Z k?rrgv

71 Ahmed Draia University 2025- 2026



2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

where ,
ks = iwok{l - 41]2%)1]
Moreover
Q= ikW(m) [ZL‘2 + W(x)xZ + k:l/Vl(:zr) 2]
- ikW(m) [(:c + WQ(:U) Z) + Wl(x) [; - WZ)]ZZ}
L 2]
> k72,
where
SIS
Since

t 0yt
,u/ 2*(s)ds + )\/ / U?(7)drds > 0,
t —o Ji+s

it follows that
Q> ky(2? + U2 + 22), (2.57)

such that

ks = i, th)
) 2/1;(1 + Q2)k5<1 - ljzi)’ lwok’{l - 4]“)%}, k[l - 4}}

1
= min{gk(vo — 2k)

By (2.53) we get

ks > 0,
by (2.55) we obtain
1 > exp <_1 /t A(s)ds) > exp(j) (2.58)
o F t1 o F ' '
From (2.57) and (2.58) it results
> ky(a® + U2+ 2%), (2.59)
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where

ke = ks exp(%).

For the time derivative of the function € along the trajectories of the system (2.51), a

straight forward calculation yields

such that

Qs = Qs + Q6 + Qs (2.60)

Q5 = (k= V(@) + F@)U|(V(2) = K)Z — (1+ g2)p(z) = W(a)U|
toikzz(t —r) — o W(@)Uz(t — 1) — a1V (2)z2(t — 1) — 01 (1 + 02)p(2)2(t — 1)
—kW(z)U? + (1 + 02)¢' (2) U* + kUZ — k(1 + 02)p(z)
RV (@)U + p2? = (0 =) + 20U = [ 0¥(s)ds

[k + U) + Z|@(ta(t),a(t — 0) ' (1) ( — 0) 2" (1))

and

Qs = 09 {Z +o12(t —7r)+ kU + k:x} ltg U(s)¢'(x(s))ds

1 1
Q7: —§]€€1(t)U2+§€2< )U + k?gg( )l’ —€1<t)UZ.

By conditions (i), (i7) and by applying the estimate 2st < s* + ¢* we obtain

Qg

<

IA

t t
09 [Cazz + — / U2(s)ds + Ql—CUZQ(t —7r)+ QlC/ U?(s)ds
2 2 2 2 Jt—o
C Ck Co Ck
+—0kU2 + " U2(s)ds + —k; + U2(s)ds}
t—o t—o

C’ Co t
Q[—UZQ—F 2/ U2(s)ds—|—97z2(t—r —|—Q—/ U?(s)ds

2

C Ck C Ck

+—"kU2 + 5 [ UMs)ds+ (1+ Q)—Uk:x + U?(s)ds]
t—o t—o
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From conditions (4), (i), (H1),(2.52),(2.53) and the estimate 7 <| 7 [< 72 + 1

Qs < (k—v)2? + g[(m — k) (Z2 +U?) + (1 + 02)(¢*(z) + U?) — 2w0U2}

k k
+ %22 + %22(15 - r) Ewle Ewlz 2(t—71) + %vlz + %vlz (t—r)
+5 A1+ 0)B> + 2 5 A1+ 02)2%(t — 1) — kwoU? + (1 + 02)CU?
k k 01k
+§U2+ 5 91 —U*+ 2 2t —1) — k(1 + 09)A2® + kv, U?

T (A r) + \oU? — /\ﬂ; U?(s)ds
+ {/{:(xZ +U*+2)+ 2%+ 1} | D(t,x(t),x(t — 0),2'(t),2' (t — 0),2"(t)) |

=201V (@) [ z2(t — 1) | +201V (@) | z2(t — ) | +(o1 — @)V (2)2*(t — 1),

it follows

Qs < (k—v)22 + g[(vl — k) (Z2 + U + (1 + 00)(¢*(z) + U?) — QwOUﬂ
+ 912]{;,22 + Q;kzZ(t — )+ 5w1U2 Ewlz t—r)+ %vlz + 5“12 2(t—1)
+ 21+ o) B + 21+ 0)22(t = 7) — kuoU® + (1 + 02)CU*
+ ];Uz - ];,ZQ - QljU2 - Q;kzz(t — 1) — k(1 + g2)Az* + kv, U?
+ pz? — p2(t —r) + AoU? — )\l; U?(s)ds
+ [k‘(zQ +U?+2)+ 2%+ 1} | D(t,x(t),x(t — 0).2'(t),2(t — o) 2" (1)) |

+ 01V (2)22 + 20,V (2)22(t — 1) — 200V () | 22(t — 1) | =03V (2)2%(t — 7).

74 Ahmed Draia University 2025- 2026



2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

Therefore,

)
Q5+ Q < —|(h+d)wo— 2(Cok+uwy+k) = (1+0)(C+3)

k )
—5(1 + 2vp) — 5(1)1 — k) — )\0} U?

~(1+ 02) kA — 232 - g(Cak: + B?) s
— _Uo — g(OU + k 4+ 3’01) — 2/{} — ,u} 22 + g(Ul — k’)Zz

+:§<C’o+w1+2+2k+3v1) —M}ZZ(t—T)

- ¢
+[eC(+ k) = A / U?(s)ds
L t—o
+d(x2 +U? + Z2>q§(t) +3do(t) — 201v022(t — 1) — 02 (t — 7).
By taking
A= oC(1+k)
_ 0
o= §<CU+M1+2+2]€+301>
d = max{k,1}

and by (2.57) we obtain

)
Qs+ Qs < —[(k+5)w0—§(0[(2+3k)0+2]+w1+k+5>—(C+§)
k )
—5(14-21)1)—5(’01—]{?)}[]2
~(1+ 2) kA - 232 - g(C’ak + B2)|a? + g(vl — k)22

— [UO — 5(2(6’0 + 1) + 3k + 6v; + wl) — 321{:} [22 +20122(t — 1)

T B )

5
Qs +Q < —[(k:+5)w0— g(C’[(2+3k)a+2] +w1+k’+5> — (C+§)
k 5
—S(1+20) = (0 —k)|v?
—(1+ ) |[kA — gBZ - g(cak + B?)a?

(
0 3k 90 9
_[UO—5(2(C’J+1)+3k+6v1+w1> —?—5@1—]@) Z

+d(a? + U? + 22) 6(t) + 3do(),
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provided that

( _ _ — §(vy —
» < min 2(k + 0wy — (2C + ) — k(1 + 2v1) — §(v1 — k)
Cl2+3k)o+2]+w +k+0

)

%A+ 6B 2y —3k— (v — k) |
Cok + B2’ 2(C’J+1)+3k+6v1+w1}

Hence, there exists a positive constant S such that,

Qs+ Qs < —S{af +U? + Zﬂ - d(x2 +U? + ZQ)gb(t) + 3do(t)
< (doy — 8)(2® + U + 2) + 3do(1), (2.61)
where S > d¢, and

. ( 0 )
S:m1ni(k+5)w0—2(0[(2+3k)0+2]+w1+k—|—5) -(C+3)

k 0 0 o 0 2
- 5(1 + 2v;) — 5(1)1 —k), 1+ QQ)[]CA - §B — §(C’ak +B )},
)

4 3k 6
vo — §<Z(CU+1) + 3k + 6v, +w1> —5 5(2)1 —k)}

We have also
1 1
Q= —sa) (kU2 +20 27| + Sea(t) U2+ ka?|

< Sla® | [G+ )0+ 22+ L) | U7+ ke?]
< WA@) (22 + U+ 27, (2.62)

1+ k
where w = _g

By (2.57) , (2.61), (2.62) and expression (2.60) becomes

sy < —M (a2 + U + 22) + %A(t)Q + 3do(t),
5

where M = S — d¢,.
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The derivative of the functional ¥ along the trajectories of system (2.51) is given by

. _1 t
Vs = {9(2 51) — *A exp ? t1
9 9 w 1 —1 rt
<[-ME@+v?+ 2% + k—A(t)Q +3d0(t) — =AMR] exp (= ﬁ A(s)ds).
Let 7! = i, hence
ks
i 2 2 2 -1t
sy < | = M (e + U2 + 2%) + 3do(1)] exp (? A As)ds).
By (2.58) we obtain
; 2 2 2
Uosy < —N(2® + U+ Z%) + 3do(2), (2.63)
where N = M exp(+).
We integrate (2.63) from ¢, to ¢, t > t; = to + r and using (Hy) we get
t
V() < W)+ 3d/ (s)ds
t1

where Dy = W(ty) + 3dD;.
Due to the boundedness of U and by (2.59) there exists a positive constant 7 such
that

|2(@) [<n, [UQ®) [<n and | Z(1) |<n, (2.65)

we have

| 2'(t) |=ly(t) = f=z() |=| U®) <,

from the boundedness of z(t) and by (H;),and

{200 = (1) + o/t — 1),
{ (2.66)
L y() =2'(t) + f((1)),
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we have

| 2" (t) + 12" (t — 1) | = Z(t) — f'(x(t)2'(t) — o1 f'(x(t —7))a'(t —7) |
<|Z(t) [+ [ f (@) | 2'@t) | +ou | [t —r)) || 2'(t—7r) |
<M,

where 1, = 77<1 +(1+ 01)5).
We deduce that z, ', 2"(t) + p12”(t — r) are bounded.
We will show that the solutions and their derivatives are square integrable.

We define the function
¢
E(t) = W(t) + a/ (#2(s) + U(5) + Z%(s) )ds, ¥t >h0 >0, (2.67)
t1
according to (2.63)

EX(t)

IN

s (t) + a(2() + UA(E) + Z2(t))
< (o= N)(2(0) + UR() + Z22(1)) + 3d(2),
if we take o < N then
E(t) < 3de(t). (2.68)

Integrating (2.68) from ¢, to t and using (Hs) we obtain

E(t) + 3d tgb(s)ds

t1

< E(t1)+ 3dDs, (2.69)

E(t)

IN

we use (2.67) and (2.69)

IA
&

alf <$2(s) + U?(s) + Z2(3)>d3

while E(t;) = U(t1), so
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t t t
/ 2%(s)ds < L, U?(s)ds < L and Z*(s)ds < L,
t 1

1 t1

we have

[t 2% (s)ds = t U?(s)ds < L. (2.70)

1 t1

By (2.66) we get

2

At [x”(s) + 012" (s — r)} ds

2

|2(5) = F'(x()2'(s) — o1 f"(w(s = )/ (s = )] ds
[ZQ(S) + (@ (s))a"(s) + o1 f(w(s — )2 (s — 1)
—2Zf'(x(s))2'(s) = 2012 f'(w(s = r))a’(s — r)
+ 201/ (2()) /(s = ) ()2 (s — ) s

t
< (1+5+915)£ Z%(s)ds

t

& =

J
J

-

t

+ (52(1 +01) + 6) ﬁ 2% (s)ds

1

+ 915(1 +0+ 915)> /tt 2% (s —r)ds,

1

¢
using (2.70) and by putting ke = 1 2" (u)du we obtain

t1—r

t t—r t t
/ 2% (s —r)ds = / 2" (u)du < 1 2?(u)du + [ 2*(u)du < Ky + L,
t

1 s e .
s0
[ [2(s) + v (s - r)rds < (1+0+008)L+(*(1+0)+0)L
+ 08(1+0+0i8) (k2 + L),

The proof of Theorem 2.5 is completed. U

2.3.3 The Stability Exponential

In this subsection, we investigate the exponential stability of the zero solution for
the third-order neutral differential equation (2.50). While previous sections established

uniform asymptotic stability, this part focuses on ensuring that solutions converge to the
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equilibrium state at an exponential rate. The analysis is conducted for the unperturbed
case where f = 0, = 0, and p; = g2 = 0. We present the following theorem, which
provides sufficient conditions and specific threshold values for the parameters k£ and wy.
By satisfying these mathematical constraints, we demonstrate that the system exhibits
a strong form of stability, ensuring a rapid return to equilibrium, which is a critical
requirement for many high-performance dynamical systems.

The following theorem is for f =0, & =0 and p; = g, = 0.

Theorem 2.6. Suppose that assumptions (i)-(iii) hold. Then every solution of (2.50) is
exponentially stable, provided that

( Vo Wy Wo
i k<mm{2,4@%,4 },
{ (2.71)
i 20+ k(1+2vy) 4C
L Wo > max { 2%k ,k} .
Proof. In this case, equation (2.50) becomes
o+ V) 0] + W) () + o) = 0. (2.72)
The equation (2.72) is equivalent to the system
(2() = (1),
{ y'(t) = z(1), (2.73)
L 7(0)= —V(z®)z() = )y () = W(z(t)y (t) — el (t))

The proof is similar to the proof of the previous theorem 2.5 using new differentiable

function = = Z(t,z(t),y(t),z(t)) defined by

E=0exp <_F1 At A(s)ds), (2.74)

where A(t) =| e1(t) | + | e2(t) | , the function © = O(t, z(t),y(t), 2(t)) is defined by

o = ;ZQ + kyz + ;M/(:c(t))y2 +kG(x) + yo(x) + ;W(x(t))?f

+krz + ;/d/[/(yc(zf)):ic2 + EV (z(t))zy
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with I, and X is positive constants to be determined later in the proof and G(x) =

I3 e(u)du. Rewriting © as follows

©=0;+06,+ 063+ 06,

where

1 1
0, = 122 + kyz + ikV(x(t))yQ,

O = KC(x)+ypla) + ;WD)
Oy = KW (e(t)a® + KV (a(t)ry + {W(x(1)o?,
0, — izﬁ Sy ikW(x(t))xZ,

with similar steps to the previous proof we obtain the next results.

We will first show that © is positive definite,

0, > ki,
Oy > kot
O3 > kst
Oy > ky2?
where
1
]{1 = 5]{5(210 Qk’),
A2 4C
ky = —k|{1——
2 2C ( k'LU())’
1 4kv?
]{73 = Z’wok[l— wg },
1 4
ki = k|l—— —
4 |:k‘ wg}
Then
O > ks <x2 + 9% + z2>, (2.75)
where

k‘5 = min {k’z}

i€{1,2,3,4}
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By (2.71) we get

ks > 0,
by (2.55) we conclude that
1> exp <_1 /t A(s)ds) > exp(j) (2.76)
o F t1 - F ’ '
we use (2.75) and (2.76) we obtain
= > kg <:132 + 9% + 22>, (2.77)
where
ko = exp(— )ks
r

Since p(0) =0 and |¢'(x)| < C, we see that |p(x)| < Clz|.
From i), ii) and inequality |¢(z)| < Clx| and the fact that 28 < o? + 5% we get

O < 6 (2 +y? + 27), (2.78)

for all z,y and z where

1
61:§max{k;B+B2+k+kw1+kU1, ko koy + 14w, %}-

—1 gt
By (2.78) and the estimate exp ?/ A(s)ds) <1 we get

=<6 (2® 4+ 97 + 22, (2.79)

for all z,y and z.

Therefore, we can find positive definite functions Vi (|| X||) and V(|| X]||) such that
Vi(IX) < ZE < Wa(IX).

For the time derivative of the function © along the trajectories of system (2.73), a

straight for ward calculation yields

O(2.73) = O5 + O, (2.80)

O5 = (k—V(x(t))z* = kW(z(t)y’ + ¢ (2)y* + kyz — kp(2)z + kV (x(t))y*,
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and

1 1 1
05 = —gker(t)y’ — <1ty + yealt)y” + Shen(t)a”

By conditions (i), (ii) , (iii), (2.71) and by applying the estimate 2a/3 < o+ 3? we obtain

k 2 2 3.7.2
0; < —{kwo —C — 5(1 + 21}1)}34 — kAx”® — [Uo - 542
< —S<x2 + 3+ 22),
where
k k
S:min{kwo —C - 5(1—#2@1) kA, vy — 32}
O = _lkgl(t) []{;y2 + 2yz} + laQ(t) [gf + k;:cQ]
2 2
< WA (2 +y? + 22,
k+1

with w = —5 then

Oz < —S(2? + 42 + 2%) + wA () (2* + y* + 22).

Finally by (2.75) the derivative of the functional = along the trajectories of system (2.73)

is given by
Earm = [@(2 51) — *A }
w —1 st
< [ S(z® +y? —1—2) k— (t)O — A()@]exp(FAA(s)ds>
Let ['! 2)5, SO
= —1 rt
S < =S(2? + 9>+ 2%) exp <?A A(s)ds), (2.81)
from (2.79) and (2.81) we have
- S _ —1
B3 < —5—1: exp <? ﬁl A(s))ds. (2.82)
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By (iii), the inequality (2.82) becomes

- S —V\=
S(2.73) S 5 exp(—- ):~
1
We have established that the zero solution of (2.73) is exponentially stable. This fact
completes the proof of Theorem 2.6. O

2.3.4 Example

This section is devoted to the construction of an example which illustrate and authen-
ticate the obtained results and guarantee that these results may occur in applications, for
that reason consider the third order non-autonomous delay neutral differential equation

of the forme :

[2'(t) + 13023 (t—0.5)+ ; 20 gin(z(t)) + 2?)06—;;;2@—0.5) sin(z(t — 0.5))]"
sinfz(t) \ , 1 , x(t)
1+ 22 (t)>x (1) + (16 WEIOR 3)30 O+ 2+ 500
z(t — 0.02)
(t_om)+1+2ﬂ@—oom>
2arctan(z(t — 0.02)) + 7
8 (1 + 2+ x2(t) + 22(t — 0.02) + 22(t))’

+(5+

100(

for all t > t; =ty + 0.5. It is esay to see that :

, sin? z(t) 1

I)UOZ5SV(JI<t)):5+m§6:Ul,w0:16§W<$(t)):16+mS
B (@)

i x 1 ,

11)A—1§7—1+m§2—3 and | ¢'(z) |= |(2x2+1) 2zt +224+1) |<
2=0C, ¢(0)=0

Vi(u) [+ W(u) | du

™
¢ 3

/+0° 2( ) sin u sin?u +/ \d
cos U — 2u U
oo u? + 1 (u? +1)° u2+2
+oo 2 +oo |u|
< d ——d / —— | d
- —0o0 U2 -+ 1 ut —00 (u2 -+ 1)2 u —0o0 ’ (u2 + 2)2 | Y
< 27+ 3.
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

1 _ 1
H1) | f'(z) |=| ie’”” (cosz — 2z sinx) |< 5= 6 forall z € R, and
1 . 2kA 21)0 — 3k .
5 = 5 < min {BZ,Ul_k} = min {0757 12222} .

2arctan(z(t — 0.5)) + 7
8 (1 + 2 4 22(t) + 22(t — 0.5) + 22())
1

,

HQ) ‘ (b(t?x(t)?x(t - T),Qf/(t),iﬁ,(t - r)x”(t)) ’ = ‘

=t
— 4(1+1¢2) o(t)
1
< =
< 3 1
and
t t 1 +o00 1
ds — d / d
Agb(s) 0 4(14 s?) ° —Jo 4(1+s?) °
< E:Dl-
8

For d = % we get

{ - - — i
0= 0.05 < min 2(k + 0)wo = (2C +0) = k(1 + 2v1) — d(vn — k)
Cl(2+3k)o +2] +w +k+6

Y

%A+ OB 2w —3k—d(vn—k)
Cok + B?’ 2(C’a+1)—|—3k+6v1+w1}

< min {1.8184,1.2315,0.05501},

where
o=
{ 3 < mm{;w—%%} — min {2.5,1.7778,4}
| 20 + 6 + k(14 2v1) + 6(vy — k) 4C
iw0:16>max{ <2(k+3 (v ),k}:max{6.562,.333 3}
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2. THIRD-ORDER DIFFERENTIAL EQUATIONS WITH DELAY OF NEUTRAL TYPE

and
. 0 0
S =min w+®%—§@mzmma+ﬂ+m+k+@—4C+?

——=

k ) J 2 4% 2
—§O+Qm)—§@y—MJ+Qﬂ%A—§B<—§@bk+3)y
)
4 3k 6
Vg — 5(2(C’a+1)+3k+6v1+w1> —5 5(1)1 —k:)}

= min{9. 369,0.4735,58. 573},

3
— =dd¢,.
>8 O

The equation of the example is based on constants that confirm the existence of o,k ,wg
and S which appear in the theorems 2.5 and 2.6 then all the solutions are bounded and

square integrable and if f =0, ® =0 and p; = 9o = 0 they are exponentially stable.

86 Ahmed Draia University 2025- 2026



Chapter

Fourth-Order Differential Equations With
Multiple Delays

In this chapter, we study fourth-order differential equations with multiple delays, which
arise in various applied problems. The presence of delays increases the complexity of
the analysis, since the evolution of the system depends not only on its current state but
also on its past states. One of the main challenges in this context is the construction of
suitable Lyapunov functions, which are essential tools for studying stability but are often
difficult to obtain for such systems. Therefore, we aim to develop appropriate techniques
and establish sufficient conditions to analyze the asymptotic stability, boundedness and
square integrability of the solutions.

We investigate some asymptotic properties of solutions for the fourth order nonlinear
neutral delay differential equation of the form

< + pilx t _ Tz >//// 4T (t) go(x"(t))xm +0 (t) il fz‘($l(t o Tz‘) 7 J}”(t _ m))
(@' (t = i) + W (1) igz'(fﬂ(t —ri)) = P(ta(t) /()" (1);2"(t),  (3.1)

=1

M:

Il
—

7

where 7; for i € {1,....,n} are a positive constants to be determined later and let r >

max {r:}

87



3. FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH MULTIPLE DELAYS

Equation (3.1) is equivalent to the system

i{x’ =y,

Ey’ = 2,

{ W' = T ()1 = Q0 S Fi(2) = B () ha(y) = ¥ () 2 o r)
oy [ uly(s)2(5)) 2(5)ds + t)Z [ (4(5), () w(s)ds

L e [ A O [ ) vods + Pz

(3.2)

where

It is esay to see from (3.2) that

X(t) = ( —i—pz t—n)zﬂ:(}f)%—pxt
X'(t) = () +pzlx (t=r5)) = (v +pi1y<t —11)) = y(t) + oy = Y (1)

X"(t) = (2 +p2x”t—rz))=( +p2 (t—r0)) = 2(t) + p2 = Z(t)
X"(t) = («"(t) +p2x’" ) = (w(t) +pz (t =) = w(t) + pw, = W(t),

e N e e

The functions I',Q2,® ¥ are continuously differentiable functions in I = [0,00). The func-

tions h;(z),% = hi(z), g:(7),% = gi(x),p(2),%2 = ¢/(z), are continuous in R and

P(t,x,y,z,w) is continuous in I x R* and f;(y,2), %J; (y,2) = fiy(y,2), %{;i (y,2) = fi.(y,2),
exist and are continuous in R?.

By solution of (3.1) we mean a continuous function z : [t,,00) — R which satisfy the
equation (3.1) in [t,,00) and such that

n

() +pY x(t—r) € CH([ts,0).R).

i=1
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3. FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH MULTIPLE DELAYS

3.1 Basic Assumptions

In this section, we present the basic assumptions and notations that will be used
throughout the analysis. These assumptions provide a structured framework for studying
the considered fourth-order differential equations with multiple delays. By imposing suit-
able conditions on the involved functions and parameters, we ensure the well-posedness of
the problem for facilitating the use of the Lyapunov function methods. These hypotheses
play a fundamental role in establishing the main results related to stability, boundedness,
and integrability of the solutions.

Hereafter we use the following notations:

(1 = I( zn:hi(y)7 y#0
E(z) = { ;A elmydn, =70 and H(y) = { i=1 Y
L ©(0), z=0 { Zhi(O), y=20

Suppose that there are positive constants I'g,€20,P, Vo, Eo, Ho,k,L,po, fo,1'1,21, 1,V Fy,

Hl 1 7f17
go,m, M ,0,00,€ and 1 such that the following conditions are satisfied :

0< WUy <V (t) <Py, and ¥'(¢) <0 fort>0.

i) 0< Hy<H(y) <Hy; cpoggo(z)gtpl; for all y,z € R;

- % ) ®3
0< A e O”Z (for 2 £ 0); £ (5.0) =0 forall (y.2) € R
= =z 20 Uig,
ed3m? .
i=s5a55 T foo and 0<m< mln{HO,gpo,l}, M > maX{Hl,,@l,l}.
20 ¥1g;
9i () _ < . .
iii) >0>0 (forx+#0); ¢;(0)=0. forallie{l,.,n}
x
L'odo S /( 9o '
iv)  go— < D gi(x) < = |Zh )| <6 forall z,y€R;

v, 29 2
—k < Zf,y 2) <0; | Zfzz(y 2)| <L forall (yz2)€R2%

I'ygoW M M?*(0P, + 5y + ® OyP M
190%1 19 ( 1 0 1)+F0F1+ 01

0 =2
V) ! Oym? [om? 190

< Qo fo.
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3. FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH MULTIPLE DELAYS

vi) /;” (T (6)] [ (8)] + [ ()] — W' () dt < my < +o0.

Now we dispose of the following lemma which will be required in the proof of next theorem.

Lemma 3.1. [42] Let ¢(0) =0, zg(xz) >0 (z #0) and 0(t) —¢'(x) > 0 (6(¢) > 0).
Then

20(t)G(x) > ¢*(x) where  G(x) = Awg(s)ds.

3.2 Asymptotic Stability

This section is dedicated to investigating the asymptotic stability of solutions for the
fourth-order nonlinear neutral delay differential equation introduced previously. Estab-
lishing stability is a fundamental objective in the qualitative theory of differential equa-
tions, as it ensures that the system’s trajectories converge toward an equilibrium state
over time. The analysis presented here relies on the application of a generalized Lyapunov
functional and the derivation of specific criteria involving the system’s parameters. We
begin by introducing a preliminary lemma ([42]) that provides fundamontal integral in-
equalities required for the subsequent proofs. The core of this section is a theorem, which
establishes the sufficient conditions under which every solution z(t) along with its first,
second, and third derivatives is asymptotically stable. These conditions are formulated
through a set of complex inequalities involving constants such as p, e, and various sys-
tem functions ¥, I" and §2. By satisfying these constraints, we ensure that the energy of
the system dissipates effectively, leading to the long-term stability of the system under
consideration.

We have the following theorem where P(t,z,y,z,w) = 0.

Theorem 3.1. Suppose that assumptions i) ~ vi) hold. Then every solution x(t) of (3.1)
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3. FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH MULTIPLE DELAYS

and their derivatives x'(t), x”(t) and ' (t) are asymptotically stable, provided that

p <
. {1 2¢ e@om 2€F0m + 2(M - ].) QQof() - 251 — 2¢ (FlM + (1310)}

min , ) —, 7 .
Jo O./q)lM—f-Oé\Ifl)\o @F1M+2+M2 anfl +6+M1
.{ 9o I
l)\:\Ijl)\o(Oé‘FOép‘i‘ﬂ"‘l), Ag = max - |90 — )

where { 2 v (3.3)
t5=(Q1k+<I>19)(oz+ozp+ﬁ+1), oc=WLla+ap+p+1)

and

M W90 Qofo— 0
Fom ’ <I>gm ’ FlM‘i‘q)lN

e<min{ },N:max{M,Q}.

Proof. The proof depend on some fundamental properties of a continuously differentiable
Lyapunov functional V' = V (t,x4,y;,2¢,w;) defined by

1 st
—— d
v, HAV(S) SQ

, (3.4)
where
v (@) = [T (@)] + [ ()] + 1@ (£)] = ' (¢) ,
2Q = 2Qo(t,we,Ye,2e,w; +M1Z/ ds+,u22/
+)\Z/ /+ d9d3+62/7 /+ 22 (0) deds+az/ 0) dods,

and

20y = 26V (1 /Zgl )dn + 23 (¢ /Zh )dy + 209 (t /Zfz Y.
20 (1) [ (n) ndn + 26T 1)y [ "o () d + (B2 ()—ago\l’(t)>y2

—B2% + aW? + 2V (t) yzn:gi(x) + 2a\I/(t)Zzn:gi(x) + apV (t) 22
i=1 i=1
+2a (t) zzn:hi(y) + 20yW + 2zW,

i=1
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3. FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH MULTIPLE DELAYS

M
ith « = — =
Wi T'om te, b= <I> m

the proof. 2Q)y can be rearranged as the following

W
['(t) E(z)

> (1) <zg<>)

2 Zgz
+z+6y> +<I>(t)H(y) %

W TV

G Tttt Qs
where
Q) = 20 (1) K ZZ:;QZ'(S) @;iﬁ -2z (;I; g(y} ;::lgé(S))ds,
Q2 =220 (t / (En:f (y,m) f077>d77+ 2l (1) Azw (1) ndn
+(ahf()-p- @ H) -T (O EE) 2,
Qs — (a - M)WQ +20.() ["H (n) nn
+ (81000~ ag¥ () - T (O E) - 2 (0 HQ) )
and

Qq = 2eV (t) G (x) + 20p¥ () g () 2, + ap¥ (1) 22,

where G(x) = [)x (s)ds and g(x Zgz

We prove that @) is positive deﬁmte that is we show that @)1, (Q2, 3 and (), are
positive.
Using conditions i) - v), and inequality (3.1), we obtain

Q= 200 (2 ale)g (% - St )

i=1

;n/o;gi (s) <20 - Zn:gé(S)>ds > 0.

=1

> 4¥,

Condition (ii) imply that
0 <o < E(z) <o, (3.5)
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3. FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH MULTIPLE DELAYS

and since (3.1) we get

M Vg0 V190
<a<?2 < p <2 . 3.6
Fom « Fom’ @om B <I>0m ( )

Using (3.5), (3.6) and rearranging ()2 we obtain

# - fl( ) ) 1 z
@2 =2a0(0) [ (S5 = fo)ndn + 20 () 5 [ ()
+ a(fOQ (t) — BL(t) — a® (t) H (y) — F(Sf)E(z)> 2>+ B(al (1) — 1)2°

Z O[<Q()f0 - (glf’]s + G)Fl - (Fj\{’n + €)¢1M - F0F1m> 22 + B(Oéro - 1)22
0 0

Wigol' d, M2
q)o’n’L2 Fom

— I Tom — (s + <1>1M)>z2
From condition (v) we get

QQ Z a(QOfO —51 —E(Fl +(D1M)>22 Z 0.

Also
« S M M—-1
02 9 0fo = Goowr — uadt = 52}y (S v
M WigoM  ®gd mM M—-1
> B(Qofom — 27(130 — 2F1 190 - il >y2 < >W2
FO (bom \Ijlgo Fom

> Bm(Qofo — 1)y + (M - 1)w2.

Fom

Choosing p < == we have

Qi = 20 (1) [ g()ds+ap¥ (1) [(2+9 (2))" = g (x)]
20 () [ (e = “ER) ge)ae

> 20, (6 - ap290> G(z).

v

Using the fact that the integral [°, [f, y*(0)d0ds , [°, [f, 2% (0)dbds
SO fhw? (0)dbds, ff, 2*(0)df and [{, w?(0)d6 for i € {1,..,n} are positives, we

deduce that there exists a positive number By such that

2Q > By (> + 22+ W? + G(x)) . (3.7)
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3. FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH MULTIPLE DELAYS

By Lemma 3.1 and conditions iii) and iv) we conclude that there exists a positive number
B such that
2Q) > By (:)32 +y? 422+ WQ) : (3.8)

thus @ is positive definite which implies that V' is also positive definite.
By inequalities (3.4), and ( 3.8 ), we have
2 2 2 2 By _m
V> By(z” +y” + 2+ W?), where B, = e (3.9)
Therefore, we can find a positive definite functions Wi (]|X||) and W(||X|) such that

Wi([IX]) <V < Wa([| XT)).

Now we prove that ) is a negative definite functional.

The derivative of () along any solution (x(t),y(t),z(t),W(t)) of system (3.2), we have

2@ Q5+Q6+Q7+Q8+Q9+2£01
where
0 = —2( 30 H0) - v0) igxx))y ~200(0) (- 3240 v
o j
0 — - ( ()= 0 (0 3H() - E(z>)z2

fi(y,2) B \?

_zg(t)(; ° ~ fo) (= + SY y)

B Y,2)

@ = 200 HE + 2 om (3N
i=1
—2apQ(t Efl y,2)zwy — 20p® (1 Zh y)yw; + 20pW (t Zgz )Yz
=1
2+ ppw® — pnzp — ppw; + QQP‘I’ (t) zewe + 2pwwy + 2szwt,

Qs = —2(al' (t)p(z) —1)w?

— o)y = 20T (1) (=) wew
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3. FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH MULTIPLE DELAYS

and
Qo = 2090(t) zznj /Zf;-y (y.n) dn + Aznjriym) Azn: /t ) du—l—(SiriZ? t
i= T i=1
—52/ du+02m —oth 4w2(u)du

i=1 =1
n

128y + 24+ aW)AO Y [ (), (4():2(5)2(s)ds

#2(By +2+ a2 Y [ (£). (u(s).2()w(s)ds

By conditions 1), ii), iv), v) and inequalities ( 3.3), ( 3.1) and ( 3.6),
Qs < -2V (¢t < Zgz >y — 2V (t ( Zgl >
(- S0+ 2 (2]
< Cu (go—iz";gxx))zz

()] = (0 B - w0 (- 30| 2

< —2|Qofo — (ﬁ + e)cM - (Zlg(’ + e M — O‘(Foao)} 2

Q5+Q6§_2 ( fo—a<1>

Fom om 4
[ M6 \IilgoI‘lM M260 :|
< =2 |Qfo — ) —e(IhM + $,0
A 0o Tom? 27 " ®gm  Tom? e(l1M+ @,0)| 2

<ng0—(51—€(F1M+(I) 0))2 SO
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3. FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH MULTIPLE DELAYS

We have also,

Q7 S —26(I)0m +2

V396 ( efm’
d2m2 "\ 20, W22
+ [ap fi + 1 + Bp] 2 + [ap¥i Ao — 1 + apPy] 2}

) +ap® M + ap¥i )| v?

+[apls M + pia + 2p] w?® — 2p|ww|
+ [apFlM + ap fr + ap®i M — po + apWy +2p+ Bp+ (p — P2)] U’f
— (

IN

ePom — ap® 1 M — apWi o) y* + (apu fr + Bp + 1) 2° + (apl't M + 2p + i) w®
+<apF1M + apQy (fi + nrL + nrk) + BpP1 M + apnrd®,0 + ap¥; (1 + nrg) + Bp

+3p — Nz)wg + (apWiXo + ap¥y — 1) th - P2wt2 — 2plww,|
—apnr (UL + Qk + 10 + Uy )\) w?,

By taking

i = ppy, where gy = ali X + aly,

ji2 = pity, where

e N e e

,u; =alh'M + o (fi + nrL + nrk) + &1 M + a®0nr + oWy (1 + nrig) + 5+ 3,

we obtain

Qr < —(e®gm — ap® M — apWiXo) y* + (ap fi + Bp + i) 2° + (pl1 M + 2p + pig) w?
—p*w? — 2p|lwwy| — apnr (UL + Qk + @10 + U \g) w?

and

Qs < —2(algm — D w* = =2 (elgm + M — 1) w? < 0.
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By Cauchy-Schwartz inequality we have
Z Qi < — (ePgm — ap® M — apW¥i\g)y* — (26F0m +2(M—-1)—p (aFlM +2+ //2)) w?

_ (zﬂofo — 26, — 26 (TyM + ®,0) — p (a0 fi + B+ 1)) )zQ
— p*w} — 2plwwy| + Qi Lnr (By? + 2° + aw ) + onrw?

+ (QL(a+ap+B+1)—0 Z/ s)ds + (hk + ©10) nr (By® + 2° + aw?)

71%

+6nr2® + (k + ®.0) (a+ap+ B+1) —0) Z/ s)ds + Anry®

¢
+ U Aonr (By? + 2° + aw®) + (Ui (a+ap+ B+ 1) — )\)Zﬁ v (s)ds
i=17""

provided that

Y

ol 2 €D 2eTom +2(M — 1) 20 fo — 20, — 2¢(Ts M + ®,6) )
min ) ) 7 / ! .
P i ago Oéq)lM + 04\1’1)\0 OéFlM + 2+ o anfl + ﬁ + 231 }

Hence, there exists a positive constant \; such that,
Z Q; <—2)\ (y2 + 22+ w2) + O L(a+ B+ 1)nr (y2 + 22+ wz) + onrw?

+ (Uk + ©10) (o + B+ L)nr (y° + 2% + w?) + dnrz?
+ Ui do(a+ B+ Dnr (v + 22 + w?) + Anry®
— pPu? — 2plu]

< —2B; (y* + 2° + w’) — p*w} — 2plwwy). (3.10)

Where B3 = Ay — (0 + A+ o)r. It can be seen that if

A 1 1
r<nmm{6+>\+a’ (QlL+Qlkz+d>10+\I/1/\o)(a+ﬁ+1)}’

1
then Bs > 0. Putting B, = min {2, Bg} we have

9
> Q; (y + 224wt +p wt—|—2p]wwt\)
=5

< —2By (y* + 2° + W’ + pPw] + 2pwuwy)
=—2B, (y* + 2+ W?). (3.11)
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Now by the inequalities (ii), (3.11) and the Cauchy-Schwartz inequality together with

condition (iv) and the Lemma 3.1 we get,

9Qo
92 %0
ot

‘(1) lQ@ / Zgl )dn — agoy® + 2y29% + QQZigi(x)]

+d' (t 2/ n) ndn + 2ayzH (y )}

Y )[ of (1 —fo)ndn+afoz2+ﬁfoy2]

=1 z

I (1) 2 () mdn + 26y [ o (n) )
2 2
+apV’ (t lthngz ] —ap¥' (t (Zgz ) :

There exist a positive constant Ay such that

N
ot

<

<

-0 (¢) [QﬂG (z) 4+ agoy® + <y2 + (igi(:ﬁ)>2> +ap <§:gi($)>2

i=1 i=1

+a <22 + (igi(:v)f) } + [@ (1) ,M(yz v+ ) >
HEY @)1 (s + o) 2+ )

I (8) |M<Z2 LB +22)>

)\2< T (O] + 12 ()] + | ()] — V' (1) > (v + 22+ W? + G(2))

02 (\r’( )+ 192 () + | (1)) — W <t>>v,

1 A
Thus for — = EQ we have

n 0

Qu < —Balo? + 2+ W)+ (I O+ 12 (0] + 19 ()] = ¥/ (1) (3.12)

By condition vi) and inequality (3.12 ) we have

1 ot
' : 1 —— | 7y(s)ds
Q(3‘2) = <Q(3.2) - 57 (1) Q> e 7 A

1 st
) ) , —f/”y(s)ds
—B4(y +z —i—W)e 70

—B; (yQ + 22 + WQ) ,

IN

IN
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3. FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH MULTIPLE DELAYS

m

where Bz = Bye 7. Now take W3(|| X||) = Bs(z? + y? + 2?). From (3.2) it is esay to see
that Wj is positive definite function. Thus, we conclude that the solution of system (3.2)

are asymptotically stable, which complete the proof of Theorem 3.1. 0

3.3 Boundedness And Square Integrability

While the previous section established the conditions for asymptotic stability, this sec-
tion extends the qualitative analysis to explore the boundedness and square integrability
of the solutions for the perturbed system (where P(t,z,y, z,w) # 0). In many practical
applications, it is not enough to know that a system returns to equilibrium; it is equally
critical to guarantee that the state variables do not exceed certain physical or mathemat-
ical limits, even in the presence of external perturbations. Furthermore, ensuring that
the solutions are square integrable over an infinite interval provides deep insights into
the energy dissipation and the L2-stability of the system. The primary focus here is the
theorem, which provides the sufficient conditions expressed through the convergence of
a certain function e(t) and the parameters inherited from the previous stability criteria
to ensure that the solution x(t) and its higher-order derivatives remain bounded for all
t > 0. Additionally, we establish that the integral of the sum of squares of these solutions
remains finite, confirming their square-integrable nature.

For the case where P(t,x,y,z,w) # 0 we state the following theorem:

Theorem 3.2. Let all the conditions of Theorem 3.1 and the assumption
+oo
|P(t,x,y,z,w)| < e(t) and / e(s)ds <my < +o0 (3.13)
0

where ny is positive constant. Then, there exists a finite positive constant K such that

every solution x(.) of (3.1) and their derivatives x'(.), 2"(.), " (.) and X"(.) satisfy
1. x| < VK, |2t < VK, |2"(t)| < VK, |X"@#)| < VK,  forall t>0;

2. [:O (2”%(s) + 2" (s) + 2""(s) )ds < o0.
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Proof. From (3.9), we have

B
V > By(z® +y* + 22 + W?), where B, = 7167%1. (3.14)

Taking the time derivative of @ with respect to t along the trajectory of system (3.2),

we obtain
Qo < ~Bals? +22+ W)+ (I (0 + 1 (O] +19 ()] - ¥/ (1)) Q
+ (By + 2+ aW) P(t,z,y,2,w). (3.15)

By condition iv) and inequalities ( 3.13 ), ( 3.14 ), ( 3.15 ) and the Cauchy-Schwartz
inequality we have

1

V(3.2) = <Q(3.2) - 7177 (t) Q) B_UA ! (S> “

1 st
—*/ 7 (s)ds
( — By (y2 + 22+ W2) + (By +z+ on)P(t,x,y,z,w))e nJo
(Blyl + [z + W) |P(t2,y,2,w)]

Bs (lyl + |2[ + [W]) e(t)

Bs (3+y*+ 22+ W?)e(t)

B (3+ ;Zv) e(t)

3Bae(t) + ?Ve(t), (3.16)

ININ N IA

IN

IA

where Bs = max{«,,1}.
Integrating (3.16) from 0 to ¢, using the inequality ( 3.13 ) and the Gronwall inequality,

we have

V(txy,zw) < V(O,x(O),y(O),z(O),w(O))+SB57]2

+gz AtV(S,x(S),y(S),z(s),w(S))e(S)ds
By t
— | e(s)ds
Bs
= (V(O,HU(U),y(O),z(o)’w(O)) + 3B5772)€BQ772 = K < 0. (3.17)
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3. FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH MULTIPLE DELAYS

In view of inequalities (3.14) and (3.17),

1
(m2+y2+22+W2)§§V§K
2

where K = g—;. Aforementioned inequality implies that

lz(t)] < VK, |y(t)] < VK, |2(t)| < VK, [W(t)| < VK forall ¢>0.

Hence,
lz(t)| < VK, |2'(t)] < VK, |2"(t)] < VK, |X"(t)| < VK forall t>0. (3.18)
First from (3.10 ) we obtain

Q5+ Qs + Q7 + Qs + Qo < —2B; (v + 2° + w?)

and
. 1
Qo) < —Bs(y® + 22 +w’) + 7 (t)Q+ (By + z + aW) P(t,z,y,2,w). (3.19)

From (vi), ( 3.4), ( 3.19 ) and the Cauchy-Schwartz inequality, we get

1 st
: , —— [ v(s)ds
Vi = <Q(3.2) - 7177 (t) Q> e 'l A

1
—f/ v (s)ds

< ( — By (y2 + 22+ wg) + (5y +z+ on)P(t,x,y,z,w))e nJo (3.20)

Now, we define U; = U(t,z(t),y(t),2(t),w(t)) by

U =V + a%}t (v2(s) + 2°(s) + w?(s)) ds,

where 0 > 0. It is esay to see that U, is positive definite, since W = W (t,x,y,z,w) is

i —1/t’y(s)d5

already positive definite. Using the estimate e 7 <e 7 <1, (3.20) implies

sy < —Bs(s2®) + 22(8) + w(®))e™ T + Ba(Ju®)] + 20| + W O] ) |P(t..2,0)
o (y2(t) + 22() + (1))

=By (y3(8) + 22(8) + w(®))e™ T + Ba(|y(®)] + =) + WD) )et)

+o (20 + 22(1) + ui(t)). (3.21)

IN
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3. FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH MULTIPLE DELAYS

m
where By is positive constant. By choosing o = Bse ', we obtain
Uazy < Ba(3+ 528+ 22(8) + W2(1) Je(t)

< By (3 + BI,QV)e(t)

B
< 3Bye(t) + §4Ute(t). (3.22)
2

Integrating the last inequality (3.22) from 0 to ¢, and again using the Gronwall in-
equality and the condition (3.13), we get

B. t
U, < UO—I—SB4772—I——4/ Use(s)ds

B2 0
B, t
—4/ e(s)ds

< (Us+3Bup)eBz Jo
By
L,

< (UQ + 3B4772>GBQ = Ky < o0. (323)

Therefore,

AOO y?(s)ds < Ky | [)OO 22(s)ds < K, and AOO w?(s)ds < Ko,

which implies that

[Tatds <Ko L [Tads< g [T (s)ds < Kee o (3:24)
0 0 0

The proof of Theorem 3.2 is completed. U
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Chapter

Third and Fourth Order Integro-Differential
Equations of Neutral Type

This chapter is devoted to the study of third and fourth order nonlinear integro-
differential equations of neutral type. Such equations play a fundamental role in describing
systems where both present and past states, as well as their derivatives, influence the
evolution of the system. The presence of delay and neutral terms makes the analysis
more complex and rich in behavior. The main objective of this chapter is to investigate
important qualitative properties of solutions, including stability, boundedness, and square
integrability. We aim to establish sufficient conditions under which the solutions remain
well-behaved over time. The results obtained contribute to a deeper understanding of the

influence of nonlinearities and delays on the long-term dynamics of these systems.

4.1 Third Order Nonlinear Integro-Differential Equa-
tions of Neutral Type

In this section, we study third-order nonlinear integro-differential equations of neutral
type with delay. These equations are important in modeling systems where both the cur-
rent state and past states, together with their derivatives, influence the system’s behavior.
The presence of delay and neutral terms adds significant complexity to the analysis. Our

main goal is to investigate the qualitative properties of solutions, particularly stability,

103



4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

boundedness, and square integrability. We establish sufficient conditions under which the
solutions remain well-defined and stable over time. This study helps to better understand
the effect of nonlinearities and delays on the behavior of such systems. We propose the

following delay integro-differential equation

(#(0) + prrlt = 1))+ alt)a” +b(0)" + e(0)[ F(@(0) + paf (ot = )] (4.)

= p(t,x(t),2'(t),2" (t),2" (t)) + f/;Q(t,s)x’(s)ds

for all t > t; =ty + r where r, o and £ are positive constants and p = max{p;,p2} <
1, , the primes in (3.1) denote differentiation with respect to t; the functions a,b,c
[0,00) = (0,00) and f : R — R are continuous differentiable and Q(¢,s) is continuous for
0<s<t<ooand f(0)=0.

By solution of (4.1) we mean a continuous function x : [t,,00) — R for ¢, > ¢; which

satisfy the equation (4.1) in [t,,00) and such that

z(t) + prx(t —r) € C*([ts,00),R).

4.1.1 Basic Assumptions

Suppose that there are positive constants ag,ay,as,co,b1,7,9,A,m,n2, and 73, such that

the following conditions are satisfied

i) 0 < ap < a(t) < ay, | d'(t) |€ az, 0 < g < c(t) < b(t) < by,
and b (t) < (t) <0 fort >ty

ii) 'nySC)Z(S>O (for x £0), f'(x) < Aand f(0)=0;
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

iii)

A1+ p)? <m < min{ag,——

—_

1 2Ab,  A(4+m) Ao
502 + + o+ —
2 m 2m 2

v

Co

{

We will study the equation (4.1) in two cases:

4.1.2 Asymptotic Stability

First case is for p(t,z(t),2'(t),2"(t)) =0

Theorem 4.1. In addition to conditions (i) ~ (iii) being satisfied, suppose that there are

positives constants m,ny such that the following conditions hold:

t
H1) [ 19(ts)lds <.

and

fl a 203 )
P<m1ni ' bl(l+2A+772(2m+4)>’ ap + a; + 2by + 3A0 + 8, +6 — 2m }

where

1 A4 A
a:com—§ma2—2Ab1— ( ;m)a—mg

Ao
P=ao—m=

Then every solution z(.) of (4.1) is asymptotically stable.

Proof. The equation (4.1) is equivalent to the differential system

(4.2)

t

paclt) [ f(a(s)y(s)ds,

—0

i Z' = /tQ(t,S)y(S)ds —a(t)z =b(t)y — (1+ p2)c(t) f (x)
i
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

It is esay to see from (4.2) that

X'(t) = 2'(t) + pua'(t =) = y(t) + pry(t —r) = V(1)

|

L X"(t) =2"(t) + pra”(t =) = 2(t) + pr2(t — ) = Z(1).

The proof of this theorem depends on properties of the continuously differentiable function

V =V(tx,y,Z) defined as

Vo= mct)F(z) + (14 p2)c)Y f(x) + b(Qt)Y2 + u ZPQ)

t
i / 2 (s) ds + / s)ds + X\ / / 7)drds
’I’ -0 +s
sty [ [ 190 s)drds,

1
72 +myZ + §ma(t)y2

Where F(x) = [y f(u)du and m >0

We rewrite V as

t t
V= V1+V2+u1/ ()d5+u2/ ds+)\/ / T)drds
—0 +s

v [ [ 100l s)ards,

where

Vo= mel®F(@) + (14 p)elt)Y £lx) + "y

1 1
Vo = (_;pz)ZQ +myZ + §ma(t)y2.

Using conditions (i) ~ (iii) we get

Vi = me(t)F(x)+ (14 p2)e(t)Y f(z) + b(zt)Y2
— b<2t) (Y +(1+ pz)c(tb)é)(x)f — (14 p)2 2 Y (Zj(tt)(x) + me(t)F(z)

(1) f*(x)

> me(t)F(x) — (1+p)° ()
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

by (ii) we have

@) = [ fwdu < AF(@) (13)
Vi > eo(m—A(L+p)?) () (4.4)
Vo = a —;p2)Z2 +myZ + ;ma(t)y2
(L4 p2) m 2 m? 2 1 2
= 5 (Z 1+py) — 2(1+p2>y +§ma(t)y
> %(a(t) — m)y2

also

V, = ;ma(t)<y+6£t)z>2+;(1+p2 - O:g))z?

1
> (1+pm-2)2
2 Qo
SO
1
Vy > T(ao—m)y2+7<1+pz—m>22
4 4 agp

co<m—A(1 +p)2)F(x) + T(ao —m)y2 + 1(14—/)2 — ﬁ>Z2

‘/1 + ‘/2 4 4 Qo
> To, F(x) 4+ Do,y? + To, 22

v

Thus, there exists positive number I'y such that
V >Ty(F(z)+y*+2Z%), Ty=min{Ty,,lo,.To,}- (4.5)

By condition (ii) and (4.3)

which implies that
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

it follows that there is a positive constant I'; such that
V>Ty(2®+y*+2%). (4.6)

Thus V' is positive definite.

The derivative of the function V, along any solution (x(t),y(t),Z(t)) of system (4.2),
with respect to t after simplifying is given by

Vi =Vs+Vy

where

Vs =p1(L+ p2)e(t) f'(x)yy(t — r) + prb(t)y(t — r)z + b(t)piy(t — r)z(t — r) — mb(t)y?
+ (14 p2)e(t) f'(x)y? + (m — a(t)2* + pr(m — a(t)zz(t — r) + py® — my*(t —r)

+ p122? — a2 (t — 1) + Aoy® + md (1) F(x) + (1 + po)d ()Y f(x) + ;b’(t)Y2

1
+ §ma/(t)92

Vi = ((1 o)+ praft =) + my> [ reeusds = [ ys)s

+¢ <(1 + p2)(z + prz(t — 7)) + my) /ZQ(tS)y(S)ds + Epsy’(t) foo |Q(7,t)|dT

— & [ 190t ly?(s)ds
by (i),(ii), (iii) we have

me (1) F () + (1 + pa)d (DY f(2) + ;b’(t)YQ

<d(t)imF(x) + (1 + p2)Y fx) + ;Yz}

< )| 1(v + 1+ s - L2 UE) +mF<x>}

< d(t)(m— (1+ p*A) F(x)
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

By conditions (i), (ii), (H1) we get

b b b b
Vi < p121( pa2) Ay* + '0121(1—i—pg)Ayz(t—T)—|—%y2(t—7")—i-%z2

2ph b
* %y% r)+ % 2t —r) —meoy® + (1+ pa)b1 Ay® + (m — ag) 2>

+ %(m —ag)2* + %(m —ag) 22 (t — 1) + py® — yt(t — 1) + ez — pa2*(t — 1)

1
Aoy’ +om | d(t) | y* +2p | z2(t = r) | =21 [ 22(t = 1) | +(pr — p1)2°(t = 7)

A 1+ ¢
Vv, < Al +p2) p2 (az +/ s)ds + pro2?(t —r) + ,01/ y2(s)d3>
moA S+ mA

t
y2(s)ds —A y?(s)ds

t—o t—o

+o00

2

+§<1+p1 - u3>/|ﬂts|y<>ds+gu3y<>/t Q7. ldr
+
2

moA Al +p)> +mA t
Al +p)o (z + pz (t—r))+ 5 y2+< ( p; —>\> ﬁ_on(s)ds

+§<(1+p +m - us/lﬂts |y?(s)ds + Epgnay’®
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

Therefore,
Vs +V,
< Emag—co< —A(1+ 2)[)1(16(:L/))> +M1+)\U+Tm2TA+£772(m+,u3)}y2
il 2= poo—m) =ph | AU+ p)o +£(1+pm+p} P
+ _p; +p+A(1+p)) —m} yA(t—r)
+ g( m—i—blp—i-A(l+p)a+2§(1+p)n2+4> —m} 2t —r),
(1+

< ) +mA _)\> li yQ(S)dS
+ 5((1 +p)? +m — u3>/;|Q(t,s)]y2(s)dS —p?2A(t — 1) — 2pzz(t — o).

By taking

-

M1=l);p(1+p+A(1+p)),

DD

{ Ly = <a1—m+b1p+A(1+p)U+25(1+P)772+4>v

ps = (L+p)° +m

A1+ p)? +mA
2

A:

—
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since ( < p < 1 we obtain

Vs + 1V,

1 2Ab Al 2 A A
< Lmag—co m— ! +b1p<1+2A+772(2m+4))+ (L+p)+m o+ -|y2
[2 o 2 2 J

{p AO-I 9
+L§ ag + ay + 2by + 3Ac + 81y + 6 — 2m —a0+m—|—7Jz
2 2
—p*zE(t —r) —2pzz(t —r).
1 A4 A
S—LCOm—2ma2—2Ab1—b1p<1+2A—|—772(2m+4)>— ( ;—m)a_mg }y2

[0 _ 2

A
— [ 5 <a0 +ay +2by +3Ac + 8y + 6 — 2m> — m;} 22— pP2(t —r) —2pzz(t — 7).

provided that

(1 Q 203 )
P<m1ni ’bl<1+2A+n2(2m+4)>’a0+a1—|—2b1—|—3A0+8772—|—6—2m }
Where
1 Ald+m moA
a:com—imag—QAbl— (2 >0— 5
Ao
)

Hence, there exists a positive constant I'y such that,

Vg =Va+ Vi< -T2 (y*+ 2% (4.7)
Where
'y = min {1, com — ;mag — 2Ab, — blp(l +2A 4+ n(2m + 4)) — A(4;—m)0 — m;A)
p Aa\
ag — §(a0+a1+2b1+3Aa+8772+6—2m) —mZ}.

Now take V3(|| (y,2) ||) = T2 <y2+Z2>, From (4.2) it is esay to see that the function V3 is
positive definite. Thus, we conclude that the solution of equation (4.2) is asymptotically

stable and completes the proof of the theorem 4.1 . O
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4.1.3 Boundedness and Square Integrability

Second case is for p(t,z(t),z'(t),2”(t)) # 0 we have the next theorem

Theorem 4.2. Let all the conditions of Theorem 4.1 hold and assume that the following

conditions are satisfied

D) [etz(t)a'(t),2"(1) |< J(¢)
2) l J(s)ds < ms

1

t S
/ / | Qs,7) | drds < my
t1 0

Then, there exists a finite positive constant K such that every solution z(.) of (4.1) and

their derivatives z'(.) and X"(.) are satisfied

1L |zt < VK, | 2@t) < VK, | X"(t)| < VK,  forall t>t.

(e 9]

2. <x'2(s) + <x"(s) + pa’ (s — r)>2> ds < o0.

t1
where n3,ny are positives constants.

Proof. If ¢(t,x(t),2'(t),2”(t)) # 0 we have the differential system

(o= y

i v =z

i 7' = gl ()20 (1) + € [ ts)y(s)ds — alt)e — 1)y — (L+ p)e (1) ] (2)
{ +p2c<t> j_ F'(a(s)y <>ds

(4.8)
From (4.7) and the estimate u <| u |[< u? + 1, the time derivative of V with respect
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to t along the trajectory of system (4.8), we obtain

Vs =V + ((1+ ) (2 + paa(t — 1)) + my)(t.a(t) o' (0),2" (1))
Ty (52 + 2%) + (14 p2) (= + pr2(t = 1) + my) | o(t2(t) 2/ (6),2" (1))
< ((1+0)12] + mlyl) (1)

<Ts(3+2+y*+2%) J(t)

IN

A

< Ty (3 + F11v> J(t)

r
< 3T5J(t) + Fivu(t)\, (4.9)
1
where I's = max{1+ p,m,1}. Integrating (4.9) from 0 to ¢, and using the condition (2)

of theorem 4.2 and the Gronwall Reid Bellman inequality, we obtain

| P
ViteyZ) < Vot 3T+ [ V(s2(9)(5).2(9) T (s)ds
1

s rt
—/ J(s)ds
< (‘/()+3F3773>€F1 0
I3
an
< (Vo n 3F3n3)e 1 Z K < oo, (4.10)

where Vo = V/(0,2(0),5(0),Z(0)).

In view of inequalities (4.6) and (4.10), we get

1
(> +y*+ 2%) < F—lv <K (4.11)

K
where K = F—l Clearly (4.11) implies that
1

()| < VK, |y@t)| < VK, |Z@t)| < VK, forall t>0.

Hence,
lz(t)| < VK, |2/(t)] < VK, |2"(t) + pa”(t —7)| < VK, forall ¢>0. (4.12)
Now, we define F, = F(t,x(t),y(t),Z(t)) as

t

F,=V+ 5%} (yQ(s) + Z2(s)) ds,
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where ¢ > 0. It is esay to see that F} is positive definite,

(4.13)

gy < =Do(0(0)+22®)) + (14 p2)1 2] + mly]) o (ta(0).2' ()2 (8)| + 2 () + 23(2))
< (e-12) (w0 + 220) + T (Iw o) + 120)) 7).
By choosing ¢ = ', we obtain
Fuasy < Ts(3+2% +42(0) + 22(1)) J(1)
< Iy(3+ Fllv) J(t)
< TuJ(1). (4.14)

where I'y = T3<3 + K)

Integrating the last inequality (4.14) from 0 to ¢, and using again the Gronwall Reid

Bellman inequality and using the condition (2) of theorem 4.2, we get

Fy < Fy+Tuns
t t
EA (y2(8)+22(8)) ds < V—i—g[) (y2(5) +ZZ(5)) ds < Fo+T'ans

Therefore

/Oo y*(s)ds < K, and /Oo 7%(s) < K.
0 0

Fo+Tuns
€

such that Ky =

which implies that

[)OO 2% (s)ds = Aoo y?(s)ds < Ko (4.15)
and
A <:L‘”(3) + pra”(s — r)>2ds = A 72(s) < Ky
The proof of Theorem 4.2 is completed. [l
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4.1.4 Example

We consider the following third order nonlinear integro-differential equation with vari-

able delay

{x(t) + 0.25z(t — 0.5)} + <71T arctan(t) + 1621> 2" (t) + <t2 i 5+ 1) 2 (t)

1 [z(t)  @(t) | 1/a(t-025) a(t—025) |
+<+1> * +5( o +6+x2(t—0.25))J

12+ 4 [12 6+a2(t) 6
sin(t e~ cost — e~ sin t) e’ ,

= ds.
1+t2 550/ A1+ s2) v(s)ds

For all t >ty + r, where r = 0.5, 0 = 0.25 and p = 0.25

1 161 1 1
(Z) 80 = Qo S a(t) = ;arctan(t) + 7 S a); = 81, | a,/(t) |: m S ; = a9,
1 1 3

1= t) = 1< b(t) = 1<2=b

osct)=pog TSt =G5 rlsgy=h

—2t —2t

db(t)= ——=<dt)= —- <
and V(1) = gy <0 = Gy <

1 @) 1 1 _1 1 6-2% 1

S A2 . =~ =5 | fle) =] : < =A f(0)=0
For m= 16

24,
A +p)?2=039<m< mln{ao,jja} = 80,

1 2A A4 A
= b AlEm) oAy
2 m 2m 2
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1
H1) By taking 7y = 5 we obtain

t (1.5 ds — t (e_tZ cost — et sin t) e~s J
A 7QS‘A m+§) °
“+oo
< - / e ds < e ds = \17? <2,
1 A4 A
o = com — —may — 2Ab; — ( +m)a _moA 15.32
2 2 2
A
B=ag—m=Z =795
2

— ] 17 )
p_4<mmi bu(1+ 24+ p(2m +4)) 90 + a1+ 201+ 340 + 8 +6 —2m }

{ 15.32 159}

29.257 142.18
= 0.52.
sin(t) 1
ta(t),z (t),2"(t = J(t
| plta(®a O (0) =] T 1S s = I(0)
t t 1 T
d :/ ds < = —
AJ(S)S hlts2 =g B
Q dd B e ® Coss—essins)e*# drd
L/\ (s,7)|drds = , =) Tds

1 pHoo ps
S—/ / e e drds < 7/ / e e drds = & = 4.
2 Jo Jo 2 Jo 0 8

4.2 Fourth Order Nonlinear Integro-Differential Equa-
tions With Delay of Neutral Type

In this section, we study the qualitative behavior of such equations by establishing
conditions that ensure the boundedness and square integrability of their solutions. The

analysis focuses on understanding how the interaction between nonlinear terms and delay
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components influences the stability and long-term behavior of the system. We develop
conditions under which all the solutions of the following fourth order nonlinear neutral

integro-differential equation are bounded and are square integrable

(o) (" (1) + pa (1 1)) + L (1) ((a)2"®) + R (o)1)
£ P(0) £ (o) (1) + Q (1) g(w(t)) = e(t) + ¢ ;Q(t,s)x’(s)ds, (4.16)

for all ¢ > t; = tg + r where ¢ and p < 1 are positive constants, the primes in (4.16)
denote differentiation with respect to t; the functions ¢, L, R, P, @, e : [0,00) — (0,00) and
Y, ¢, f,g : R — R are continuous differentiable and €(,s) is continuous for 0 < s < t < o0
and ¢(0) = 0.

By solution of (4.16) we mean a continuous function x : [t,,00) — R for ¢, > ¢; which

satisfied the equation (4.16) in [t,,00) and such that

z(t) + pr(t —r) € C*([t,, ), R).

4.2.1 Basic Assumptions

Suppose that there are positive constants Lo, Ry, Fo, Qo, fo, ©o, Yo,00, L1, Ri,

Pl; Qla f17 #1,
Y1, ¢1, m, M, §, and 7, such that the following conditions are satisfied

1) O<L0§L(t)§L1, O<R0§R(t>§R1, O<P0§P(t>§P1,
0<Q<=Q{)<Q1, 0<py<ep(t)<pr <1 and Q(t) <0 fort >ty

i) 0<fo<f(@)<fi,0<¢o<¥(x)<¢, 0<¢o<¢(x)<¢ for z€R
and
0<m<min{f0,¢0,1}, M>max{f1,¢1,1};
g9(x)

iii) 72(5>O ( for x #0) and g (0) = 0;
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

W) [T A O O+ 1P 01+ 1 0] - Q' @) di <,

4.2.2 Boundedness And Square Integrability

To prove the main results the following Lemma is needed.

Lemma 4.1. [41] Let ¢(0) =0, zg(xz) >0 (z #0) and 0(t) —¢'(x) > 0 (6(¢) > 0),
then
20(t)G(x) > ¢*() where G(x) = Awg(s)ds.

Theorem 4.3. In addition to conditions (i) ~ (iv) being satisfied, suppose that there are

positive constants go, 0o, 01, N2, N3 and Ny such that the following conditions hold:

Lomy,
HI) 99— L0 <y @) <L jor zeR;
Q1 2
LM PM+ 6
H2) 51:Q1go 4 © < Rogy;
Pom Lom

400
1) [ ) 18 @)+ I (5)) ds < s
+o0 t +oo
Hj) max{/ le (t)] dt, /0|Q(t,s)|ds7 / |Q(T,t)|d7'} < M35
t1 t
t s
H5) / /o |Q2(s,u)| dsdu < ny.
t1
Then, there exists a finite positive constant K such that every solution x(.) of (4.16)
and their derivatives x'(.), "(.), " (.) and X" (.) are satisfied

1. |z < VK, | 20| < VK, |2"t)| < VK, |X"@®)| < VK,  forall t>t.

2. ﬂoo (2%(s) + 2”(s) + 2"(s) + 2" (s))ds < oc.

1
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

Proof. First we prove the boundedness of solutions. The equation (4.16) is equivalent to

the differential system

Py =2

| 2= w (4.17)
(W e(t) +€ [ Qt.s)y(s)ds — Ly () w — (R(0)6 () + L0 )

{ (Rt 92+P()f()>y—Q(t)g(:v),

where W (t) = 2" (t) 4+ pz" (t — ) = w (t) + pw (t — r) and

01 (t) = ¢ (z (1)) ' (t), and 6, (t) = ¢ (z (1)) 2’ (1) .

It is esay to see from (4.17) that

{X0(0) = a/(0) + pa'(t =) = u(t) + pylt =) =Y (1)

X"(t) =2"(t) + px"(t — 1) = 2(t) + pz(t — 1) = Z(1)

LX) = 2 () + pa (¢ — ) = w(t) + pult — r) = W(Q).

The proof of this theorem depends on properties of the continuously differentiable
function
U=U(txy,zw) defined as
1 st
—= / v (s)ds
U=e N/t %

Y

(4.18)
where

v (@) = (L@ + R ()] + [P ()] + ¢ ()] = Q" (t) + [61(8)] + 102()] + |05(2)],
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

and

2V = 28Q(t)G (x) + P (t) f (x)y* + aR (t) p(x)2” + L (t) (2)2* + 2BL (t) (z)yz
+IBR (1) 6(2) — agoQ (O]9 = B2 + ()W +2Q (1) g () y +20Q (1) g (2) Z
+apQ (1) (= (t = 1)) + 2aP (t) f (2) y= + 28 (D)W +20(0)2W + 1 [ 2*(s)ds

t
—l—ug/ ds+§u3/ / Q(7,3) |y (s)drds,

(190
+e,p =
ot 6 Pom
later in the proof.

We rewrite 2V as

with a = + ¢, €, and n are positive constants to be determined

- sl o] o [
Q* (1) ¢ (2) . t
+ P(t)f(x) +/L1/7T (S)ds—i—,UQ/ ds—i—g,u?)// Q(7,s)|y?(s)drds

+Vi+Vo+ V34V,

where

Vo= 2000 (o[B8~ g (0] a5
Vo = [aR()6() 6 - a’P (1) £ (1))
Vi = [BR)0(e) —omQ () = FLOVE + | 5~ s

Vi = 26Q (1) G (x) +20pQ (t) g () 2 (t =) + apQ (1) (2 (t = 1))*.

©*(H)W?, and

Now, we will prove that V' is positive definite. Take

. 1 Q190 Ropo — 01 }
< 4.19
c mm{Lom " Pym M (L, + P) S’ (4.19)
then
1 2 Q190 Q190
<a< < pB <2 . 4.20
Lom “ Lgm’ Pom 5 Pom ( )
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

Using conditions (i) ~ (iii), (H1), (H2) and inequalities (4.19), (4.20) we get

Q1
Pom

V, = (a(R (t) p(x) — BL(t) — P (t)f(x)> + B(aL(t) — 1))z2
Q901 PM

1
- - —e(Ly + PLM) ) 22 S P
a<R0¢0 P~ Iom e(Ly + Py )>z +B(m )2

(e Ro(bo — (51 — €M(L1 + Pl))2’2 2 0,

3<Ro¢o - *90@1 5L1M> Y’ + <0z - [mlm>30§W2

Vi > 4Q(t)

v

v

Vs

Vv

Vv
=
— N
oV

(=)
=
(e}
|
3
Ly

o e(Pom + LlM)> y? + epa W2

5 Ropoy — 51 —eM(P + L1))y2 +epsW? >0

v

and by choosing p < == g

Vi

2:Q (1 [fg<s>ds+ap@< ) [(z (t=1)+9(@) - g («)]
2:Q(1) [ 9(©)ds =) [ g
2000 [ (=~ a’fO) g(€)de
2Qo (< - O‘Zgo) G(2).

v

v

v

Hence, it is evident from the terms contained in the last inequalities, that there exists

a positive constant I'y such that
2V > Ty (v + 22+ W2+ G(2)) . (4.21)

By Lemma 4.1 and conditions (iii) and (H1) it follows that there is a positive constant
I'y such that
2V =Ty (2 +y* + 22+ W?). (4.22)

Thus V' is positive definite. From (i)—(iii), it is not difficult to see that there is a positive
constant A; such that
V<A (x2+y2+z2+W2).
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

By (H3), we have

[0+ 160+ o)) s = [ (4 )] + 16/ ] + 17 ()

< [ () + 19w+ 17 () ) < 7 < oo,
(4.23)

where «ay(t) = min{z(t1),z(t)}, and as(t) = max{x(t1),x(t)}. From inequalities (iv),
(4.22), and (4.23), it follows that

U>Ty(a? +y? + 22+ W?), (4.24)

r + o . "
where Iy = ?167 = Also, it is esay to see that there is a positive constant Ay such

that
U< Ag(2? 4y + 22 + W?), (4.25)

for all x,y,z and w, and all ¢t > ¢;.
Next we show that U is negative definite function. Using the following derivative

d

GanOW?(0) = —ag (OW* +2W (O L (AOW ().

The derivative of the function V, along any solution (z(t),y(t),z(t),w(t)) of system
(4.17), with respect to ¢ after simplifying is given by

2V gan = Vi + Vs + Vo + Vg + Vo + Vig + 2(By + 2 + aW)e(t),
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

where

Vo= =2(BLP 1) f(a) - Q)¢ @) o7 ~20Q (1) (30— o' (4) )=

Ve = — 2(R () 6(x) — aP (¢) f(x) — AL () (),

Ve = =2(aL (t) ¢(x) — o(t))w?,

Vg = —2eP (1) f(2)y® — 2apL(t)y (x) wyw — 20pR()¢ () 2w, — 20pP (1) f () yw,
+2apQ (t) g (2) yzi + n2* + pow® — pn 27 — pow; + 20pQ (1) 20w + 2pwwy
+2pzw, +€(28y + 22 + 20w + 20w, [ ;Q(t,s)y(s)ds + ey (t) [ 00| dr
— &y [ 1005)5(s)ds

Vo == L0 (2* +202W ) — R(1)0a(By? + 209W + 2y2 — a2

+ P(t)05 <y2 + 2ayz>
and

Vie = Q' (t) [25G (z) — agoy® + 2g (v) y + 2ag () z] + P' (1) [f(a:)gf + 2af(:z:)yz]
+R () [ag(x)2® + Bo(x)y’] + L' (1) [¢(2)2* + 289 (x)yz] — ag' (HHW?
+apQ' (1) [z (t — 1) + g(2)]* — apQ' (1) g*(x).

By conditions (i), (ii), (H1), (H2) and inequality (4.19)and (4.20), we obtain

Vo< —20Q(1) 00— Q1) 1))y —20Q (1) oo — o' ()] vz
< 20 (1) [ — ¢’ @) ~ 20Q (V) lg0 — o (2)] -
<-200)lg0—o @) |(v+52) ~ (52)

0 (1) o — o ()] 2

«
2

IN

123 Ahmed Draia University 2025- 2026



THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

Therefore,

Vs+ Vs <

and

IN

Vs

VAN

IN

IN

R(0)6() — aP (1) £(2) = L0 ¥() — QW) o~ o' ()] 2

i Q190 o? )
Rodo - (LOm +e)PLM — (Pom ) LM — - (Lomdy) | =
[ M ngoLlM 50 :| 9

Rodg — P — — —eM (L + P,

L 0¢0 L()m ! P()m Lom c ( L T 1) “

—2 [R()qf)o — (51 —eM (Ll + Pl)] 22 S O,

< —2[aLym — 1w? = —2ew® <0

—2eP (t) f(2)y* + apLiMw? + apLi Mw® + apRi¢12* + apRi¢p1w? + apP My?

—i—&pPlet2 + ale)\on + ale)\ozf + ulz2 + ,ung — ulzf — ugwf

+apQiz; + apQw; + pw’ + Bpz* + pwi + Bpw; + 2plww,| — 2p|ww]
t
+p— pui + €8y + 2 + aw? + apud) [ [0(t9)]ds

(4 pa+ 5+ 1— ) [ 100l (5)ds + Eua?@) [ 10A7.0)ldr

IN

— (26 Pym — apPLM — apQi o — £B13 — Epsnz) v + (apRidy + Bp + Ens + 1) 22

+ (apLyM + apRi¢y + apPLM + apQy + Bp + 3p + Eapns — o) wy

+ (apQido + apQy — ) 2 — p*wi = 2plwwy| + (apLaM + 2p + Eang + pg) w®
t
+£((1+pa+B+1—pm) [ |03y (s)ds,

where

By taking

{i

90 Lymdy

m 1

9o
2M’

3

Ao = max{

1 = apQio + apQ,

po = apLiM + apRid1 + apPLM + apQr + Sp + 3p + Eapns,

M3:(1+p)a+ﬁ+1a
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

we obtain
Vs < —(2ePym —apPiM — apQido — 803 — &) y* + (apRady + Bp + &g + ) 2°
T (apLaM +2p + Eaags + i) w? — pu? — 2plwwy].
Then we have
Vi+Ve +Vz +V3 <

- (25P0m —apP M — apQ g — f((l +p)a+26+ 1)773) >

1
J

- <25 —&amz — p (aLiM 4+ 5+ aRip1 + aPLM + a@Qq + [+ Eans) > w?

—2 {Ro% — 01 — ;5773 —eM (L + Py) — ;P (aRy¢1 + B+ aQ1 Ao + aQy)

—p*w; — 2p|lwwy,
since £ < p < 1 we obtain
Vs+ Ve +V7 +Vs <

— (26P0m —apP M — apQi g — P(QOé + 26+ 1)773) y2

[

—2 [RO(bO — 6 —eM (L + P1) — ;P (aR1¢1 + B+ aQiA + aQy + 773)} 2

— <25 —pRaLiM + 5+ aRi¢p; + aPIM + aQy + [+ 2ams) ) w’
_p2w752 - 2p’wwt‘7

provided that

e 2 Pym
p < min il

70(907 OéPlM + OéQl)\O + (20[ + 25 + 1)773’

R0¢0—51 —eM (L1+P1) 2e ‘
aRip + B+ aQi Ao + aQq +n3" 20l M + 5+ aRi¢1 + aPLM + aQq + 5+ 2ans }

Hence, there exists a positive constant I's such that,

Ve + Ve + Vo + Vg < —2I' (y2 +22+w2+p2wt2+2p|wwt]) (4.26)

< =23 (y2 + 22+ w4+ pth2 + prwt) = —2I'3 (yQ + 224 W2) .
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4. THIRD AND FOURTH ORDER INTEGRO-DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE

From (4.21), and the Cauchy-Schwartz inequality, we get

Vo < LOIO (2 + a(=* + W) + R)[6:] (02 + aly> + W) + By + (5 + 7))
P0)163] (4 + a? + =)
< M (|61] + 102] + 165]) (v° + 2> + WP + G (2))
A
< 2F0<|91| + |62 + |93]>V,

where \; = max {L1(1 +a),Ri(1+ 20+ B),P (1+ a)}. Using condition (H1) and Lemma

4.1, we obtain

9*(x) < goG(2),
consequently

Vio| < —Q' () [28G (z) + agoy® + (¢ (2) +°) + o (¢* () + 2%) + apg®(x)]
[P () M [y +a (v* + 22)] + |R ()| M [az® + By?] + al¢ (t)|[W?
HIL () [M [+ 26 (v + 2%)]

X [IL ()] + R (O] + [P ()] + ¢/ (1) = @ ()] (v + 2° + W? + G (2))
Pi 1L @O+ [ @O+ [P @]+ €' ()] — @ ()] V,

IN

<

such that Xy = max{?ﬁ + (ap+a+268+ 1)g + Lago + o+ 20 + 1}. By taking

= To max {)\1,)\2}, we obtain

I | =

: 1
Vigan < —Ts(y® 4+ 22+ W?) + 57 )V + (5y +z+ aW)e(t). (4.27)
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From (iv), (H3), (4.23 ), ( 4.22 ), ( 4.27 ) and the estimate z <| z |< 2% + 1, we get

1 gt
. . 1 ——/ v (s)ds
Ugary = (V(4.17) - 57 (1) V> e N/t

AN
)
|
SR
N
= ~+
VA
QU
VA
—
N
[\
oo
N~—

(—Fg (V' +22+W?) + (8 y+z+aW)e(t)>
(Blyl + [2] + a[WT) |e(t)]
(t)
)

IN

IN

Ly (lyl =+ 2] + W) |e(®)]

IN

Ty (344" + 2%+ W?) le(t)
r
(34 5.0) lett)

3lyle(t)] + ?;U|e(t)|, (4.29)

IN

IN

where I'y = max{«,(,1}. Integrating (4.29) from 0 to ¢, and using the condition (H4)

and the Gronwall inequality, we obtain

Utzy,z,W) < U(0,2(0),(0),2(0),W(0)) + 3Tuns

+E£U@mm&¢%w®W@m
< (U(O,x(O),y(O),z(O),W(O)) + 3r4n3) F2 b et
< (U(02(0)5(0),2(0),W(0)) + 3F4n3>611:2n3 — K, < oo. (4.30)
In view of inequalities (4.30) and (4.24),
(> + 9y + 22+ W?) < F12U <K (4.31)

K
where K = F—l Clearly (4.31) implies that
2

lz(t)] < VK, lyt)| < VK, |2(t)| < VK, W) < VK forall t>t.

Hence,

lz(t)] < VK, [2/(#)] < VK, |2"(#)] < VK, | X"(t)| < VK forall t>1t;. (4.32)
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We prove the square integrability of solutions and their derivatives.

First from (4.26 ) we have
Vs + Vo + Vi + Vo < =205 (v + 2° + )

then,
. 1
Vigan < —Ta(y? + 22 +w?) + o OV + (By + = + aW)e(?).

From (iv), (H3), (14.23 ), (4.24 ) and ( 4.26 ) we obtain
! [ (s)ds

Uary = (V(4.17>—n’v(t)‘/>e I

1 gt
- d
< (=Ta (g + 22 +u?) + (By+ 2+ aW)e(t) e nllvs T ()

Now, we define F, = F(t,x(t),y(t),z(t),w(t)) by
t

F,=U+ O'/ (v%(s) + 2°(s) + w?(s)) ds,

t1

where o > 0. It is esay to see that F; is positive definite, since W = W (t,x,y,z,w) is

m+mn I
= = [ 7y(s)ds
already positive definite. Using the estimate e o <e N/t <1 and (4.33),
we have
. n+
Fary < —Ts(g3(8) + 22(0) + () Je ™" (4.34)
L ([y(0)] + 120)] + W (1)) e(2)]
o (1) + 22() + (1)
Mt
By choosing o = I'se T we obtain

Fary < Ta(34 520 + 22() + W2(0) ) le(t)|
< r4(3+1}2U)\e(t)\

r
< 3L4le(t)| + F—4Ft]e(t)]. (4.35)
2
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Integrating the last inequality (4.35) from 0 to ¢, and again using the Gronwall in-
equality and the condition (H4), we get

T. rt
F, < Fy+3lums+ i/ File(s)|ds
FQ t1
ry rt |
— e
< (Fo + 3F4773)€F2 f
Iy
- T3
< (Fg + 3F47]3)6F2 = Ky < o0. (436)

(s)]ds

Therefore

/OO y*(s)ds < Ky /Oo 2*(s) < Ky and Oow2(s)ds < K,
t1 t

1 t1

which implies that

/OO 2"?(s)ds < K, /OO 2" (s)ds < Ky /Oo 2" (s)ds < K. (4.37)
t1 t1

t1

Next, multiplying (4.16) by z(¢) and integrating by parts from ¢; to ¢, we obtain
t
[ Qs al)gta()ds = 1) + La(t) + 1) + L(0) + I5(0) + Iy (1) + No, (439
1

where
t

L{t) = o7 (X" (1) — 2O X"(1) ~ [ (512’ (5) 2" (5)ds = p [ &' (s)a(s)a"(s — r)ds

= [ ol s p [ plo)s" (512" (s — r)ds,

t1

B(t) = L ()e(Oa"(t) + [ L(shola(s)a(s)e"(s)ds + [ Llsyole(s)a(s)a" (s)ds,

t1 t1

1(t) = ~ROS(a()e(Oa' (1) + [ R()d(a())a()2/ (s)ds + [ R(s)o(a(s))a(s)ds,

t1 t1
1

(1) = —5 POS)a(0)+ 5 [ Ps)Fa(s)a(s)ds + 5 [ Pls)f (as))a ()2 (s)ds,

2 t1 t1

No = @(t)z(t) X" (t) — o(t)2 (1) X" (t1) + L(t)(x(tr))x(t)x" (1)

+R(t)d(x(tr))x(t) (t) + ;P(tl)f(ﬂﬁ(tl))f(tl)-
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From (4.32)and (4.37) and conditions (i), (ii), (iv), (H3), (H4) and (H5), we have

t 1 t
L) < @+p)aK+ (4K [P+ (14 30) e [ a(s)ds
1 . 1 1
+§P901/ (s —r)ds,
t1

t 1 t
@+ p)p K+ (Lt K [ 19(s)lds + (14 50) 1 [ 2(s)as
1

t1 1 —r
+fp301/ 2" (s)ds + psol/ "% (s)ds,
2 t1—r 2

L) < LMK+ MK / \L’(s)|ds+L1M / x(s)x”(s)ds,
t1 t

IA

1 1
< LlMK+§L1M 2(s)ds + S LM (s )ds+MK/ L/ (s)|ds,
t1 t1
t
L(t) < Rl¢1K+¢1K£ yR’(s)dequxﬂ %(s)ds,
1 1 - 1 ot
L) < 2P1MK+—MK/ |P(s)|ds,+§P1K2/ |f/()]ds,
t1 t1
Is(t) < \/_/| )\ds.
Lo(t) < ‘// (s.0)2" () 2(s)duds <k/ [ 19(s0)| dsd
t1 0

It follows that

1
lim 11(t) < 2+ p)or K + (14 p) Ky + (1 + p)o1 Ko + Spe1 T = Ny,

t—r—o0
Jim (1) < LMK + LMKy + MK = Ny,
tl}+moo I3(t) < Rih K + o1 Ky + Rig1 Ky = N,
Jim L(t) < ;PlMK + ;MKnl + ;PlKgng = Ny,
E-IPOOIS()<\/EU3:N5 and tl}glm](j <k/t1/ 1Q(s,u)| dsdu < Kny = Ng.
Thus ;
dim (L (t) + I(t) + Is(t) + L(t) + Is(t) + I () ) < Z N; < oo. (4.39)

Consequently, (4.38)and (4.39) and condition iii) give

[T < s [T QUalogla(s)ds < 553N < .

which completes the proof of the theorem. O
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Remark 4.1. If e(t) = 0 and & = 0, similarly to the proof above, the inequality (4.26 )

becomes
Vs + Vo + Vo + Vs < =215 (42 + 2% + ([w| + plw])?)

then,
V(4.17) < —Ta(y® + 2° + (Jw] + plw)?)
1 / / / / /
# (1O + R 01+ P 0]+ (0] - @ 0)-+ 61 + 6] + ] )V. (240

From (iv), (H3), (4.23 ), (4.24 ) and ( 4.40 )

1 ft
. : 1 _7/ v (s)ds
Uiy = <V(4.17) - 57 (t) V) e I/

1 st J
—HAV(S) S

< (Y2 (ol + plw])?) < —p(y® + 22+ W2,

where p = Fgefmznz. It can also be seen that the only solution of system (4.17) for

IN

=I5 (" + 2% + (Jwl + plwr])?) e

which U(4,17) (t,z,y,2,W) = 0 is the solution z = y = z = w = 0. The above discussion
guarantees that the trivial solution of equation (4.16) is asymptotically stable, and the
same conclusion as in the proof of Theorem 4.3 can be drawn for square integrability of

solutions of equation (4.16).

4.2.3 Example

We consider the following fourth order non-autonomous differential equation of neutral

type
4e¥ +et+2 /7, a T+ 4e” +4e® '
o - T t 2 1
( 2t + 1 ( ()+500‘T ) int + )<< A(e” +e) >x>
cost + 4t? + 4 sinx + 6e” + 6e™* ot . 3 zeosw + 5zt +5\
+ sin t—|—2) T
1+¢2 er e 5(1+ %)

< 1 1+2(1+t2)>< x >_ 2sint (4.41)

20cosht | 20 (1 + 12) 2+ 1) 3242
—¢2

1 gt (e cost — e’ sin t) e’ .
— ds.
* 550/0 1+ s2 v(s)ds
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by taking )
T+ 4e* + 4e™* sinx + 3e* + 3e™* rcosT + bxr* + 5
¢(x)_ 4(€x+6_x) ,Cb(x) - ex_l_e_x af(x)_ 5(1+l’4) )
t44t2 4+ 4
g<x>=x2i17L<t>=e—tsinz+27R<t>=m1+H2+f(t);e‘fsmgt”a
1 1+2(1+¢t) 2sint 4e”* +e" + 2
t) = t) = d )= ———
QO = S0comt T 207 W3y W= —Ha
(e’t2 costfe”:2 sin t) e S
Q(t,s) = T
It follows easily that
9 11 5 7 11 3
m:maM:m7¢0:27¢11:2790:15760:227L0_417L1:37R0_37
1 > 40 751 7@0 1076121 57%2)095’9022 5 .
. 90
By tak = find o= == p=2 —
yamg; pop Wetmd o= e = T B T T 80
L
go— "8 — _455< ¢ (a )s%—ll
1
Ao — max Yo 190 L0m50 _
0 o2M’Im
15 69467 ngOLM P1M+(50
Ropo = — > =4
0% = 3> To000 Pom Lom b
1 o % Pym
p = —— < min
500 iale +aQiXo+ (2a+ 28+ 1)ns
R0¢0 — (51 —eM (Ll + Pl) 2e
aRipy 4 B+ aQiho + aQy + 13" 2aLi M +5 4+ aRi¢y + aPLM + aQy +  + 2ams’
LA
ago
= 2.368 x 1073.

and we have
e T —e*
+a 2
er e ® (e* 4+ e—)

[T = [T
. ( e

. /+00 1 et —et d T
— -z r=—
4 Jo et +e % (er + e—m)Q 4’

IN
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(e + e *)cosx — (e —e ") sinx

[T @i = [ =t

+oo 1
< / + i 5 (ex — e’x) dr = m, and
—c0 et + e (ex + efx)

X

(cosz — wsinz) (z* + 1) — 42 cosx

[Tl = 2 [T d
x)|de = - x
—c0 5./~ (z4 +1)°
B / COST 4 COST sin x dx
T 5 e |2t Hl T (2t 1) Tt
+oo /5 - 6
< = dx = —V2m7.
= 5/_oo <x4+1+x4+1> o= gV
Consequently
+oo
[ @)+ 18 )]+ 1 () ds < oo
A simple computation gives
+oo +oo | 2sint +oo 2
/ |e(t)\dt:/ Sm‘dtg/ ="
t1 t1 3t2+2 0 2t2+2 2
+oo
/ L' (t)|dt = (cost)e (sint)e ‘dt</ 2etdt = 2,
t1

+oo 1 21t
2 sldt< [ gt )
*+1 (t24+1) 0 *+1 (#2+1)

241 too 2
. L )a= [T =,
t+1 (t2+1) o t2+1

/+OO |P'(t)|dt = / ‘ 3 (costsin®t) e — 2 (sin®¢) 2t‘ dt
t1

+oo
/ R (8)]dt = / ‘ sint oy cost
t1

t1
+o0 5
< / Be 2t — 2
0 2
and
/m( Q () dt < /*“’( t + sinh ¢ + ¢ cosh 2¢ + 2t2sinh ¢ + t4sinh ¢ )
t — Jo 10 cosh 2t + 20t2 cosh 2t + 10t cosh 2t + 20t2 + 10t4 + 10
1
10
00 4e3t 1
"Dt < / dt = =
/1 |SO ( >| — 262t + 1 (2€2t + 1)2 3
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Therefore
L7 @1+ 1R @1+ 1P 0] - @ @)+ 1 () de < +oo.

By taking 73 = 2 we obtain
(e‘t2 cost — et sin t) e’

t t
Ot d:/
[ 1ets)ds = [ e

t 9 —+o00 2
§2/e_sds§2/ e ds = /T < ns,
0 0

ds

.2 2 . _ 42
(e Weosu —e U smu)e t

1412

du

f“m(u,mdu:/w}

t
+oo
t

2 +oo 2
< 27 du < / 2e " du = /T <13
0

and

S 7’[1,2

g2 2 .
(6 COSSsS — € sSin S) (&

t S t S
O (s,u)| dud ://
/tvl./‘ol (SU)| uas t1 J0O 1+u2
t s 2 2 too s 2 2 e
g/ / 2e v e™® dudsﬁ/ /26’“ e ¥ duds = — < ns.
o Jo 0 0 4

Thus all the assumptions of Theorem (4.3) hold, so solutions of (4.41) are bounded

duds

and square integrable.
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Conclusion

In this thesis, we investigated several qualitative properties of solutions for higher-
order nonlinear neutral differential equations, with emphasis on asymptotic, uniform and
exponential stability, boundedness, and square integrability. Using various analytical
techniques chiefly Lyapunov’s second (direct) method via the construction of candidate
Lyapunov functionals, we derive new sufficient conditions that improve and extend many
existing results in the literature.

The main contributions are as follows:

e For certain third-order and fourth-order neutral delay differential equations, we es-
tablish criteria ensuring asymptotic, uniform, and exponential stability, as well as bound-
edness and square integrability of solutions.

e For two classes of third and fourth-order neutral integro differential equations, we
obtain new inequality-type conditions that guarantee stability, boundedness, and square
integrability.

Several illustrative (and numerical) examples validate the theoretical results. These
findings enrich the theory of neutral differential equations and provide a mathematical
foundation for future studies of more complex systems with multiple delays and/or time-
varying coefficients.

Possible directions for future work include the development of suctue-preseving nu-
merical methods that retain the qualitative properties established here, extensions to dis-
tributed or state-dependent delays and to uncertain/robust settings, and investigations

of stochastic neutral delay (integro-) differential equations together with feedback-control
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designs based on Lyapunov functionals

eFormulate and solve application-driven problems that can be modeled by neutral
delay differential equtions, leveraging the criteria developed in this word (e.g. population
dynamics, epidemic spread, viscoelasticity, networked control).

e Extend the obtained results to neutral differential equations of different orders and
stuctures (including distributed or state-dependent delays, time-varying coefficients, and
uncertain parameters).

Finally, we hope that the results presented here will serve as a useful reference for both
theoretical investigations and practical applications involving neutral delay differential

equations.
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Résume :

Dans cette these, l'accent est mis sur la stabilité asymptotique, la stabilité uniforme, la
stabilité exponentielle, la bournitude et carré intégrabilité des solutions pour certaines
équations différentielles a retard non linéaires d'ordre supérieur de types neutre. Diverses
techniques analytiques sont employées, la principale étant la seconde méthode de Lyapunov,
basée sur la construction de certains fonctionnelle de Lyapunov candidates. De nouvelles
conditions suffisantes, améliorant et étendant de nombreux résultats déja publiés, sont
établies.

Enfin, plusieurs exemples illustratifs sont présenter pour démontrer la valité des résultats
théoriques. Ces résultats enrichissent la compréhension théorique des équations différentielles
neutres et fournissent une base mathématique pour de futures études sur des systemes plus
complexes a retards multiples ou a coefficients variables dans le temps.

Les mots clés : Equations différentielles neutrale, stabilité, bournitude, carrée integrabilité.

Abstract :

This thesis investigates asymptotic, uniform, and exponential stability, as well as
boundedness and square integrability of solutions to certain higher-order nonlinear neutral
delay differential equations. Serval analytical techniques are employed, chiefly Lyapunov’s
second (direct) method, based on construction candidate of the Lyapunov functionals. We
derive new sufficient conditions that improve, extend and enhance many of the results exist in
previous works in literature are derived.

Finally, several illustrative examples were provided to demonstrate the reliability of the
theoretical results. These findings enrich the theoretical understanding of neutral differential
equations and provide a mathematical foundation for future studies on more complex systems
with multiple delays or time-varying coefficients.

Key words : Neutral differential equations, stability, boundedness, square integrability.
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