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Chapter

General introduction

Historically, infectious diseases have often manifested as catastrophic plagues, with some persist-
ing to the present day while new ones continue to arise. Recent instances of developing diseases
globally encompass West Nile virus, Zika virus, Influenza, HIV, Hepatitis virus, and most re-
cently, COVID-19 (see [13, 38, 88]). These diseases are frequently induced by infectious agents,
including bacteria, viruses, fungi, or parasites, and can disseminate by multiple avenues, such as
direct human contact, environmental exposure, interactions with animals, or bug bites. With-
out appropriate control mechanisms, such diseases can escalate into epidemics or even worldwide
pandemics, as evidenced by the COVID-19 situation. The dissemination and intensity of commu-
nicable diseases are inconsistent; their advancement is contingent upon various factors, including
the pathogen’s nature, the atfected population’s characteristics, and environmental influences such
as climate, healthcare infrastructure, ecological changes, and seasonal fluctuations.

Mathematical modelling is an essential element of epidemic preparedness strategies, facilitating
the prediction of outbreak dynamics and the assessment of potential interventions (see [33, 52]).
As modelling can be performed remotely, researchers can aid in preparedness and control etforts
without the necessity of physical presence in the field (see [3%, 47]). Furthermore, it reduces de-
pendence on costly and ethically intricate experiments. In this thesis we will explore some of the
ways in which mathematics can be used to understand infectious disease dynamics, and attempt

to expand the methodological inventory available to infectious disease modellers.

1.1 A brief history of epidemic models

The definition of infectious illness epidemiology began with John Graunt’s 1662 work, 'Natural

and Political Observations made upon the Bills of Mortality." This foundational work engaged
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with the communal Bills of Mortality, detailed records of mortality data and causes in London
parishes, originating from 1592 and systematically recorded from 1603. The exemplary data in
these records enabled Graunt’s astute examination of death trends, producing new understandings
of the relative mortality risks linked to different diseases and representing the initial move towards
a whole theory of competing hazards.

In the 18th century, smallpox was a prevalent and enduring disease. The initial mathematical
model in epidemiology was thus shaped by Daniel Bernoullis (1700-1782) investigation of the im-
pacts of smallpox inoculation [%7]. Variolation, a technique for developing immunity by exposing
persons to a benign strain of the virus, was implemented to provide enduring protection, however
it carries a little risk of infection and fatality. Since that time, several efforts have been undertaken
to elucidate the effects of certain epidemics on the population; nonetheless, the non-linear dynam-
ics of their transmission remained inadequately comprehended until the twentieth century. W. H.
Hamer in 1906, was the first observer of the phenomenon wherein a declining number of vulnerable
persons can result in the extinction of the measles epidemic. He established the inaugural conven-
tional epidemiological framework for modelling illness prevalence [#7]. Similarly, S. R. Ross using
mathematical modelling in 1911 to evaluate the efficacy of various therapeutic strategies against
malaria [2]. W.O. Kermack and A.G. McKendrick in 1927, produced a comprehensive model for
the transmission of epidemics through direct contact. They evaluated their model with empirical
data from the spread of the Bombay epidemic during 1905 and 1906 [14]. Their theory was essen-
tial in the eradication of Smallpox in the 1970s [33]. By the conclusion of the twentieth century,
mathematical epidemiology gained prominence in the formulation of public health policies. A mul-
titude of contributions has been made to the modelling of certain epidemics, with the majority of
these research depending on diverse assumptions grounded in deterministic formulations. Since
the commencement of the 21st century, numerous epidemics have emerged (see [13, 37, 47, 132]).

This renewed interest in mathematical modelling enhanced the Kermack-McKendrick model and

incorporated novel hypotheses based on the attributes of each epidemic.

1.2 Mathematical modeling

A mathematical model depicts a system using mathematical concepts and language. The
development of such models is referred to as mathematical modelling. These models elucidate
system dynamics, assess the impact of various components, and predict future behaviours. Their
forecasting capacity is very advantageous for decision-making. This thesis concentrates on the

modelling of infectious diseases and their spread among populations. Mathematical modelling is
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a multifaceted methodology applicable across several disciplines, including biology, physics, and
economics.

The modelling approach, depicted in Fig.1.1 [%2], converts a biological scenario into a mathe-
matical problem, commencing with a precise system description and a defined research objective.
The system is represented by variables and parameters linked by relationships, emphasising only
pertinent elements for precision. Upon formulation, the model can be scrutinised with mathemat-
ical instruments, calibrated to data, employed to estimate parameters, and simulated to evaluate

the influence of each parameter on the answer.

Biological 1 ( Mathematical
question | | model
Fitting ) [ Mathematical |
Experiments § to data ) analysis
- and data
[ Parameter | ( Expected
| estimation | outcomes
Biolosical Simulations / \/
: — ngl_cal:. W Sensitivity
mterpreta;tloﬁ..J o
analysis

Figure 1.1: Modeling diagram.

1.3 Deterministic epidemic models: a prelude to mathe-

matical modeling using compartemental approach

This section describes the process of developing a mathematical model for disease transmission
using a compartmental approach. We begin by dividing the host population into distinct, non-
overlapping groups-referred to as compartments-based on the disease’s progression. For a basic
infectious disease, these compartments may include: people susceptible to infection S, infected
individuals I, people that have recovered from infection R. Figure (1.2) illustrates the transmission

process.
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new susceptibles
_—

new infections recovery

removal removal removal

Figure 1.2: Transfer diagram for a SIR compartment model.

In this diagram, arrows depict the movement of individuals between diftterent compartments.
The term "removal" encompasses the departure of individuals due to death or migration.
The purpose of modeling is to monitor the population of hosts within each of the three compart-
ments at any given time ¢. These quantities are represented as S(t), I(¢), and R(t), respectively.
We examine a brief time interval [t,¢ + At] and analyze the net change in the number of people
within each compartment. In the transfer diagram, arrows depict the direction of people move-
ment. The net change in a compartment is determined by the number of people entering it minus
those exiting during the given time interval. By using this principle to each compartment, we

derive the following equations:

AS(t) = [new susceptible] — [removal from S| — [new infections],
AI(t) = [new infections| — [removal from I| — [transition into R], (1.1)
AR(t) = [transition from I| — [removal from R].

Dividing both sides of (1.1) by At and taking the limite as At — 0, we derive the following system

S'(t) = [new susceptible] — [rate of removal from S| — [incidence rate],

I'(t) = [incidence rate] — [rate of removal from I|— [transition rate into R], (1.2)

R'(t) = [transition rate from I] — [rate of removal from R].
By representing all terms on the right-hand side as functions of S(t), I(t), and R(t), we derive
a system of ditferential equations that constitute our mathematical model. The formulation of
these functions is determined by the assumptions made about disease transmission and the flow

of individuals between compartments. Below we will show examples of some classic deterministic

models.
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1.4 Some classical epidemic model

1.4.1 The SIR model without demography (Kermack-McKendrick model)

To illustrate how the rates in equation (1.2) depend on S(t), I(t), and R(t), we introduce the

following hypotheses regarding disease transmission and host population dynamics.

« Horizontal Transmission: disease spreads through direct contact between individuals.

« Homogeneous Mixing: individuals interact randomly, and the incidence rate follows the Law

of Mass Action (5I(t)S(t), where (3 is the transmission coefficient).

o Proportional transfer rates: movement between compartments depends on population size

(e.g., recovery rate is vI(t)).
« No latency period: individuals become infectious immediately upon infection.
¢ Permanent immunity : no reinfection; recovered individuals stay immune.

¢ Closed population: no births, deaths, or migration; no new susceptibles enter. Since there

is no influx or removal, the total population remains unchanged.

These assumptions allow the conceptual model in Figure (1.2) to be converted into the explicit

model shown in Figure (1.3)

BSI T i '

Figure 1.3: Transfer diagram for a simple SIR model.

Substituting all terms in (1.2) by our mathematical descriptions, we derive the following model

[:i.’,.];

S'(t) = —BSI,
I'(t) = BSI — 41, (1.8)
R(t) =+l

To ensure well-defined mathematically, this model (1.3) is initialized with the following
S(0)=8,>0, I(0)=1,>0, R(0)=Ry 2> 0.

Since S(t),I(t) and R(t) denote the number of people, they are expected to take nonnegative

values. Constants § and 7 are model parameters, and they are assumed to be nonnegative since
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they denote rate constants. If the values of model parameters 5 and v are known, then for each
set of initial conditions Sy, Iy and Ry, model (1.3) has a unique solution (S(t),I(t), R(t)) that

produces a prediction for the time course of the epidemic for £ > 0. The region
B= {(SJ,R) eR¥: §>0,I>0,R> 0}

is positively invariant w.r.t. model (1.3).
If the epidemic is ever to take oft, Sy > % . In other words the initial number of susceptibles must

exceed the quantity —g:

A fundamental quantity in mathematical epidemiology is the basic reproductive ratio, commonly
denoted Ry. This quantity is defined to be the expected number of subsequent cases produced by
a single infectious case in a population which has had no previous exposure to infection [71].

In the context of the model (1.3), Rp can be expressed as Ry = 6.5@.% can be interpreted as

average number of initial mean
ettective contacts of a || susceptible |+| infectious |
single infectious host population period

When Ry > 1 the epidemic takes off while there is a minor outbreak when Ry < 1.

1.4.2 The SIR model with demography

To incorporate demographic factors into the Kermack- McKendrick models , the birth and death
processes are assumed to have the same rate constant p, and the disease is not fatal. The total
population is kept as a constant, which is already scaled to 1. The updated transfer diagram is

presented in Fig. 1.4, resulting in the following model (1.4) [35]:

BSI ~I

Figure 1.4: Transfer diagram for a SIR epidemic model with demography.

S8 = ji — BST — 1S,
I'(t) = BSI — I — ul, (1.4)
R'(t) =~I — uR.
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The feasible region for model (1.4) is:
Hmm:h&ameﬁﬁs+f+3:1}

The basic reproduction number of model (1.4) is expressed by Ry = ﬁ To simplify our analysis,
we can ignore the R equation since the first two equations in (1.4) do not contain R. Once
behaviors of (S(t),I(t)) are known, those of R(t) can be readily obtained from R =1 — (I +5).
For this reason, we can consider the following equivalent system:

S'(t) = p— BSI — usS,

(1.5)
I'(t) = BST — I — I,

with the feasible region is

Hﬂz{wﬂeR%s+1gﬁ.

In general, the long-term behaviour of the epidemic is established by analyzing the equilibriums
of its model, or the states in which the solution does not change over time. To find equilibria of
(1.5), we set S’ = I’ = 0 and obtain a system of algebraic equations
0=p— BSI—pusS,
(1.6)
0=p88I—~I—pul.
Solving these equations, we obtain two possible equilibria: Ey = (1,0), the disease-free equilibrium,

and E* = (S* I*), the endemic equilibrium, where

B8’ (y+ B

More precisely, system (1.5) has two possible equilibria. If Ry < 1, then Ey = (1,0) is the only

equilibrium in Ilg;. If Ry > 1, then both Ey and the endemic equilibrium E* exist in Ilg;.

1.4.3 The SEIR epidemic model

Many infectious diseases involve an exposed phase after the infection is transmitted to a susceptible
person, but before that person becomes symptomatic and infectious . To account for the latent
period, we add an exposed compartment F, characterized by a mean duration of é, thereby
extending the classical epidemic model to the SEIR framework (1.4), we obtain the following

diagram:
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ul

Figure 1.5: Transfer diagram for a SEIR epidemic model.

and we have

)

)= | (1.7)
)

)

For the SEIR model (1.7), the basic reproduction number is given by

o L
Q-+ [ p+y
which can be interpreted as
average number of probability of a newly mean
effective contacts of a |-| infected host surviving |-| infectious
single infectious host the latent period period

1
YHu

It is important to note that the mean infectious period, given by represents the average
time an individual remains both alive and infectious. Additionally, observe that in this case, the
basic reproduction number Ry does not explicitly depend on the initial number of susceptible
individuals. This is because the total population R + I + S + £ = N is normalized to 1 in the
model. As models become more intricate, deriving Ry directly from the transmission diagram can

become challenging. In such cases, alternative methods are used, most of which rely on stability

analysis of the disease-free equilibrium[!13].

1.5 Key concepts in epidemiologic dynamics

In general, infectious diseases spread through direct contact between susceptible and infected
individuals. Let N denote the total population size, and let Q(N) represent the number of
individuals an infective comes into contact with per unit time. Some fundamental concepts are

outlined below [75]:
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1. Let pg be the probability that a single contact results in transmission. Then, the product
poQ(N) is referred to as the adequate contact rate, quantifying the infectivity of an individual.
This rate depends on factors such as the pathogen’s virulence and environmental conditions.

2. The fraction % represents the probability that a contact involves a susceptible individual.

3. Consequently, Q(N)% gives the expected number of contacts an infective makes with
susceptible individuals per unit time. Note that not every such contact results in transmission.

4. The product poQ(N )% represents the mean adequate contact rate between an infected
individual and susceptibles. This is also referred to as the infection rate.

5. The total number of new infections per unit time is therefore po@Q(N )% which is termed
the incidence rate of the disease.

If we define ©(t) = poQ(IN) £, then the incidence can be expressed as ©(¢)S. The function O(t)
is known as the force of infection. Furthermore, % represents the proportion of the population
that is currently infected, i.e., the prevalence of the disease. The absolute number of infected
individuals, denoted I(t), is also referred to as the prevalence.

There are two commonly used forms of incidence in epidemiological modeling:

If Q(N) = kN, i.e., contact rate is proportional to population size with per capita contact
rate x, the incidence becomes 3S5(t)I(t), and the force of infection is O(t) = I, where 3 = pok is
known as the transmission coefficient. This form is called bilinear incidence or simple mass-action
incidence.

If Q(N) = &, i.e., the contact rate is constant regardless of population size, then the incidence

SI

becomes 57, and the force of infection is alz) = ,6’%, again with 8 = pgk. This is known as

standard incidence.

1.6 Stochastic models

Deterministic models provide useful insights by modelling real-world occurrences, although they
may inadequately represent the stochastic behaviours intrinsic to particular processes. In situa-
tions with tiny populations, the intrinsic randomness of virus propagation indicates that determin-
istic models may not consistently yvield correct representations. Consequently, stochastic models
are essential in disease transmission modelling. Stochastic epidemic modelling originated in the
1920s and 1930s, initiated by the seminal contributions of Kermack and McKendrick, who intro-
duced deterministic compartmental models [53, 54, 53]. Their research provided a foundation
for the advancement of stochastic epidemic models. In 1928 and 1931, R. Frost, and Greenwood

introduced discrete-time stochastic models that advanced generation by generation of infectives
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[22]. The Reed-Frost model, albeit unpublished at the time, was presented in lectures in 1928.
Bartlett has made substantial contributions to the development of stochastic epidemic models.
Bartlett’s research, commencing in the late 1940s, highlighted the intrinsic randomness in the
dynamics of infectious diseases. This was especially pertinent in small groups where random vari-
ations could significantly influence the progression of the disease. He augmented the deterministic
models of Kermack and McKendrick by incorporating random factors essential to the transmission
process [11]. Kendall made significant contributions during this period. His research on branching
processesstochastic processes in which one person can produce numerous oftspringhas significant
implications for disease transmission, as one diseased individual can infect several others [52].
Bailey’s book [10] provides a comprehensive examination of both deterministic and stochastic
epidemic models, as well as instructions on parameter estimation. Disease outbreaks typically
originate from a limited number of patients; thus, it is essential to integrate stochasticity into
deterministic compartmental models. Various types of noise can be included into deterministic
dynamics depending on the circumstances.

Recent advancements in epidemic modelling have included the incorporation of several noise
types, such as Gaussian, Lévy, and telegraph noise. The parameters of epidemic models are often
influenced by environmental white noise, resulting from a constant intake of tiny fluctuations.
Understanding the influence of this noise on the models’ behaviour is crucial. Stochastic ditferential
equation models have gained prominence in this area, providing a more accurate representation of
disease dynamics compared to deterministic models [130]. This phenomena has been extensively
examined by several scholars [36, 46].

Continuous-time white noise process with finite-variance increments, exemplified by Brownian
motion, exhibit continuous sample trajectories. This trait may be unnecessarily constraining if
epidemic transmission rates can fluctuate suddenly, for instance, due to super-spreading events
where a limited number of sick persons can transmit the disease to a substantial number of others,
resulting in a rapid increase in cases. To accommodate jumps that signify sudden changes or
shocks in sample pathways, a common method is to extend Gaussian processes to Lévy processes.
Lévy processes possess stationary independent increments; nonetheless, in contrast to Gaussian
processes, their sample paths may exhibit leaps [110, 137].

A further possible application lies in simulating the impact of stochastic events, such as meteo-
rological fluctuations or natural calamities, on disease transmission. These occurrences can induce

sudden changes in disease dynamics that ave etfectively represented by Lévy noise [20, 71].
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1.7 Optimal control in epidemiology

The principal objective of epidemic modelling is to design effective control techniques to mitigate
or eradicate the effects of a disease. This aim was already apparent in Bernoullis seminal research
on smallpox [12], in which he employed epidemic models to demonstrate that injection with ma-
terial from moderately afflicted persons may diminish mortality and ultimately augment Frances
population. A comparable viewpoint was subsequently embraced by VanderPlank [114, 115], who
delineated the notions of monocyclic (primary inoculum) and polycyclic (primary and secondary
inoculum) infections. He established two basic plant disease models to illustrate various pathogen
kinds, facilitating the quantification of essential factors to forecast disease advancement and de-
termine efficient control strategies. His research further elucidated the notion of horizontal and
vertical resistance, illustrating that the intentional amalgamation of diverse plant species could
diminish both the primary and secondary inoculum. Strategies to prevent and control infectious
diseases encompass vaccination, medical treatment, isolation, quarantine, and prophylactic mea-
sures.

Vaccination is a major public health achievement, leading to the eradication of smallpox and
near-eradication of polio. Table 1.1 presents the decline in disease burden in the United States
due to widespread vaccination etforts. However, vaccines do not provide complete protection, as
pathogens can mutate, and immune responses may vary. The level of protection a vaccine provides

is known as its efficacy.

Table 1.1: Achievements of vaccination in the US [32].

Disease Baseline years Cases Cases in 1998 Decrease %
Smallpox 1900-1904 48.164 0 100
Diphtheria 1920-1922 175,885 1 100
Pertussis 1922-1925 147,271 6,279 95.7
Tetanus 1922-1926 1,314 34 974
Poliomyelitis 1951-1954 16,316 0 100
Measles 1958-1962 503,282 89 100

1.8 Structure of thesis

This thesis aims to comprehensively examine diverse stochastic epidemic models using theoretical

and numerical analysis. The thesis is organised as follows:
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In chapter 2 introduces several mathematical terminologies and theorems that will be used
in the thesis.

In chapter 3 a mathematical study to control the spread of the COVID-19 epidemic by
applying external control measures. We formulat a COVID-19 epidemic model with perturbation
by white noise. We considered that the model consists of four categories are susceptible-vaccinated-
infected-recovered. We show that the model is well posed, we give sufficient conditions for the
extinction and the existence of a unique stationary distribution and we explore V -geometric
ergodicity of the model. For the control model, we discussed both the stochastic and deterministic
model using the techniques of optimal control theory. Real-world data from Algeria are used to
parameterize the model, ensuring its relevance and applicability to practical satiation. Using
numerical simulation, the analytical results have been shown.

Next, in chapter 4 focuses on how a new Hepatitis B virus (HBV) model behaves over a long
period of time. We show that the model is well-defined by proving that there is a solution that
exists globally and is positive. We have found conditions that are enough for extinction and the
presence of a unique stationary distribution and, we conducted numerical simulation to back up
our findings.

Furthermore, In chapter 5, we consider a time delayed stochastic STR epidemic model with
Crowley-Martin incidence rate and Holling Type II treatment rate. We prove that the positive
global solution exists and is unique. Then, we provide sufficient condition for the extinction of
the disease, the persistent in mean and a suitable Lyapunov function is constructed to show the
existence of a unique stationary distribution . At least the numerical simulation is provided to
bolster our theoretical results.

Finally, in chapter 6 we analyze the long-term behavior of a developed stochastic model for
Tungiasis epidemic. The proposed model categorizes the population into three groups: susceptible
individuals, educated individuals, and infected individuals. We establish the well-posedness of the
system. We derive sufficient conditions under which the disease either dies out or continues
to persist within the population. To illustrate our theoretical findings, we perform numerical
simulations that illustrate and support the analytical results, providing deeper insight into the

dynamics of Tungiasis under stochastic influences.
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Chapter

Mathematical Tools

This chapter aims to introduce the theory of Ito SDEs, SDEs with Lévy processes, and optimal
control theory. This chapter primarily addresses stochastic processes, Brownian motion, stochastic
integration, SDE, stationary distribution and the Pontryagin maximum principle. This chapter’s

content primarily derives from [31, 45, 50, 65, 79, 81, 95, 96, 136].

2.1 Basic Notions of Probability Theory

Probability theory is a field of mathematics focused on describing and analyzing systems whose
outcomes are governed by chance. The complete collection of all possible outcomes referred to
as elementary events is represented by a set (2, with individual outcomes denoted by w € ().
However, not every element in (2 is necessarily observable or of practical interest. Instead, we
focus on a collection F of subsets of {2 that includes the events we can observe or are interested in
studying. This collection F often satisfies the properties of a sigma-algebra, allowing the rigorous

development of probability measures.

Definition 2.1. Let 2 be a set. A sigma-algebra F on {2 is a family F of subsets of Q satisfying

the following:
- Pe F;
e Ae F= A € F, where A€ = Q\ A;

. BI,BQ,B“_J,.I...EF:>B::U$§:1-B?HE]:-

The pair (Q,F) is called a measurable space. The elements of F are henceforth called F-

measwrable sets. If F' is a family of subsets of €2, then there exists the smallest sigma-algebra
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o(F) on Q containing F'. This set o(F) is the sigma-algebra generated by F. If Q = R" and F is
a family of open sets in R", then B" = ¢(F) is the Borel sigma-algebra, and the elements of B"

are Borel sets.

Definition 2.2. A probability measure P on a measurable space (£2, F) is a function P : F — [0,1]

such that:

o If By, By, Bs,... € F and {Bp,,}>_, are pairwise disjoint (i.e. By, N By = 0 if m # k), then

P ( fj Bm) - i P(B,).

m=1 m=1
The triplet (€2, F,P) is a probability space.

Definition 2.3. Let (€, F,P) be a probability space. A function X : @ — R" is said to be
F-measurable if

X)) ={weQ: X(w) eO}e F

for every open set O C R™ (or for every Borel set O C R").

A function X (w) = (X1 (w), Xo(w),. .., Xu(w))T taking values in R™ is said to be F-measurable if
all components X; are F-measurable. Similarly, a matrix-valued function ¥ (w) = (Xne(w))1<mr<n
is F-measurable if all elements A,,,; are F-measurable. The indicator function 15 of a set B C (2

is F-measurable if and only if B € F.

Definition 2.4. A random variable Y is an F-measurable function Y : Q — R™. Every random

variable Y induces a probability measure piy on R", defined by
py(4) =P(Y™H(4)),
where py is called the distribution of Y. If
];ZY(w)dIP(w) 260,

then the number
E[Y] = [ Y(@)dP@w) = [ yduy(y)

is called the expectation of Y.
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2.2 Stochastic process

The purpose of the theory of stochastic processes is to study random phenomena that evolve over

time.

Definition 2.5. Let (Q, F,P) be a probability space, a filtration {F;}+>0 is an increasing sequence
of sub-g-algebras of F, where F; C Fs C F for all 0 <t < s < 1. Then the filtration is said to be
right continuous if F; = s Fs for all ¢ > 0.

A set B € Q is said to be P-null if there exists a set A € F such that B C A and P(A) = 0.
When the probability space is complete, the filtration is said to satisfy the usual conditions if it

is right continuous and Fy contains all P-null sets.

Definition 2.6. A stochastic process is a family of R™-valued random variables {Y; };ep with indez
set D and set space R"™. The index set D is usually R, but it may also be an interval [a,b], the
nonnegative integers or even subsets of R". Note that for each fixed ¢ € D we have a random
variable

Q3 w—Y(w) e R
On the other hand, for each fixed w € (2 we have a function

D>t—Y(w) eR?,

which is called a sample path of the process, and we shall write Y.(w) for the path.

Similarly, in the discret case, one can define stochastic processes matrix. A stochastic process
{Y:}i>0 is often denoted as {Y;}, ¥; or Y (%).

An R"-valued stochastic process {Y;}¢>o is said to be continuous (vesp. left continuous, right
continuous) if for almost all w € Q function Yi(w) is continuous (vesp. left continuous, right
continuous) on t > 0. Tt is said to be integrable if for every t > 0, ¥; is an integrable random
variable. It is said to be {F;}-adapted if for every ¢, Y; is Fy-measurable. A real-valued stochastic
process {Z;}i>0 is called an increasing process if for almost all w € Q, Z;(w) is non-negative

increasing right continuous on ¢ > 0.

Definition 2.7. A random variable 7 : © — [0, 00| (it may take the value o) is called an {F;}-

stopping time if {w : 7(w) <t} € F; for any ¢t > 0.

Definition 2.8. An R"-valued {F;}-adapted integrable process {M;};>0 is called a martingale
with respect to {F;} if

E(M|Fs) =M;s, forall0<s<t<oo. as.
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Definition 2.9. A stochastic process Y = {Y,}i>¢ is called square-integrable if E|Y;|? < oo for
every t > 0. If M = {M;}i>0 is a real-valued square-integrable continuous martingale, then there
exists a unique continuous integrable adapted increasing process denoted by {{M, M)} such that
{M?— (M, M)} is a continuous martingale vanishing at ¢ = 0. The process {(M, M)} is called

the quadratic variation of M.

Definition 2.10. A right continuous adapted process M = {M,};>¢ is called a local martingale
if there exists a nondecreasing sequence {7,,}m>1 of stopping times with 7, T oo a.s. such that

{M. at — Mo}i>o is a martingale.
While every martingale is a local martingale, the opposite is not true.

Lemma 2.1. (Strong Law of larg number [79]). Let M = {M;}i>0 be a real-value continuous

local martingale vanishing at t = 0 then

tli}n_(M,Mh =00 a.s. = lim AW 0 a.s.

t—00 (M1M>f
And also
lim SUPM < oo a.s = lim & = @ s
i—oc t t—oo  f

2.3 Brownian motion

In 1827, biologist Robert Brown examined pollen grains suspended in water using a microscope.
He observed that the grains displayed incessant movement, although he could not ascertain the
underlying reason of this motion. This occurrence subsequently became recognized as Brownian

Motion.

Definition 2.11. Let (Q2, F,P) be a probability space with a filtration {F;};>0 . A stochastic
process {W; }+>¢ is called a standard one-dimensional Brownian motion is a real-valued continuous

{Fi}-adapted process such that:
o« P{w:W(0O,w)=0}=1.

» For any 0 < s < ¢, the random variable W(t) — W(s) is normally distributed with mean 0

and variance t — s, i.e. for any a < b,

2
—a?
e2-sidzx.

lP’{a < W(t) —

1 b
W(S)Sb}=—mﬁ
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e W(t,w) has independent increments, i.e., for any 0 < ¢; < t2 < ... < t,, the random
variables

W(t1), W(tz) — W(t1), ..., W(tn) — W(tn-1),

are independent.
Brownian motion has many properties, here are a few:

(i) W, is a continuous martingale of square-integrable type and its quadratic variation is

(W, W); =t forall t > 0.

(ii) According to the law of large numbers, we have:

(iii) For every w € Q, the trajectory w — W;(w) is not differentiable.

Now let us define a multi-dimensional Brownian motion.

Definition 2.12. An d-dimensional process W; = {(W}!, W2, ..., W) }1> is called an d-dimensional
Brownian motion if every {WF} is a one-dimensional Brownian motion, and {W}},...{W¢} are

H b

independent.

2.4 It6 integral

This part will present the formulation of the It6 stochastic integral and some related properties.
This integral was initially described by K. It6 in 1949.
We now define the stochastic integral
[ aaw,

with respect to an m-dimensional Brownian motion {W;} for a class of n x m-matrix-valued
stochastic processes {g(t)}. Since for almost all w € , the Brownian sample path W.(w) is
nowhere differentiable, the integral cannot be defined in an ordinary way. However, we can define
the integral for a large class of stochastic processes by making use of the stochastic nature of
Brownian motion.

Let (2, F,P) be a complete probability space with a filtration {F;}i>o satisfying the usual
conditions. Let W = {Wt}t20 be a one-dimensional Brownian motion defined on the probability

space adapted to the filtration.
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Definition 2.13. A real-valued stochastic process h = {h(t)}a>¢>p is called a simple process if
there exists a partition a =ty < t; < ... < t, = b of [a,b], and bounded random variables ¢;,

0 £ j <n—1 such that ¢ is }}j -measurable and

n—1

h(t) == CDI[to?tl](t) i Z (:_:."I(tj?tj_‘_ﬂ- (21)
3=1
Denote by Mo([a, b],R) the family of all such processes .

Definition 2.14. For a simple process h with the form of 2.1 in My([a, b],R), define

/ h(t)dW, = ch Wi, — We), (2.2)

and call it the stochastic integral of g with respect to the Brownian motion {W(¢)} or the 1t

integral.

We now extend the integral definition from simple processes to processes in M?2([a, b],R).

Definition 2.15. Let g € M?([a,b],R). The It6 integral of g w.r.t. {W;} is defined by

b b
] g(t)awe = lim [ ha(t)aw, in L*QR),

a

where h,, is a sequence of simple processes such that

[ lo) — ha(0]ae =0

Some properties of the stochastic integral are summarised below:

Theorem 2.1. [79] Let g1, g5 € M?([a,b];R), and let a1, a3 be two real numbers. Then

fé’g(t)dwt is JFp- measurable.

E J2 g(t)dW; = 0.

B( 12 oam) =B 2 lg(o)Pdr.
» fal_) [&1_(}1@) + Qggg(f)] th = L’Iftf gl(t)th + Qo .fc? gz(t)th

We now define the It6 formula, which is the fundamental tool of stochastic calculus. For example,
the classical integral fot WdW, was problematic because it didn’t have a proper mathematical
meaning, as the trajectories of stochastic processes are not ditferentiable. It6 provided an alterna-
tive definition of the stochastic integral that helps us better address the ditferentiability issues of

stochastic processes.

28



Definition 2.16. (Ité Process in One Dimension). Let W; be a one-dimensional Brownian motion
on (9, F,P). A one-dimensional Itd process (or stochastic integral) is a stochastic process Y; on
(Q, F,P) of the form

¥ =i 4 /; Fs,w)ds + /: G(s,w)dWs, (2.3)

where F € L}(R4;R) and G € L?(R;R).
An Y, of the form 2.3 can sometimes be written in this shorter form:

dY, = F dt + G dW;.

Theorem 2.2. (Ité’s Formula in One Dimension [79, §1]). Let Y; be a stochastic process satis-
fying
dY: = Fdt + GdW;,

and let Q(t,x) € C? (R, x R), meaning twice continuously differentiable on R, x R. Then Z; =

Q(t,Y:) s also a stochastic process and

dQ oQ 19%Q

dZ; = = (8, Y;)dt + 5= (t Y)dW: + 55— (t, Y;)(dW,)?,

where (dW;)? = (dW;) x (dW}) is calculated according to the rules:
dt)(dt:dede:thth:O and thXth:df

Example 2.1. Let’s consider again I = fé WsdWs.
Set ¥; = W, and Q(t,z) = %3}2. We have Z; = Q(t, W;) = sW? and by It6’s formula,

0Q  0Q 162Q i
dZ; = - dt + 5 ~dW, + 952(”"9

1 1
= WdW, + 5(dW)* = WidW, + 5.

Therefore,

1 t 1
d(awf) — W,dW, + dt:;>/ ( W2) —/ WSdWS—kiA ds,

. t 1
W2 = .1 I et 5
= 2Wt A WedW; + 5t
t
ﬁ‘/{] nglwlg — ':,EW“ - 'j‘t
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We now extend Ité’s formula to multiple dimensions. Let B(t,w) = Wi(t,w),..., Wn(t,w))
be an m-dimensional Brownian motion. If for 1 < i < n and 1 < j < m, Fi(t,w) and Gj;(t,w)
satisfy the conditions of the one-dimensional 1t6’s formula definition, then we have the following

system:

dYI — Fldf + GlldBI e Gl-mdwm?

dY, = Fodl 4 GoydWy 4« » » 4000, dWo:

Using simple matrix notation, we can write:
dY; = Fdt + G dW;,

where

Yi(t) Fi Gu + Gim dWh(t)

Y-8 F, Gt % Gm AW (t)
The process Y; is called an n-dimensional It6 process.

Theorem 2.3. (Ité’s Formula in Multiple Dimensions [79, S1]). Let
dY; = Fdt + G dW,

an n-dimensional Ité process as defined above. Let Q(t,x) = (Q1(t,z),...,Qp(t,z)) € C*(R; x
R™ R?). Then the process Z(t,w) = Q(t,Y (t)) is also an Ité process whose k™ component is given

by
0Qx
ot

R Y)dt+ Z 9, i T (t,Y)dY,dY;
7 32

dZx = (399:t Oz;0x;

with the multiplication rules:
dW; X dW; = 6;;dt,  dW; x dt =dt x dW; = dt x dt = 0.
For example: _
dY;(t)ay;(t) = Y Gu(t)Gjn(t)dt.
k=1

Moreover, the formula can be written in matrix form as:

)
dZ; = a—Qdf-l- = dy;+2czyf"

82Q

221
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Note that if Y(t) were continuous and differentiable in ¢ , the term ldY},TﬁdY} would vanish.

For example, consider Z; = Y;(¢)Y3(t). Using both previous formulas, we have:

d(Y1(£)Y2(t)) = Y1(t)dYa(t) + Ya(t)dY1(t) + dY1(£)dYa(t),

= Y1(t)dYa(t) + Ya(t)dYi(t) + Z G1i(t)Gar(t)dt.

2.5 Stationary Distribution

This section will present a renowned finding by Hasminskii regarding the determination of the
stationary distribution of a SDE. Firstly, we delineate the concept of "stationary'. A stochastic
process {Y (#)},(—o00 < t < oo) with values in R? is said to be stationary if for every finite
sequence of numbers ¢1, ..., t,, the joint distribution of the random variables Y (t1 +h), ..., Y (tn+h)
is independent of k. i.e. the joint probability distribution does not change when shifted in time.
The notion of a stationary distribution is both important and indispensable in the study of SDEs.
Let Y(¢) be a regular time-homogeneous Markov.

A process in R? described by the SDE in the following form
dY (t) Y)dt + Z or(Y)dWi(t

Then a diffusion matriz is defined by

AW = (@), a5 = Y o}(0)ol)

Khaminskii [39] then gives two conditions for the existence and uniqueness of a stationary distri-
bution of the process Y (¢). So if there exists an open domain U C R? with regular boundary, such

that

(a) In the domain U and some neighbourhood thereof, the smallest eigenvalue of the ditfusion

matrix A(y) is bounded away from zero.

(b) If y € R\ U, the mean time 7 at which a path issuing from z reaches the set U is finite,

and sup,¢ E(7) < oo for every compact subset K C 1

Then Y (t) has a unique stationary distribution p. If g(y) is an integrable function with respect

to p, then

o i e awdl d
P{%EEOT/O g(Yy(t))dt = ]Rd .G(y)ﬁ(di)} =1, VYyeR"
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Remark 2.1. To prove (a), it is sufficient to prove that there exists a positive constant M such
that :
> a;0:6; > M6*z €U, 6 € D,

ij=1
(see [34, 107]). To show (b), it is sufficient to prove that there exists a non-negative C?-function

V' and a neighborhood U such that, LV is negative for any Ri \U. [134]

2.6 Basic Definition and Results on Lévy Processes

Definition 2.17. A Fi-adapted process {7(t)}i>0 = {m}i>0 € R with p = 0 a.s. is a Lévy

process if 7; is continuous in probability and its increments are independent and stationary.

Theorem 2.4. [0(] Let {m:} be a Lévy process. Then n; has a cidldg version (right-continuous

with left limits) which is also a Lévy process.

Given this result, we will now assume that the Lévy processes we use are cadlag.

The jump of 1; for ¢t > 0 is defined as

Ang = — .

Let By be the family of Borel sets U C R whose closure, not containing 0, is denoted by U. For
any U € By, we define

NtU)=NEUw) = 3 1y(An).

s:0<s<t

In other words, N(t,U) is the number of jumps of size Ans € U that occur before or at time ¢. We
call N(t,U) the Poisson random measure (or jump measure) of 7(.).
Given that every Brownian motion {W, };>¢ has independent and stationary increments, it follows

that W; is a Lévy process. Let us note other important examples:

Example 2.2. (Poisson process). The Poisson process 7(t) with intensity A > 0 is a Lévy process
with values in N U {0} such that
(Ad)"

P(n(t) =n) = — e n=0,12,...
n!

Example 2.3. (Compound Poisson Process). Let X(n), n € N be a sequence of independent

and identically distributed real random variables with common distribution px ) = px, and let
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m(t) be a Poisson process with intensity A, independent of all the X (n). The compound Poisson

process Y (t) is defined by

An increment of this process is given by

w(s)
V() =¥li= >, X(k), s>t
k=m(t)+1

This is independent of X(1),...,X(xw(¢)), and this distribution depends only on the difference
(s —t) and the distribution of X (1). Therefore, Y (¢) is a Lévy process.

To find the Lévy measure v of Y(t), we note that if U € By then

»(U) = E[N(1,U)] :E[ % 10-(m/(s))] ,

5:0<s<T

= E[(number of jumps) X 1y(jump)] = E[x(1)1y(X)] = Aux(U)

H

by independence. We conclude that v = A, x.

This shows that a Lévy process can be represented by a compound Poisson process if and only
if its Lévy measure is finite. However, note that there are many interesting Lévy processes 7; with
an infinite Lévy measure v, even when f| 2<1 v(dz) = co. In general, it can be proven that for any

fixed r > 0, the processes
M® = f AN(t,d2) — tv(dz)), k=1,2,...
F<lel<r
are martingales in L?(P) and they converge in L?(P) to a martingale denoted M; and defined by

M; — /| AN (b, dz) — t(dz)).
z|<r
We have the following result:

Theorem 2.5. (Ité6-Lévy Decomposition [/5, 101]). Let {n;} be a Lévy process. Then n; has the
decomposition

n = at +oW(t) + /II zN(t,dz) + zN(t,dz),
zi<r

|z|=r

for constants « € R, 0 € R, r € [0,00]. Here,

N(dt,dz) = N(dt,dz) — v(dz)dt
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is the compensated Poisson random measure of 1(-), and W(t) is a Brownian motion independent
of N(dt,dz).

For each A € By, the process My := N(t, A) is a martingale.

Ifa =0 and r = oo, then n: is a Lévy martingale.

In the case where r =1, if for all t > 0 we have E[n] < oo, then

/ |z|v(dz) < oo,
2121
and consequently, in the case where r = 0o, we write
m = at+ oW(t) + [RzW(t,dz).

Theorem 2.6. ([t6-Lévy Formula in Dimension 1 [96]) Suppose that X(t) € R is an It6-Lévy

process of the form
dX(t) = alt,w)dt + B(t,w)dW(t) + A +(t, 2, w)N(dt, dz),

where

= N(dt,dz) —v(dz)dt if |z| <,
Fi(dt, dz) = (dt,dz) —v(dz)dt if 2]

N(dt,dz) if lz] 21
for any r € [0, 00].
Let f € C%(R?) and define Y (t) = f(t, X(t)). Then Y (t) is also an Ité-Lévy process and

ZX) =§—f(t? X (t))dt + g—i(t X (t)) [at,w)dt + B(t, w)dW(?)]
+* %ﬁ%t,w g(t}){(t))dt
i< 0 X(0) +7(8,2) — £ X)) — G2t Xt )| wa)at

+ é [F(t. X () +7(t,2)) — f(t, X(¢7))] N(dt,dz).

Note that:
If r =0, then N=N everywhere.

If r = o0, then N=N everywhere.
Example 2.4. (Geometric Lévy Process ) Consider the following SDE:
dX(t) = X (&) [adt + BdW(t) + /R 7(t,z)ﬁ7(dt,dz)] :

where «, B are constants and ~(¢,z) > —1. To find the solution X (¢) of this equation, we rewrite

it as:
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j{)ft(_% = adt + BdW(t) + ]E;’y(t, 2)N(dt,dz).

Now, define

Applying [t6’s formula, we obtain

¥ e [In(X () +7(t, 2) X (7)) — In(X(E7)) — X1 (E, 2) X (£7)] w(dz)dt

51 A [In(X (£7) + (¢, 2) X (7)) — In(X (t7))] N(dt, dz).
_ (a _ %,@2) e+ BIWE) + [ In(1+(2)) —1(t 2] vlde)et
+ /R In(1 + (¢, 2))N(dt, dz).
Therefore, integrating between 0 and t, we have
Y(t)=Y(0) + (o: - %;32) t+ BW()
+ A t /|z|<r (i 47,2} — s, 2] wlide) ds
+ /O , /R {1 +(s, 2) ) Nids, dz),
which gives the solution
Rl = Xl exp Ka . %,32) £+ BW()
+ [ [ @+ 2(5,2)) = 7(5,2) wlde)ds
+£A{1n(1 +’y(s,z))ﬁ(d3?dz)] .

By analogy with the diffusion case (N = 0), we call this process X () a geometric Lévy process.

It is often used as a model for stock prices.

We now introduce the multidimensional variant of the It6-Lévy theorem.
Theorem 2.7. (Multidimensional It6-Lévy Formula [176]) Let X (t) € R™ be an Ito-Lévy process
satisfying

1

dX(t) = a(t,w)dt + o(t,w)dW(t) + AQ At z,w) N (dt, dz)
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where: a : [0,T] xQ = R*, 0:[0,T] x Q2 — R™™, 4:[0,7T] x R x Q = R™ are adapted

processes such that the integrals exist, and W(t) is an m-dimensional Brownian motion and
N(dt,dz)T = (Ni(dt,dz),. .., Ni(dt, dz)),
— (Nl(dt, dzl) - 1|ZLi<f| /\](dzl)dt, R R N](dt, dz;) L 1|z;|{r¢/\l(dz£)dt) s
where {N;} are independent Poisson processes, and \; are Lévy measures coming from the inde-
pendent one-dimensional Le’uy Processes My, ..., .

Note that each column v*) of the n x | matriz v = (7i;) depends on z only through its k-th

coordinate zy, 1i.e.,
A B, z,w) = YO, 2, w), 2= (21,...,2) €R, k=1,2,...

When we write out the i-th component of dX (t) ezplicitly, we obtain

dX;(t) = a;(t,w)dt + Zcr” (t,w)dW;(t +Z/ %ij(t, 2, w)Nj(dt, dz;), 1<i<n.
F=1

Let f € CY2([0,T] x R™%;R). Define Y(t) = f(t, X(t)). Then

of PV S L it
ay () = - df+z - (agdt+;fh}dwj(f)) + 52__;1(00 F
+Z /

+ Z A% (£t X @) + 71O, 2)) — £ X ()] Ni(dt, dawy),

e X490t = 16, X06) = S0 BL . X0 | autaa

|21 | <y

where v*) € R™ is the k-th column of the n x | matriz v = (vix), and 1#1-(]6) = ik 15 the i-th

coordinate of v*).

2.7 Optimal control theory

Optimal control refers to the method of identifying the best control and state paths for a dynamic
system over a specific time interval to maximize or minimize a given objective, cost functional, or
performance index.

The optimal control has its roots in the calculus of variations. The earliest formal develop-
ments in this field date back to the 17th century, when J. Bernoulli posed the famous Brachis-
tochrone problem to renowned mathematicians of the time-including Leibniz, Newton, J. Bernoulli,

L’Hopital, and v. Tschirnhaus. The challenge was to determine the curve along which a particle,
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influenced solely by gravity, travels from point "A" to point "B" in the shortest possible time within
a vertical plane.

The expansion of the calculus of variations into optimal control theory was largely driven
by military needs and experienced significant growth after 1950. A major breakthrough came
L.S. Pontryagin (1908-1988) and his collaborators-who formulated and proved the Pontryagins
Maximum Principle [95]. Today, this principle is a cornerstone in the study of optimization
problems involving ditferential equations, providing essential conditions for optimality.

At present, optimal control theory is a vast field encompassing multiple methodologies. It
enables the manipulation of control variables within a system to fulfill a desired objective, where

the system itself may be modeled by ODE, PDE, SDE...

2.7.1 Optimal control problem

A standard optimal control problem involves defining a performance index or cost functional
J(x(t),u(t)), a set of state variables r(t) € X, and a set of control variables u(t) € Q, all defined
over the time interval fg < ¢ < t;. The primary objective is to determine a piecewise continuous
control function u(¢) and its corresponding state trajectory r(t) that maximize the given objective
functional. The structure and development of this part are largely based on the work of Lenhart

and Workman [G5].

Definition 2.18. An optimal control problem is in the form
iy
masc J((t),u(®) = [ f(6,5(0),u(®)dt,

st #(t) = (t,x(t), u(®)), 24
t(fo) = xo.
1(ty) could be free, which means that the value of p(¢y) is unrestricted, or could be fixed, i.e.,

r(ty) =1y

In our context, the functions §f and g are assumed to be continuously ditferentiable with respect
to all three of their arguments. We also consider the control set 2 to be Lebesgue measurable.
Consequently, since the controls are taken to be piecewise continuous, the corresponding state
trajectories will be piecewise differentiable.

We have concentrated on identifying the function’s maximum value. We can alternate between

maximization and minimization by merely negating the cost functional:

min{j} = —max{—j}.
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2.7.2 Pontryagins Maximum Principle (PMP)

The requisite first-order requirements for determining the best control were formulated by Pontrya-
gin and his collaborators. This outcome is regarded as one of the most significant achievements
in Mathematics throughout the 20th century.

Pontryagin proposed the concept of adjoint functions to augment the difterential equation
within the objective functional. Adjoint functions serve a role analogous to Lagrange multipliers
in multivariate calculus, which incorporate constraints into the function of multiple variables

intended for maximization or minimization.

Definition 2.19. Let the previous optimal control problem considered in (2.4). The function

H(E,x(6),u(t), A(t)) = §(£, 2(t), u(?)) + Alt)g(E, £(t), u(t)) (2.5)
is called Hamiltonian function and A is the adjoint variable.

Theorem 2.8. (Pontryagins Mazimum Principle [065]). If u*(t) and r*(t) are optimal for problem

(2.4), then there exists a piecewise differentiable adjoint variable \(t) such that

H(E, (@), ut), A1) < HE, 1" (), w7 (1), A1) (2.6)

for all controls u at each time t, where §) is the Hamiltonian previously defined and
(¢, r* (1), w(£), At))

5) ’
A(tg) =0. (2.8)

N(t) = — (2.7)

Remark 2.2. The last condition, A(ty) = 0, called transversality condition, is only used when

the optimal control problem does not have terminal value in the state variable, i.e., r(ty) is free.

This principle transforms the task of identifying a control that maximizes the objective functional-
subject to the state ODE and initial condition-into the problem of pointwise optimization of the
Hamiltonian. As a result, with the adjoint equation and the Hamiltonian in place, we obtain:

9%

(2.9)

at u* for each ¢, namely, the Hamiltonian has a critical point, usually this condition is called
optimality condition. Thus to find the necessary conditions, we do not need to calculate the

integral in the objective functional, we need just utilize the Hamiltonian.
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2.7.3 Optimal control with payoff terms

In certain instances, it is essential to not only maximize (or minimize) terms across the entire
time period but also to maximize (or minimize) a function value at a single moment in time,
particularly toward the conclusion of the time interval. In certain scenarios, the objective function
must consider the value of the state at the terminal time, such as the count of infected individuals

after the conclusion of an epidemic model [67].

Definition 2.20. An optimal control problem with payott term is in the form

max 3(e(6),u(t)) = 6(x(t7)) + [ it 2(0), (),

to
st §(t) = g(t,x(t), u(t)), (2.10)
t(to) = ro,
where ¢(x(ts)) is a goal w.r.t. the final position or population level r(¢;). The term ¢(r(ty)) is
called payoft.

Utilizing the PMP, requisite conditions can be formulated for this issue.

Proposition 2.1. If u*(¢) and t*(t) are optimal for problem (2.10), then there exists a piecewise
ditferentiable adjoint variable A(t) such that

H(E, (1), u(t), M) < HE, 1" (@), w(t), AE)) (2.11)
for any controls u at each time ¢, where §j is the Hamiltonian previously defined and

_O9(t, 5 (), 1 (6), A1)

N(t) = o (adjoint condition), (2.12)
09 - L

= 0 (optimality condition), (2.13)
A(ts) = ¢'(x(ty)) (transversality condition). (2.14)

Numerous problems necessitate bounds on the control to achieve a realistic solution. For example,
the amount of drugs in the organism must be non-negative and it is necessary to impose a limit.
For the last example, despite being simplistic, it makes more sense to constrain the control as

0<u<l.

2.7.4 Optimal control with bounded controls

Definition 2.21. An optimal control with bounded control can be written in the form

m 30, u(0) = [ §(t,1(0), w0, (2.15)
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s.t.

£(t) = g(t, x(t), u(t)),
t(to) = ro,
a<u(t)<b,

where a, b are constants and a < b.

To solve problems with bounds on the control, it is essential to formulate alternative necessary

conditions.

Proposition 2.2. If u*(¢) and *(¢) are optimal for problem (2.15), then there exists a piecewise

differentiable adjoint variable A(¢) such that

H(E (1), u(d), A®)) < H(E, 1 (8), w*(E), AF))

for all controls u, where §j is the Hamiltonian previously defined and

99, (8), w(t), AQ))
Ox }

Ats) = 0.

X =

By an adaptation of the PMP, the optimal control must satisfy:

Y

a, if 82 < 0,

w=qa<ii<h, if D=0,
D)

b, ol

i.e., the maximization is over all admissible controls, and 1 is obtained by the expression

In particular, the optimal control u* maximizes §) pointwise with respect toa < u < b.

(2.16)
an
% _ g,

In the case of a minimization problem, u* is selected to minimize the Hamiltonian $ pointwise.

As a result, < and > in the first and third lines of the optimality conditions are reversed.

Remark 2.3. In certain software packages, explicit characterizations for control bounds may not

be provided. In such cases, and when supported by the implementation, the optimal control u

can be expressed in a compact form as being bounded between a and b, without the need for

truncation.

u*(t) = min{a, max{b, i} }.

(2.17)
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We have completed the introduction of the mathematical tools that will be utilized subse-
quently. In the subsequent four chapters, we will develop various stochastic epidemic models.
Each chapter will provide a general introduction to the model. Several prior studies will be refer-
enced to elucidate the purpose and inspiration of our research. Subsequently, we shall demonstrate
some aspects of the model, encompassing the criteria for extinction and persistence. Furthermore,
computer simulation will be employed to substantiate our theory.

Unless stated otherwise, throughout this thesis we consider (Q, F, {F;}1>0, P) to be a complete

probability space equipped with a filtration {F;};>¢ that satisfies the usual conditions.
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Chapter

Optimal Control analysis of Stochastic COVID-19
Infection Model

In this chapter a mathematical study to control the spread of the COVID-19 epidemic by applying
external control measures. We formulat a COVID-19 epidemic model with perturbation by white
noise. We considered that the model consists of four categories are susceptible-vaccinated-infected-
recovered. We show that the model is well posed, we give sufficient conditions for the extinction
and the existence of a unique stationary distribution. We explore V -geometric ergodicity of the
model. For the control model, we discussed both the stochastic and deterministic model using the
techniques of optimal control theory. Real-world data from Algeria are used to parameterize the
model, ensuring its relevance and applicability to practical satiation. Using numerical simulation,

the analytical results have been shown.

3.1 Introduction

Modeling and simulation are the major instruments for making decisions when it comes to con-
trolling epidemics [15, 17]. In any case, each epidemic is unique in terms of its biological traits,
which force the dynamical models outlining their processes of transmission to be tailored to each
individual case in order to deal with real-world circumstances [J9].The highly infectious Coro-
navirus disease, which emerged in China in December 2019, rapidly spread across the globe,
posing a significant threat to global health [I17]. The COVID-19 pandemic triggered an un-
precedented international health crisis, leading to immense human sutfering and widespread social
disruption. In response, various measures were undertaken to curb the virus’s spread, including

non-pharmaceutical interventions, mass vaccination campaigns, and other public health strategies.
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Mathematical modeling of epidemics refers to the use of mathematical frameworks to describe the
transmission dynamics of diseases within a population. These models are valuable tools for evaluat-
ing the etlectiveness of public health interventions and predicting the course of an epidemic. They
provide powerful insights into the mechanisms of disease spread and assist in the development of
effective control strategies.

Numerous deterministic epidemic models have been explored in earlier research [1, 5, 93].
However, SDE models are often considered more etfective for simulating biological phenomena,
as they incorporate a higher degree of realism. Unlike deterministic models, which yield a single
predicted trajectory, stochastic models can be run multiple times to generate a distribution of
potential outcomes, offering richer and more practical insights [7, #]. Since the transmission
of infectious diseases is inherently random, it is crucial to incorporate environmental noise into
models to reflect real-world fluctuations. Various forms of environmental noise-such as white
noise [30)], Lévy noise [103], and colored noise [(l]-enhance the accuracy and utility of epidemic
models in different ways. Specifically, white noise captures random, uncorrelated variations in
disease transmission, addressing uncertainties linked to factors like human behavior and contact
patterns. It is commonly added to deterministic frameworks to introduce randomness and improve
predictive accuracy. In recent studies, white noise has been widely employed in epidemic modeling
to better capture stochastic effects and improve our understanding of disease dynamics [6, 72, 97].
The application of optimal control theory in epidemiology plays a crucial role in devising effective
strategies for disease prevention and mitigation. Numerous studies have employed this theory
to enhance the management of epidemic outbreaks through various epidemiological models. For
instance, in [1], the authors developed a deterministic SEIQR-type optimal control model to
address the spread of COVID-19 in Nigeria. A novel stochastic optimal control model for hepatitis
C was investigated in [66]. In [35], fractional optimal control was applied to analyze the COVID-19
epidemic in Algeria. Additionally, [93] presented a study on the spread of COVID-19 in Indonesia,
incorporating the impact of vaccination using real-world data.

This chapter is devoted to developing both stochastic and deterministic optimal control frame-
works for modeling and managing the dynamics of the COVID-19 epidemic. By combining mathe-
matical modeling with optimization techniques, we aim to design strategies that etfectively reduce
the transmission of the virus, while accounting for constraints such as limited resources and soci-
etal priorities. The study begins with the formulation of a compartmental model for COVID-19
that incorporates random perturbations through white noise, thereby capturing the inherent un-
certainties and stochastic fluctuations observed in real-world epidemic scenarios. This stochastic

formulation provides a more realistic representation of the epidemics dynamics. Our objective is
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to deepen the understanding of the pandemic’s progression and to determine optimal interven-
tions. We evaluate the impact of key control measures-including vaccination, social distancing,
and treatment-on reducing infection rates and preventing future outbreaks. These effects are illus-
trated through graphical representations. To enhance the models relevance, we calibrate it using
actual epidemiological data reported in Algeria over a defined time period. Model parameters are
estimated using statistical methods that ensure the best fit to observed data, thereby increasing
the accuracy and reliability of the framework. The eftfectiveness of the proposed control strategies
is further examined through numerical simulations, which support the analytical findings. The
results underscore the potential of various interventions to manage the spread of COVID-19. This
knowledge serves as a valuable tool for policymakers and public health officials, assisting them
in making informed decisions on the deployment of interventions, resource distribution, and the
overall optimization of public health strategies.

Motivated by the above, as well as by works [3, 93]. We develop a stochastic mathematical
model to describe the transmission dynamics of the COVID-19 epidemic. The total population,
denoted by N(t), is divided into four compartments: S(t) for susceptible, V() for vaccinated,
I(t) for infected, and R(t) for recovered at any time ¢ > 0, with the relation R+ S+ 1+ V =
N. The model is based on several assumptions that reflect key characteristics of COVID-19:
all model parameters are non-negative; susceptible individuals can receive vaccinations; infected
individuals are capable of transmitting the virus to both susceptible and vaccinated individuals;
and individuals who recover from the infection gain temporary immunity.

Assuming that white noise is proportional to the population compartments is a common and
etfective technique for modeling stochastic fluctuations in population dynamics [0, 72, 97, 118].
This method reflects the idea that larger population groups experience more significant random
variations.

Given that the white noise terms are directly proportional to S, V, I, and R, we derive the

following stochastic model:

ds(t) = . 3% —(k+0)S{t)+ A+ ,u,R(t)} dt + p1S(t)dWA (2),

AV (t) = V@) —(1— T),ﬁw + kS(t)} dt + paV (£)dWa(2), o)
dI(t) = :— (@ + 6+ 80)I(t) + %ﬂ(t) +(1— r)%} dt + psI(t)dWs(t),

AR(t) = | = (8+ p)R(E) +al(t)] dt + pyR(HAW4(2),

with

X(0) = (5(0),v(0),1(0),R(0)) € R+,
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where Wi, Wy, W3 and Wy are independently Brownian motion. pq, pg, p3 and ps are the thew
white noise intensity.
If we put p; =0, j =1,2,3,4. As a result, the deterministic counterpart of model (3.1) is given by

the following system:

dS(t) = — (k+8)SE®) + A — ;ﬁ‘% i ;m(f.)} dt,

dv () = —SV(t) + kS(E) — (1 — ’r)ﬁ%} dt, 54
dI(t) = — (a+68+6)I(t) + Sw +B(1— T)W] dt,

AR(t) = [ — 6+ wR(E) +al(t)]dt

Table 3.1 presents the definitions and values of the parameters embedded in the model.

Table 3.1: Parameter’s bilogical description.

parameters Description

A natality rate.

k vaccination rate.

5] contact frequency between infected and susceptible individuals.
T vaccine effectiveness rate.

7 loss of natural immunity.

)0 mortality rate attributable to COVID-19 infection.

) natural mortality rate.

a recovery rate.

The dynamics of the spread of the COVID-19 epidemic for model (3.2) can be complectly
analyzed based on the threshold number which, with reference to [113] is given as follows

Rd Bé+ (1 —1)B8k
07 (k+6)(a+6+ &)

The region

A
svip = {(s,w,R) ERL:S+V+I+R< F}

is positively invariant w.r.t. model (3.2).
In the following we will conduct a qualitative study and dynamic analysis of compartmental

model (3.1).
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3.2 Qualitative Properties

3.2.1 Global Positive Solution: Existence and Uniqueness

In the following, we show that system (3.1) admits a unique positive solution. The solution of
model (3.1) may explode in a finite time, since the coefficients dont satisfy the linear growth
condition, even though they satisfy the locally Lipschitz condition. Khasminskii and Mao gave
the Lyapunov function argument, which is a powerful test for non-explosion of solutions without

the linear growth condition and referred to as the Khasminskii-Mao theorem [57, 79)].

Theorem 3.1. For all X(0) € RY, a unique solution X (t) = (S(t),V(t),I1(t),R(t)) of system (3.1)

can be determined. Moreover, X (t) will stay in RL V>0 a.s.

Proof. By using the Lyapunov analysis method [79], we can prove that the solution of system
(3.1) is positive and global.

Coefficients of the model are localy lipshitz continous for all X (0) € Ri, there is a unique solution
X(t) on t € [0,72), where 7 is the explosion time. To show that this solution is global, we must
prove that 7. = oo a.s. Assume that we have a sufficiently large nonnegative number m such that

S(0), V(0), I(0) and R(0) all lie within [, m]. Define the following stopping time:

= inf{t € [0,7.) : min{S(t):V(t)?f(t),R(t)} < % Or maX{S(t)?V(t),I(t),R(t)} > l},VZ > m.
| (3.3)
We set inf @ = oc where & is the empty set. Clearly 7; is increasing. Set 7., = lim; ., 73, with
Te = Tao @.S.
If we show that 7, = oo a.s., then 7, = oo and X (t) € Ri a.s Vt>0. Next, we are going to
prove that 7, = oo, the proof goes by contradiction. we assume that 7., < oo, then there exists

£ €]0,1] and 0 < T satisfying € < P{74 < T'}. Therefore there is an integer k1 > m, such that
P{n <T}>e V> k. (3.4)
Define a C%-function X : Ri — Ry :
3(X)=R+V+S+I—-4—(InV+ImR+InS+Inl).

The nonnegativity of ¥ can be seen from this function F(z*) =2* — 1 —Inz* > 0, Va* > 0.
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Using Ité formula gives

1 1 1 1 ! L
aELx z(l N ?)dv+ (@) + (1 B §)ds +oglds) + (l - "f)‘” +opll)
1 [
(1 = E)dl? + o (AR,

:(1 _ %) ( [a-s S j)\f ® 1 R — e+ )S()]dt + prS(B)am; (t))

2
" 2_?32 ( [ A > (?\f(t) + uR@®) — (k+ 5)s(t)] dt + mS(t)dWI(t))

+ (1 . Ilf) ( [ks() — (1~ —r),sv(t)j\f“) ~ 6v(t)]di + ng(t]d‘Wg(t))

V{£)I(t)
N

211/2 ([A,S(t) B(1—7) - 5V(t)] dt + sz(t)dIfVQ(t))z

4 (1 _ %) ([-BS(t;)v ® | s — 1) V(?\f ® _ g o) I(1)]dt + ng(t)de(t))

+ (1= 7)([on
+ 2—;2 ( [af(f) -0+ #-)R(t)] dt + p4l?(t)dW4(f))2:

_LY(X)dt + pr(S(E) — 1)AWa(t) + pa(V () — 1)dWa(t) + ps(I(t) — 1)dWs(t)
+ pa(R(t) — 1)dWy(t),

— (&' + 40+ (50)}'(@} dt + ,ng(t)dLVg(t))

[af —(6+ R }dt + puR(t )dw;(t))

where L3 : ]Ri — R, is given by

A I R _8 PR
Dmm:A—ﬂS+V+R+D—§+ﬂ§—ﬁg—kv+ﬁﬂ—ﬂﬁ—ﬁﬁ—%1

VvV i A 2 2 2 2
—,8(1—T)W—aﬁ+,u+a+46+og+k+pl+p2;p3+p4:

pi+ p3+pi+ i
2

<A+B8+(1—7)B+4p+a+d+k+6+ = M.

M is independent of £, S, I, V, and R.

= dX(X) < Mdt+ pi(S — 1)dWy(t) + pa(V — 1)dWa(t) + ps(I — 1)dWs(t) + pa(I — 1)dWy(t).
Integration over [0, 7; A T gives

-/DTIAT dE(X) < -/OTIAT Mdr +f (T‘) | 1)dW1 +/ ,DQ(V(?") — 1)d[’V2( )

=+ AW\T p;';(f(’i") - I)dW;j(?‘) + £ p4(R(?‘) — l)(sz;(?‘).

47



Taking expectation, We obtain
AT
E[S(X(n AT))| < 2(X(0)) +1EM ﬂ&’dr],
< X(X(0)) + MT.

Let Ty = {nn £ T} V1> ky and by (3.4) we have P(I';) > €. It is worth noticing that for every
w in Ty, we can find at least one S(nj.w), V(n,w), I(n,w), and R(m; A T) that are equal to [ or %,

hence
S(X(nw) 2 50 AFG),
therefore
2(X(0)) + MT > E|1r, (@)5(X(n AT))|,

—E i1n (W) (X (r1,w)

>E :1r‘£ (W)F() A3

1
2 e3(1) AS(3)-
1r,(w) is the indicator function of I7.
When [ — co, then o0 > Z(X(D)) + MT = co is a contradiction, hence 7., = 00 a.s. |

3.2.2 Stochastic permanence and ultimate boundedness

In this section, we study the stochastic permanence of model (3.1). First we present the following

definitions

Definition 3.1. [69, 70] The SDE (3.1) is said to be stochastically ultimately bounded, if V
e € (0,1), there is a positive constant k., such that V¥ X(0) € R‘i, the solution X (t) of model
(3.1) has the property that

limsup P{|| X (¢)| > x:} <e.

t—+o0

Definition 3.2. [(9, 70] The solution X (¢) of model (3.1) is said to be stochastically permanent

if V e € (0,1), there exist positive constants o., . with any initial value X(0) € Ri such that
Iminf P{|X(#)]| < oe} > 1—¢,  IminfP{|X(#)|| 27} > 1—e.

It is obvious that if the SDE is stochastically permanent, it must be stochastically ultimately

bounded.
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Remark 3.1. In [0, 71], the authors gave a new definition for stochastically permanent: Let
X(t) = (X1(t),....X4(t))" be the solution of a stochastic system with initial value X (0) € R‘j"r. For

any 0 < € < 1, if there exists a positive constant #. such that for all j =1,--- 4,
lim inf P{X;(t) > 0:} > 1 —¢,

then the stochastic model (3.1) is said to be stochastically persistent; if there exists a positive

constant y. such that forall j =1,--- 4,
lim inf P{X;(t) < xe} 21 ¢,

then the stochastic model (3.1) is said to be stochastically bounded from above. If the stochastic
system is both stochastically persistent and stochastically bounded from above, then it is said to

be stochastically permanent.

Remark 3.2. [16] It is important to highlight that, according to Def.3.2, stochastic permanence
implies that the total population-represented by the sum of all subpopulations in the system-
remains bounded below by a positive value and above by a finite constant, with probability
arbitrarily close to 1. Moreover, as indicated in Remark 3.1, this concept also ensures that each
individual subpopulation stays within positive and bounded limits. In this study, we adopt Def.3.2

as our formal criterion for stochastic permanence.

Theorem 3.2. The system (3.1) is stochastically ultimate bounded, moreover is stochastically

permanent.
Proof. Let X € R‘i: by summing up the equations in (3.1), we obtain, V>0
dN(t) = (A —6N(t) — dol(t)) dt + p1S(t) dWi(t) + p2V (t) dWs(t) + p3I(t) dW3(t) + psaR(t) dWy(t).

Define a C? function T : Ry — [1,00) by Y(n) = n+ 1, the Itd’s formula shows that

dY(N(t)) = LY(N(t)) dt + (1 ) [p1S(8) AW(2) + paV (&) dWa(t) + p3I () AW (t)

1
~ON(t)?
+ paR(t) dWy(t)],
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where LYT(N) is given by
A—6N -9l 1

LY(N) = (A — 6N — 6I) — - + 7750 03152 + paV2 + p5I° + piR?),
<(A- 51\?')—% - 5}5[’ ;Zﬂ?
<s(wed)rark(wrme i) - A
< —6T(N) — (‘{\Z Q\Ir (25+6o+§;,0£))2+A+ i (25+50+§p3)2,

= ~§Y(N) +C,

where C' = A + /& (26 + 6o + 1y pf)z.
Using the integration by parts formula to €Y (N(t)) yields

d(e®Y(N(t))) = 6e® T(N(t)) dt + e® dT(N(t)),
(0T (N () + C)di + (1 B ﬁ) [; piXi(t) dm(t)” ;
= Ce’dt + ™ (1 — ﬁ) {; piXi(t) dwﬁ(t)} ;

By integrating from 0 to t A7 (77 is given in (3.3)), and then taking the expectation on both sides

< 8 Y(N(t)) dt + €

of this inequality, we get for allt > 0 and [ > m

tATE

E [“DT(N(t A7) < T(N(0) +E [ Ce‘isds} < T(N(0)) + %(e‘St w3,

0

Letting 1 — oo

E[T(N ()] < T(N(0)) x e™® + (—_7(1 — e %) < T(N(0)) % &7 + —

&
0 4

Let £ > 0, and take o, = %, by using Chebyshevs inequality , we get

P(Y(N(H) > 02) <+ x E[T(N(®)] < — (T(N(0) x ) +e,

o O

then

therefore

noting that
1
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we obtain

1~ 1 1
1—e—— (V(N(O —ot <IP(—<Nt < c)<IP(—-< Xt X5 < E)
— (VW) x ™) <P <N@t) Soe ) <P (5 - <IX(EXo) S0 )
then
HminfP (n. < [ X (2, Xo)|| < 02) 21—k,
where 7. = i
The proof is end. U]

3.2.3 V-geometric ergodic

Lemma 3.1. [87, 8/] Assume that the following Assumptions hold:
(A1) For a compact set K; C Ri, there ezist T,( > 0 and a probability measure i on R‘i with
(K1) > 0 such that
Pr(Xo, A) > (u(A), VXo € Ky, VA € B(RY).
(A2) There is a function U : Ry — [1,00) with lim x()|—e0 U(X) = 0o and real numbers by, by €
(0,00) such that
LU(X) < b — bU(X).

Then the Markov process X (t) is V-geometrically ergodic: there exists a unique stationary distri-

bution w such that, for some constants M, A > 0,

[Ef(X(®) —n(f)| < MU(Xo)e ™, VXoeRY,
for all measurable function f € G := {measurable f : RE — R* with |f(X)| < U(X)}.
Theorem 3.3. Markov process X (t) of model (3.1) with Xy € R is V-geometrically ergodic.

Proof. We define for X (t) € RZ:

X)) =N+

It follows that T,(X(t)) — oo as | X (t)| — oo. By Itd’s formula, we have

- A—0N— ()] 2g2 2172 272 2 2
LT*(X(t)) :A—()j\r_é‘ojr_ ( 0) Pl + p3 + p2I2% + p2

N? v N3 ’
< C -7, (X).
Thus (A2) in Lemma 3.1 holds.
As model (3.1) satisfies the condition of uniform ellipticity, Proposition 11.1 in [9] confirms the

existence of a function

p:Ry xR xRy — R
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such that p is jointly continuous, p;(Xy,Y') is strictly positive for all (¢, Xo,Y’), and such that for

all measure sets A
Py(Xo, A / pe(Xo, Y
It follows that for any w > 0, there exists a positive constant ¢ = ¢q,,+ > 0 so that
inf{p;(Xo,Y) : Xo,Y € R‘i, | Xoll, |Y]] € w} = ¢. Assumption 1 follows immediately from this,

since for any measurable set A
Pi(z, A) = j;pt(Xg, Y)dY > g (AN B,(0)) = g A* (Bu(0))u(A),

where A\* is Lebesgue measure and u(A) = A* (AN B,(0))/A* (B,(0)). Thus (Al) in Lemma 3.1
holds.
This proof is finish. (]

3.2.4 Extinction of the infection

The objective of this section is to determine sufficient conditions under which the disease will be
eradicated from the system described by model (3.1). This is a fundamental problem in the field
of epidemiology.
To proceed, we define a threshold parameter

B+ B(1—1)
(6+a+6+2)

Ro=

Theorem 3.4. X(t) be a solution of the model (3.1) with X(0) € R*, if Ry < 1,
n I(t)
z

then lim sup <0 a.s., namely, I(t) — 0 exponentially a.s.

Proof. Make use of It6 formula we have

din I(t) = [3% +{1— 1")18% —(a+ 0+ o+ %g)] dt + psdWs(t). (3.5)
Integrating over [0, ¢] and then with the division with ¢ yields
h“T J tS"") 1_T)fvv dr — (a+ 38+ 6 T‘f’f %fczwg(rnmi(o),
<Bl+(1—7) a+d+d+—= “3 / dWs(r hﬂ(o)
In I(t) P2 111 I(O).

=

g(a+5+50+2)3{]—1 +—/de (3.6)

t
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Moreover % [g dWs(r) is a continuous local martingale. By lemma 2.1, we obtain
1 st
lim — / dWs(r) =0 a.s.
t—=oco £ Jp
Taking lim sup of (3.6) and if Ry < 1 we get
t—oo

2
ol & (a+5+50—|—%)(1?0—1) <0

1

lim su
t—oo p

which imply tlizn I(t) =0 a.s. O

3.2.5 Stationary distribution

Understanding the conditions under which a disease persists or dies out is a central problem in
epidemiology. In this section, we aim to demonstrate that the system described by model (3.1)

admits a stationary distribution under certain specified conditions.

Theorem 3.5. If
‘EU = 3 5;{"3(1 _T) 5 = 1;
G+k+2)0+F)6o+a+d+5)

then, the solution of system (3.1) has a unique stationary distribution 7 (.), and it is ergodic.

Proof. To establish Theorem 3.5 | it is sufficient to verify that the conditions stated in Remark
2.1 are satisfied.
First we examine condition (b) by constructing a non-negative C2-function y : Ri — R,
We define
Ti(X)=—wilnS —wyInV —wzslnI+ R+ S+T1+YV,

w1, wa, w3 > 0 we will define later.
Applying It6 formula we get

LIR+1+S+V)=A—-6(R+I+V+58)—dl,
A BI puR pi

L(—InS) =—<t% —?—i—i—f—k—kﬁ,
L(—lnV) = —g—i—%—i—é—f— %%,
L(—InI) :—?—?—%ﬂ—l—aﬂ—ﬁo—i—iﬁi—%%.
Consequently,
ET1 =8 = SV T 2B — %l — “’;A 4 “"jfj - “"1;“? ¥ ?_ul(%%- k4l
- wi/ks + il ;,T)'BI + wa(0 + %%) — wj:fs {1 ;TT)'BV +ws(a + dg + 8§ + %3)1
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using the inequality /ejezezes < ﬁ(el +e3+ex+ey) e1,ese9,eq > 0, we obtain

0y & Sl AV gy P miB

wo(l —7)B81 ps.  wsBS pa
t——F— twl+ ) - —F— twsla+do+d+ ),
; | I ] R 2 1 1 i ,BI
= — 4y/6wiAwzkws(1 — 7)B + A — GoI + wj\f a wlg + “"1(% +k+0)+ ol NT)
" 8BS p2
_|_w2((j_|_p2)_w3v —|—’LU3(O$‘L(5{]+§+ 2)
Let’s put
Pt s 1%
A= (5+;v+2) w2(5+§)—'w3(50+a+5+2)
then
A A A
W ==, W= 7, W3 = TR
(6+k+7) (6+%) (bo+a+d+5)
As a result
I, i SkB(1 — 1)A* +AA — 8,7 4 wiBl  wiuR x wy(l — 7)BI
—— B ] o = . —I— —_—
C+k+2)0+2)(0o+a+6+2) N o N
_ LU;})BS
N 7

- (5+?~T2)(5+"2)(6o+a+5+“’3) N B N -

. S wn BI ?_bz(l — ’r)ﬁf ws3S

= —4A[(R§)* — 1] + &t = N
We define

Ty (X) :w4(V+R+I—|—S—-wlan—-wglnS—wglnI) +S+R+I+V —-InV—-InS—InRA.

Obviously

liminf  Yy(X) = 400,
q—>+oo.,XERj_ \Uq

where U, =] % aql®.

In contrast,

aTz(X) waw + 1 8’1“2()() wytts + 1
gg ot — ay At
()TQ(X) wys C)Tg (X) 1
By ATiT— 3g el
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wawy + 1 wagwg + 1 wyws 1 )

the function T3 have unique stagnation point X, = ( : ; ;
2 q © ! wy + 1 wy+1 "wyg+ 1 wys+1

The Hessian matrix of YT, at X, is given by

wy 1; 1 +1 0 0
wyws+1
0 0 |ws
.0 0 B =

The Hessian matrix is positive definite and T3 is continous function then we can say that Ty has
a unique minimum X, = (S,,V,,I,,R,) € R‘i.
Let

X(X) = Ta(X) — Ta(X,).

Applying It6 formula we obtain

Lx(X) = LYy(X)

< wy| — 4A[(RE)* — 1] +”’j§1+w2(1;)‘31—w§f‘9} +A—6N—%
—%TJr%—%+§+k+2§+p+%ﬁ—$+7(11\’;)ﬁ1+5+%%,

— —aw, A[(RF —1] + w“?ﬁ L g w‘m(}_ L. u"‘ﬂj"\iﬁ > A—6N
—%—%+%—%ﬁ+%§+k+25+p+%ﬁ—$ %th%g}

wy is a positive number that satisfies:
4w, A[(R$T — 1] + W < —1,

where , ) ,
W:A+(1—T)B+,S+k+35+,u+p74+’022+p1.

Let g, > 0,1 =1.2,....8, we state a bounded closed set

1 1 1 1
U={XeRl:ei<S<— <V —,5<I<—g <R}
€9 Ey4 Eg £g

Suitable small positive constants £; can be chosen to satisfy the following conditions

A

» ==L
€1

e E—— <0
€1
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[wy + w1 — 7)]wyPBes
N

L

— 4w, A[(R)7

—-1] + +W <0,

Q

« E— — <0,

M
o

e E—— <0,

< | =

<0,

L]
=
|
ol

<0,

& |

e E—— <0,

@ | =

where
pi + p5 + Pl

E=wuwfB+ww(1—-7)8+(1—7)B+B8+A+k+36+p+ -

Next, we show that Ly <0 on R} \U, RI\U= U?:l U; where
Uy = {XE]RLO<S<€1}? Uy = {XeRi,O<V<53?S>51},

Us = {X6R1,0<I<55}, U4:{XE]R1?O<R<E7,I>E5}}

m:{XeRLS>1-:z%:{XeRiv>i}
=) &4

1 1
vr={xeriI>_} U={xerLR>_]
€6 8

Case 1. let X e U

1 *w;wlﬁf w4w2(1 — 7');'317 '1L‘4?_U3ﬁ5
Ly(X) < —4wsA|(Ry)* — 1 = A — 4N
X(X) < — 4w A[(RG)T — 1] + —F— + 5 5
A al BI uR p? . P kS (1-7)8I 03
S R e B Y R Pl o™ 00 g B8
B RN & g sTRTEYRTHFTT x0T 5
n . P A
<wguwi B+ waws(1—7)B+A+B8+(1—7)8+ 5 k+30+ u+ 5 T g
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Case 2. let X € Uy

1 BT wywy(l —7)81 1wz B8
Lx(X) < — 4w, A[(RY)T — 1] + “"4?;- 4 wawa( = el “4";;‘3 +A— 6N
£

A al BI pR :01 pi kS (1—7)BI 3
£ k+ 26+ —+——— 494 ;
T RN 8 Ty tEraveT et Tk

pitr+r S
2 v
pitr+ri . a
2 53.

Swyw B+ wgwe(l — 1)+ A+(1—7)B+B8+k+30+p+
<wgw B+ wgwa(l —71)B+ B+ 1 —71)B+A+k+30+p+
We put &3 = 5%,

k
<E-—— <.
€1

Case 3. let X € Us

+ A —-6N

1 waws BT wawo(1 — VBT waw=585
Ly(X) < — 4w A[(R)F — 1] + 43;5 » 2wl BT wesf

A of pBI uR p? p2 kS (1-7)81 03
e k420 — 4§+ ==
S RJFN S+2++ TETSTY T O®

< — s A[(RDE — 1] + [wy +-w2(1N— 7)|wsBes FA+(1—T)B+B+k+36

+ 02+
J“‘”W’
syl wy + wa(l — 7)|wsBe
S—4'1L‘4A[(R0)4—1]—|—[ 1 2( )] 473

N

+ W < 0.

Case 4. let X € Uy

ExlX) < — s [(RS)% B 1] & w4“1:":\’;ﬁf M .w4’£02({?\r— )81 _ 1U4-1;;\?IBS e
A ol BI uR p? 3 kS (1-7)8I 02

s BTN S+—+k+25+ S s V+T+o+2
pitp+ei T
2 R’
pitei+r &
2 85’

<wgu1B+wawr(1—71)B+A+(1—-7)B+B+k+30+p+

<wsgu1 B+ wawzs(1—7)B+A+(1—7)8+8+k+30+p+
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Case 5. let X € U;
wqw B1 o wawy(l —7)BI  wawsBS

Lx(X) < — 4w, A[(Rg)T —1] + A — 0N
A ol BI uR p? P2 kS (1-7)8I 03
————t—=———+4+=+k+2 = — 4+ ==
STR N § 2 FteTETL Ty IR T0Th
5 & 3 B
<wgw B+ wawB(l—7)+A+(1—-7)B+5+k+30+pu+ W — 45,
)
B —— il
&2
Case 6. let X € Us
1 IFCTIEN ’ " o
Lx(X) < — 4wsA[(R93 — 1] + “4“;\33} + ”"‘“"2(} s . w“";jﬁﬁs +A—6N
A al BI pR o pr kS (1-7)8I p3
e ) L L At S, S
§ R N & g FreETeTE Yy N YT
% e
§w4'wl_,8—i—w4'w2ﬁ(l—T)—i—A—l—(l—T)ﬁ—l—lﬁ—i—k—i—?)(s—i—,u—i—W—51/:
5
== sz,
€4
Case 7. let X € U-
) waun Bl waws(l — 7)81 wawsBS
Lx(X) < — dwaA[(B5)t 1] + LRPL, wetnQoTIBT_ WP gy
A aof BI upuR p? ps kS (1-7)B8I 03
————t—— "+ —=+k+2 S — T+,
g R—l—N S—i—2—|—+ —|—,U,—|—2 V+ N +—|—2,
T
: +p3 +
§w4w1,3+-w4-w2,8(1—T)+A+(1—’r)ﬁ+.8+k+30+ﬁ+w—51,
)
AR —— ).
&6
Case 8. let X € Uy
\ waun Bl waws(l —7)B81 wawzBS
Lx(X) < — 4w A[(RY)T — 1] + 4N}' e 2(N B _ 4;;3 +A—6N
A ol BI uR p? pi kS (1—-71)BI 03
——— ==+ =+ k+2 —= — ~ 4+ é+ ==
g R+N S—|—2—|——|— —|—,U,—|—2 V+ N ++2,
9oy 3y B
| : 2+ 03+
§w4'w1.5—|—w4w25(1—1')—i—A+(1—T)ﬂ+}8+k+30+p+—pl '022 '04—55’.,
gE—i<O.
£g

According to the above Ly <0 for all X € Ri \ U therefor, the condition (b) is satisfied.

Next, we present condition (a). The diffusion matrix corresponding to problem 3.1 is given by:

(252 0 0 0
0 pvZ 0 0
0 0 P22 0
0 0 0 piR?]
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and
4 ¥
Y aii(X)0:0; = p1S?01 + p3V?03 + p3I°035 + piR*6%,
i,j=1

>m|Of forall X eU, ©€Rj,

where m = min{p?5?, p3V?2, p3I%, pA R?}, hence, the condition (a) is verified.

Thus, the model (2.11) has a unique ergodic stationary distribution 7(-). O

3.3 Formulation of stochastic optimal control

This section focuses on identifying optimal intervention strategies to minimize the spread of the
disease using mathematical optimization techniques. The primary objective is to determine control
measures that effectively reduce the overall impact of the epidemic while accounting for practical
constraints. One widely used approach for achieving this is optimal control theory, which pro-
vides a systematic framework for designing and evaluating intervention strategies. To this end,
the epidemic model is first formulated, and control variables are introduced to represent various
possible interventions aimed at curbing disease transmission. These control variables may include
measures such as social distancing, vaccination, quarantine, and treatment.

In this study, we introduce two control variables, ¢;(t) and e(¢), to analyze the proposed models

(3.1) and (3.2).
« The control variable ¢;(t) represent COVID-19 time-dependent vaccine.
» The control variable ¢3(t) shows the time-dependent treatment effects.

Our objective is to reduce susceptible and infected persons and to maximize recovered persons at

the lowest cost of control variants.

3.3.1 Analysis of deterministic optimal control problem

In this section, we proposed a control scheme that is deemed optimal if it minimizes the cost

function

Ji(ey,e) = ATE {alS +agl + %(plc%(t) +pgc§(t))} dt, (8.7)
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s.t.

dS(t) = — (ker(t) + 8)S() + A — 55%@ 4 ,u,}?(t)} dt,
AV (t) = — {1 —=7) 5%1 + key(£)S(#) — 5V(t)} dt, -
dI(t) = — (acy + 6 + 8o)I(t) + sw + 81— T)%]dt,
dR(t) = — (64 w)R(@) + m(t)f(t)} dt,
with
S(0) = Sa'> 0, 1(0) = Iy = 0, V(0) = ¥ = 0, R(0) = By > 0. (3.9)

In the cost function (3.7), the positive constants a; and ay serve as weighting factors to balance
the sizes of the susceptible and infected populations, respectively. The positive coefficients p;
and pg represent the costs associated with vaccination and treatment, and 7. denotes the final
time. Based on the structure of cost function (3.7), our primary objective is to minimize both the
number of susceptible and infected individuals, as well as the control costs ¢; and cy. Therefore,

we aim to determine the optimal control variables (¢}, c5) € Q such that:
Ji(e1,63) = min Jy(ey,¢2), (3.10)

subject to the system (3.8) with (3.9), where Q is control admissible set

0= {(cl,c:g)| ¢; : [0,Te] — [0,1] Lebesgue measurable, j = 1;2.}.

Existence of optimal control problem

In what follows, we show that there is a solution of problem (3.7)-(3.9), and then we show the
existence of optimal control variables.
The control variables ¢1, ¢ are positive bounded Lebesgue mesurable and with positivity of initial

value, positive bounded solution

Let
where i i ) )
S(t) —(kei1(t)+40) O 0 1
. V(t) s kei(t) -0 0 0 ?
I(t) 0 0 —(acy(t) + 6+ dp) 0
| R(),) i 0 0 acsy(t) —(0+p) ]
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aS((t)
A - p2
_3(1 _ T) V() I(t)
! ‘?\F
St V() I(t
ﬁb(?\.-(t) +B8(1—7) (t&_(f)
0

G(Z1) — G(Z3) < b1|S1 — S| + b2|Vi — Va| + bs|I1 — Ip| + bs| Ry — Ry

<b||S1— 82| + Vi —Va|+ |1 — I2| + |R1 — Rzl |,

were b = max{by,by,b3,b4} is a positive constant which is independent of the state variables of the
model.

[F(Zl) = F(Zz)| < Qﬂfflzl — ZQ|,

and M = max{b,||A||} < oo, then F is uniformly Lipshitz continuous. Since the control and state
parameters are clearly positive, we conclude that a solution to system (3.8) exists.
Next, we establish the result that guarantees the existence of an optimal control that minimizes

the cost function.

Theorem 3.6. There is a control variable ¢* = (cj,63) € Q satisfying

Ji(ct,65) = min Ji(er,e), V(S0,Vo,lo,Ro) € RS
Proof. To obtain the necessary result, we must verify that the conditions of Corollary (4.1) in

[31] are satisfied.

e The set of admissible control and corresponding state variables is nonempty, because the

solution of system exist.

e The set () is closed and convex and therefore, by definition €2 is closed. Let uj,up € Q
and 0 < A < 1 such that w3 = (e1,e2) and ug = (c},¢5). Hence, dug + (1 — Nug =
(Aey + (1 = AN)d, e + (1 — A)eh) € Q. Thus Q is convex.

« The optimal control system is bounded by a linear function of the state and control variables.
In our case, the system is linear with respect to ¢; and c3. Moreover, the solution is absolutely
continuous, which implies that it remains bounded. Therefore, the required condition is

satisfied.
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e The integrand L£; of the cost function is strictly convex on €, since the Hessian matrix of
L1 on £ is given by
pt 0
0 po

|
is definite positive.

o There exist my; > 0,mg > 0 and mg > 1 such that

I ms

Li(c1,e0) = ma(er,c2)|™ — my.

g .
Li(c1,62) = a1S + agl + 5(?10%(?3) + pack(t),

1

> émiﬂ{}ll;?z}(cg(ﬂ +&5(1)),

> smin{py b0 +B0) - 1,

1
= Emm{phpg}l(cl,cz)]z ==
Let m; = %min.{pl,pz} ,mz2 =1 and m3z = 2.

Therefore, the above conditions ensure the existence of the optimal control (cj, ¢3). ]

3.3.2 Characterization of an optimal control

This section explores the necessary optimality conditions and the characterization of the optimal
control for our problem, using PMP 2.8. This principle shifts the problem (3.7)-(3.9) into a
problem of minimizing point-wise a Hamiltonian H; corresponds to the controls ¢j,c;. We define

the Lagrangian £; associated to the control problem (3.8)
BT ey gl s %{blc%(t) + byc2(t)),
and the Hamiltonian function H; is given by
Hi(z,e,7) = 7-0(2,6) + L1(2,6),
where

z = (S,MI?R), = (71: 72173:74)1 ei= (61182)1 w = (‘1011(102:9037(104)-

er(ze) = A= 2O | p) — (keu(t) + 0)5(0)
pa(2.0) = ker(95(9) — (1~ DL D v s,
estze) = 2O (1 YOI (o, 151 1),

pi(21¢) = aca(t)I(t) — (6 + W) R(2).
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So the Hamiltonian will have this forme

1
Hi(z07) =a1S + azl + 5(b1ef(t) + bacj (1))

o[- 200 L Re) — (heu(t) +6)S)]

N
+alker(®)s() - (1 - 1B D sy )
S VI
e N

+ylaca(D)I(t) — (6 + wR(H)].

=+ (1 = T)S — (CECQ + 0+ 5U)I(f)}

To find the characterization of (¢j(t),c5(¢)), we apply PMP wick states that if (2*,¢*) be an op-

timality solution of our control system, we can determine a non-trivial vector say ~y such that

DO _ T .00,
B, (3.11)
0=——=("(1),c"() (1),
with
Y(Te) =0, (3.12)
and
Hi(2*(2),c*(t),7(t)) = min Hy (2" (2),c(t),7(£))- (3.13)

el

Theorem 3.7. Let (S*V*I*R*) be the optimal solution associated to the optimal control cf, c5 of
our problem, then 3 ~;(t) # 0, for j = 1...4 that satisfies the following

I
I | PR
7 5—N’Y1 + keiy — aq,

7
b 18— 5.
72 = ( ) Nf2+ Y2,

q 5 (3.14)
V3= —5ﬁ’}"3 g 1)/9?“;’3 + (acz + 6 + 6o)ys — as,
va= (0 + 1)y,
with
and .
€] = min{mm{{ B5i— 72),0} 1}
as :
(3.16)
I ~ — NS
ey = 1‘11111{matx{0E (s ;4)}0} 1}
a4
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Proof. Applying the adjoint system (3.11) of the PMP, it gives us the system (3.14), and the
condition (3.15) is a direct result of terminal condition (3.12).

To obtain the formula of optimal control ¢j,c5 which is given by (3.16), we solve the following

system
dH;
—— = kS(v2 — 7 gc; =0
6 (2 —m) +aza ;
dH
d021 = al(y —73) +ascz = 0.
By considering the lower and upper limit of the controls. Thus, we obtain the result (3.16) U]

Next, we will explore the control theory for the stochastic version of problem (3.2), applying the

same intervention measures as previously described.

3.3.3 Stochastic optimal control strategy

In this section, we formulate and analyze the stochastic control version of model (3.1), using the

same control function. The resulting stochastic control system is given as follows:

ds(t) = :A . 5% + uR(t) — (ker(t) + 5)S(t)]dt + puS(£)dWA(t),

AV (t) = jkcl (#)S(t) — (1 — T),Bw . cW(t)] dt + paV ()dWa(t), b
dI(t) = BM T (1- T)_B% — (acp +8+ 59)1(75)} dt + psI(t)dWs(t),

dR(t) = |aca(t)I(t) — (6 + W) R(t)| dt + puR(E)AWa(t).

To simplify writhen, we put

2(t) = (S(t),V(#),I(t),R(t)), c= (c1,e2), h = (h1,ha,h3,hs), 0= (01,00,03,04),

then system (3.17) become

dz(t) = h(z,c)dt + o(2)dW (i),

where

m(e).e(t) = A - 82D L upie) — (kes(t) + 0)500),

ma(=(t).e(8) = ker(S(0) — (1 - BT sy,
hs(2(t),c(t)) = (?\f( ) +(1— T)BV—(?\& — (aeg + 6 + 6p)I(2),

ha(=().e(t)) = ac()I(t) — (6 + p)R().
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And
o1 =p1S, o2 =pV, o3 =p3l, 04=p4R.

The Cost function is given by
_ T, 1 . ;
72(0) =E[ [ [uS+asl + 5 (ascd(®) +ascd(t) | at, + 25X T) + ZVAT) + B PT) + B RT)],

where a;,p; i = 1,...,4 are non-negative real numbers.

Our objective is to determine optimal control ¢* = (¢},¢3), such that

ks o
Ja(e") = min ja(c),

where

@ =Aell) : lf) € [0, ¥e; £ P, #=12}

We define the Hamiltonian function

where (.,.) represent the inner product in Euclidean space and v = (v1,v2,v3,04) and 5 = (n1,1m2,773,74)
represent the vectors adjoint respectively.
Then

SI a
- + il — (ke1 +8)S)

1
Ho =a1.5 + asl + 5((138% + (14(:%) +vi(A—-p5
VI
+ v9(keyS — (1 — T)/BF —4V)
ST Vi
+ *1,-'3(.,-_"3? +(1— 'r)ﬁ? — (acg + 6+ o)1)
+ vg(acydl — (0 + p)R) + mp1S + mopaV + m3psl + mupsR.

The stochastic maximum principle ensures that the following condition is met:

_ ol () )
ov

_ O (z*(2),c*(t).v.m)
0z

HQ(z*(t)ac*(t)fUﬂ) = iE}ZI}HQ(Zt(f),C(t),’U}H)?

dz*(t) dt + o(2*)dW (t),

do(t) = dt + ndW (t)

with
00(2(T,
z*(O) — (Sﬂa%}j[]aRD)} ?}(TE) = _%1

where

b %32(5{;) + %Vz(Te) + %12(5&) * %Rz(Te)v

and z*(t) is the optimal trajectory of z(t).
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Theorem 3.8. Our control problem has an OC as the following form

kS(vy — I{ve —
(c1,63) = (miﬂ{mﬂx{M,U},C?m}5min{max{ﬂw—m-,o},cgm}).

as a4

Proof. Applying the stochastic minimum principle, we get the adjoint system

I(t
dvi(t) = (—a1 + (v1 — Us),ﬁ% + (v1 — va)key (t) + v16 + mp1)dt + mdWi,

I(t
dua(t) = ((vg —w3)(1 — T}S% + V90 + Mapa)dt + 1 dWs,

s(t
dUg(t) = (—(12 -+ (’Ul — 1,’3).8% -+ (’U:_v, == ’U4)(CECQ) + ’U3(5 -+ 50))dt + ‘T}gdW’},
duy(t) = (—vip +va(0 + ) + Mapa)dt + nydWy,
with

v1(Te) = —p1S(Te), va(Te) = —p2V (Te),v3(Te) = —psI(Te),va(Te) = —paR(Te),

and we have

dH
?’12 = kS(’L’Q — ’Ul) +aze; =0,
iy al(vy — v3) + agey = 0.
ng

Then
2y =22 (‘v‘)(’b'zi? —walf))
ci(t) = al*(t) ('U3£(:;) = ’1»‘4(?5)),

From the upper and lower bounds of ¢y,cs, we obtain

:{C-S*(t)(”l (t) _ Uz(t)) 10}’1}1

&) = min{max{ i

c(t) = min{ma}:{ SN EnE) — B ,0},1}. ]

a4

3.4 Numerical Simulations

3.4.1 Parameter Estimation

In this part, we outline the procedure used to estimate the model parameters through the nonlinear

least-squares methoda widely used statistical technique for parameter estimation in mathematical
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modeling. This method minimizes the sum of squared ditferences between observed data and
model predictions, thereby ensuring the best possible fit to the data. Nonlinear least squares
is particularly etfective in regression analysis and curve fitting. To ensure accurate parameter
estimation, we used a combination of previously established values and real-world COVID-19 case
data. Some parameters were directly taken from reference [3%], while the remaining ones were
estimated by fitting the model to reported COVID-19 cases in Algeria from October 22 to March
14, 2022. The data were obtained from source [123].

The estimated parameter values are presented in Table 3.2, and the corresponding fitted curve is

shown in Figure 3.1.

Table 3.2: Parameter’s value.

parameters value in days references

A 1534 [35]

k 0.0100 fitting
B 0.2918 fitting
T 0.5038 fitting
7l 0.0001 fitting
do 0.0579 fitting
) 1/(77.5 % 365) [38]

a 0.1175 fitting

Y ; ; , ; : : ;
4 © Incidence Data z

= Model simulation

Cororna Incidence Data in Algeria

0 20 40 60 80 100 120 140 160 180

Days

Figure 3.1: Cumulative COVID-19 case data in Algeria and corresponding predictions from the

deterministic model.
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3.4.2 Sensitivity analysis

Sensitivity analysis helps evaluate the impact of individual parameters on the behavior of the
model, particularly by measuring how changes in parameter values atfect the Ry . This relationship

is formulated as follows [100]:

OR,
A
8p Rg
We express the normalized sensitivity indices as follows:
—a —0 —do
Sﬁ:LS: N T Sy= 2 5502 2 3
a+d+d+% a+d+6+% a+d+6+%
2
_T T
&, = £

e a+o+d0+%

As shown in Table 3.3 and Figure 3.2, model parameters with positive sensitivity indices indicate
that increasing the corresponding parameter, while keeping the others constant, leads to an in-
crease in the basic reproduction number Ry. This suggests that COVID-19 would spread more
extensively within the population. In contrast, parameters with negative sensitivity indices are
associated with a reduction in Rp, implying a decrease in the infection rate. Based on the sensitiv-
ity indices presented in Table 3.3, the most influential factor driving the spread of COVID-19 is
the transmission rate 3, which significantly contributes to the acceleration of disease transmission.
On the other hand, the recovery rate a emerges as a key parameter in reducing disease prevalence.
Therefore, to etfectively control the spread of COVID-19, it is crucial to adopt strategies that aim

to increase the recovery rate a while concurrently reducing the transmission rate (.

Table 3.3: The parameter sensitivity index of Ry.

Parameters 8 « ) 0o T 03
Value 0.2918 | 0.1175 | 1/(77.5 x 365) | 0.0579 0.5038 0.3
Snsitivity index 1 —0.5330 | —1.6037 x 10~* | —0.2627 | —0.3367 | —0.4083
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Figure 3.2: Results of the sensitivity analysis of Ry for model (3.1).

3.4.3 Examples of numerical simulations

In order to validate the theoretical results, we carry out simulations using the stochastic R-K4

method to discretize model (3.1), as shown below:

S;I; o
sj+1:5j+[A—;3%+gRj (k +6)S ]AleS\/ tB1, + 23(31 —1)At,

i
Vi, o
Vier =V + [ij—(l—T),BTJ—(SV]At—hOzV\/ tBy, + 22V;(By, — 1A,
2
— (a+ 6+ 80) ;| At + pol;v/AtBs, + B 1(Bs, - 1A,

L =L+ [85L + (1- )83
]

J
N
2
At + psR;VAEBy, + 22 R;(By, — 1)At,

jTl—R+[ 5T,U 5

(3.18)
where B;, By, Bs and By are normally-distributed N (0,1) random variables and At is step size.

Through several empirical examples, we aim to highlight the following key aspects:
e The qualitative behavior of system (3.1) when Rp < 1.
+ The existence of the stationary distribution for model (3.1) when Ry > 1.

e The influence of various control measures on the progression of COVID-19.
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Numerical examples for extinction and stationary distribution

To verify extinction and the existence of a stationary distribution , we used the parameter values
specified in the two examples. In Example 3.1, the chosen values are used to numerically illustrate
Theorem 3.4, which states that the disease will almost surely die out if Rg < 1. This is confirmed
by Fig. 3.3, where the parameters satisfy the conditions of the theorem.

In Example 3.2, a different set of parameter values is used to demonstrate the outcome predicted

by Theorem 3.5, where the condition Ry > 1 holds. The results are illustrated in Fig. 3.4.

Example 3.1. We assume that: A = 1530,k = 0.664, 6 = 0.451, 6 = 0.65, u = 0.01, T =
0.576,0 = 0.791, o = 0.795, p1 = 0.2,p2 = 0.1,p3 = 0.3, py = 0.2, and initial values S(0) =
500,V (0) = 50, 1(0) = 30, R(0) = 0, we get Ry < 1, then the epidemic will be extinct from the

population.

Example 3.2. Let us take another parameter’s values : A = 1530,k = 0.664, § = 0.451,00 =
0.127, 7 = 0.057, @ = 0.179 g = 0.01, 6 = 0.65, and we reduce the noise intensity values:
p1 = 0.1,p3 =0.1,p3 = 0.1, p4 = 0.1, and the same initial values of example 3.1. Using these
parameter values, we find that Ry > 1. According to Theorem 3.5, this implies that model (3.1)
admits a unique stationary distribution. Biologically, this indicates that the disease will persist

in the population and will not be eradicated naturally under the given conditions.
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Figure 3.3: Comparative trajectories of the deterministic model (3.2) and stochastic model (3.1)

based on the parameter values from Example 3.1.
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Figure 3.4: Comparative trajectories of the deterministic model (3.2) and stochastic model (3.1)

based on the parameter values from Example 3.2.

By combining theoretical analysis with numerical simulations, we found that when Ry > 1, a
smaller intensity of white noise allows model (3.1) to admit a unique ergodic stationary distribution.
In contrast, when Ry < 1, a higher level of white noise can lead to disease extinction. Compared to
the deterministic model, the incorporation of white noise introduces significant etfects on disease
persistence and extinction, thereby enhancing the dynamic complexity and realism of the epidemic

model.

Numerical example on control strategies of COVID-19

In this section, we present the theoretical results obtained by applying optimal control theory to
our model. To solve the control problem numerically, we employ the R-K4 method. Specifically,
we discretize the state equations, the associated adjoint systems, and the control variables, incor-
porating both the control characterizations and the necessary subsidiary conditions.

The parameters listed in Table 3.2 were used to perform simulations both with and without the
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implementation of control measures. The corresponding results

3.6.
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Figure 3.5: Comparative simulations of deterministic and stochastic models showing the evolution

of S and V' compartments, under scenarios with and without optimal control.
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Figure 3.6: Analysis of deterministic versus stochastic simulations of I and R trajectories, under

scenarios with and without optimal control.

Figures 3.5 and 3.6 present simulations of the deterministic and stochastic models that de-
scribe the dynamics of the S, V', I, and R compartments, respectively, under scenarios both with
and without optimal control strategies (¢ and ¢}). The inclusion of vaccination and treatment
controls results in a noticeable decrease in the S and I populations, accompanied by an increase
in the V and R groups. This outcome reflects the etfect of vaccination in transferring individuals
from the susceptible to the vaccinated class. At the same time, treatment accelerates recovery,
thereby reducing the number of infected individuals and increasing the recovered population.
Based on the obtained results, it is evident that both treatment and vaccination controls play
critical roles in shaping public health strategies for mitigating the impact of COVID-19. Treat-
ment controlwhich includes the use of antiviral medications and supportive carehelps to reduce
disease severity and shorten recovery time, thereby alleviating the burden on healthcare systems.
Vaccination control, in turn, reduces the number of S, lowers transmission rates, and prevents

severe cases, thereby contributing to herd immunity and promoting long-term epidemic control.
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Effective public health policy must integrate both strategies: promoting widespread vaccination
coverage while ensuring access to timely and ettective treatment, especially in the face of emerging
variants and for the protection of high-risk populations. A well-balanced approach combining
vaccination and treatment is essential for sustainable epidemic management and preparedness for

future pandemics.

3.5 Conclusion

This chapter presents a comprehensive mathematical framework for the optimal control of COVID-
19 in a stochastic setting, utilizing a robust computational modeling approach. By incorporating
stochastic dynamics, empirical data, and advanced optimization techniques, the proposed method-
ology provides a powerful tool for modeling, analyzing, and mitigating the spread of COVID-19.
The stochastic model is rigorously examined from a theoretical perspective, and the analytical
results are validated through numerical simulations based on estimated parameters. Furthermore,
a stochastic optimal control model is developed by introducing time-dependent control variables
to facilitate ettfective mitigation strategies for future outbreaks. The necessary conditions for opti-
mality and the corresponding solutions of the stochastic control system are derived and discussed
in detail. The insights obtained from this study offer significant value to policymakers and public
health authorities, enabling the formulation of data-driven strategies to limit virus transmission,

protect public health, and enhance societal resilience.
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Chapter

On the dynamic behavior of a novel stochastic
HBYV model with logistic growth and saturated

incidence

This chapter focuses on how a new Hepatitis B virus (HBV) model behaves over a long period
of time. We show that the model is well-defined by proving that there is a solution that exists
globally and is positive. We have found conditions that are enough for extinction and the presence
of a unique stationary distribution. Finally, we conducted numerical simulation to back up our

findings.

4.1 Introduction

Hepatitis B is a global health concern, atfecting a substantial portion of the population worldwide.
According to the WHO, over two billion people have been infected with the HBV at some
point in their lives. Among them, 350 million suffer from chronic, lifelong infections [122]. An
estimated 25-40% of those with chronic HBV may eventually develop serious liver conditions,
including cirrhosis or primary hepatocellular carcinoma [91]. HBV carrier rates vary significantly
worldwide, ranging from 0.1% to 20% in different regions [(4]. Chronic HBV infection is more
likely to develop when initial exposure to the virus occurs at a young age, often due to insufficient
immune response to clear the virus [20]. HBV is extremely infectious, spreading through contact
with blood or bodily fluids, and is 50-100 times more transmissible than HIV. While HBV can
be managed with therapies like interferon or lamivudine, these treatments are costly and often

out of reach in low-income areas where the virus is most widespread. Understanding HBV and
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its mechanisms is essential for developing atfordable vaccines and treatments for the countries
most affected by this virus. Mathematical modeling of HBV dynamics plays a crucial role in
understanding the infection, immune response, and treatment strategies. It offers insights into
virus-host interactions, the effectiveness of antiviral drugs, and the possible outcomes of both
chronic and acute infections. Many of models have been proposed to comprehend the dynamics
of HBV [12) G5, 85 00, 108, 112, 124]. In the study of virus infection dynamics, the basic virus
infection model (BVIM), which was first presented by Nowak et al. in [90, 1], is one of the most

used models. The BVIM is expressed as
H =T — ugH — BVH,
7' = —wmT + BVH, (4.1)
V' = —uV + ¢,
where H is uninfected cells, 7 is infected cells and free virus V, the parameters are shown in table
4.1.

In [55], Min et al. extended the model (4.1) to include a standard incidence function and get the

following amended basic HBV virus model

, BVH
= F _— o
e T+H Mt
g, AV : (4.2)
+H
V' =L — V.

Drawing on the finding in [91] and accounting for the regenerative capacity of hypatocytes, Lie et
al. [(8] devloped a HBV model incorporating logistic growth as follows
H+T

H =mH(1— 5 ) — po — BVH,
T = — T + BVH, (4.3)
V' =T — wV.

Furthermore, as suggested in [112], patial ditferential equation HBV model was devloped and
examined in [10%] by assuming logistic proliferation for both infected and uninfected hepatocytes

and use the standard incidence function. In particular,

oH T+H, BHV

oT BHY H+T

_a'i“ — _’,UlI"f* H+I+T}2l—(1'— T), (44)
5% i BIHY

R e v

7r



In most viral infection models, the infection rate is typically assumed to be bilinear, depending
on both the concentration of free virus ¥V and uninfected cells H. However, experiments reported
introduced in [25] have demonstrated that, for microparasitic infections, the infection rate increases
with the dose of the parasite and generally exhibits a sigmoidal pattern. Therefore, it is reasonable
to model the HBV infection rate with a saturation response [25, 105, 126].

It is important to recognize that various random disturbances can occur within the host during
the HBV infection process, including fluctuations in temperature, mood, and other physiological
rhythms. These factors may influence the dynamics of HBV infection. Consequently, alongside
traditional ordinary ditferential equation models like model (4.1), there has been increasing focus
on stochastic ditferential equations, which incorporate white noise process to account for these
random variations [12, 76, 120, 124]. For example in [12] Hui and Nie extended model (4.2) to
include stochastic perturbation, also in [124] a stochastic version of model (4.3) was analyzed.

Motivated by what mentioned above and Considering that white noise is directly proportional

to V,H.Z. in this chapter we discussed the following HBV model:

 BHY T+H
dH = T — 37— — o+ mH (L~ )} dt + &1 HdB,
T BVH T
dI= |~ I+ +mI(l- = )}dt + &TdBs, (4.5)
- BSHY
dV = |¢T — paV — 1= av} dt + £5VdBs,

with
X(0) = (#(0),Z(0),V(0)) € R,
where B1,B2,B3 are Brownian motion independent defined on (Q,F,{F:}+>0,P) . The parameters

£1,69,&3 are the level of white noise intensity.

If we put §; =0, j =1,2.3., the following deterministic version of model (4.5) will result:

, BVH T+H
H :T—1+av—#0%+ﬁ17{(1— N ).

BYVH T+H
SR ' ; — 4.6
T #II+1+QV+WZI(1 N X; (4.6)
- BEHY
V—goI—;LQV—1+QV.

If my > po, the HBV-free equilibrium of model (4.6) is Py = (1,0,0) with A\ = %([m — o] +

\/(??1 — Ho)? + 4‘%&)

The dynamics of the spread of HBV model (4.6) can be completly analyzed based on the basic
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reproduction number which the approach described in [113] can compute. It is given as follows

d By

07 (B2 4 B) (1 +m2(3 = 1)

The model’s parameters are presented in the following table

Table 4.1: Parameter description.

parameters Meaning
r Rate at which healthy hepatocytes are produced.
3 The rate at which infections spread.
1o The pace at which healthy hepatocytes die.
11 Death rate of cells infected with HBV.
12 HBYV virions’ rate of decay.
N Carrying capacity of healthy cells.
0 Adjustment parameter.
o Saturation incidence coefficient.
T Maximum development rate of healthy hepatocytes per person.
7 Maximum development rate of infected hepatocytes per person.
P Replication rate of HBV virions generated by cells infected with HBV.

4.2 Global Positive Solution: Existence and Uniqueness

To explore the dynamic behavior of model (4.5), we start by establishing the existence of a global

positive solution. We put X (t) = (H(t),Z(¢),V(t)).

Theorem 4.1. For all X(0) € RS, there is a unique solution X(t) of system (4.5) . Morever,

X (t) will remain in R, V>0 as.

Proof. For the prove, we use the same approach using the following Lyapunov function:

A: IR‘ri — R4, where

AX)=—(InH+WmV+InI)+H+T+V-3.
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Applyin the It6 formula, we get

JA(X) = (1_ g)dﬂ-k%(dm? (1 ~%)dz+ %(dI)Q (1~ l)dw%}ﬂw)?
1 J 1 H
:(1 - g)([r - #)V((:)) — () + mHE) (1 — w)}dt + £1H(t)d61(t))
1 ¢ Z(t) + H(t 2
- W([F - +( )V(( )) poH(t) + mH(t) (1 — %)}dﬂ&?{(ﬂd&(ﬂ)

+(1-2) (B +mrto - T - o]+ azyamo)

2:152 ( [iﬁ(:jﬁ((:)) +mZ(t)(1 - M) = ﬁlz(t)} dt + fzz(t)dgz(t))
+ (1 - %) ( [aof(t) — V(t) — %@}(S)} dt + §3V(t)d83(t))

+ 2%2 ( [@I(f) — m2V(t) — %} dt + §3V(t)d83(t)) ;

=LA(X)dt + &(V(t) — 1)dBs(t) + &2(Z(t) — 1)dB2(t) + &1(H() — 1)dBi(2),

where LA : Ri — R is defined by

s {1 )~ 0ty - O
)

(1 YR s T2 )
+ (1 = %) (@I(f) — p2V(t) — w) + 6—32’,

1+ aV(t) 2
"L SO'HV I H+L
=T b+ )L =~ ) el — el — T —paV = oy — g = )
& BY BHY H-+L 5% i
;- e R
Tt D)t ey T Taray PR ) T3-S
,50?{ 53
51 B & & (mAm)
< 2o 2
F+#DT2+ vy At e igedeig s (H + )
+
+ (B3 +m)V m+ o+ B2 ) 3 4 7),
2
<T 51 £ 52 (V[(Bé +m) V(e +)]+m+ ??2) -
+ o + + +p: +5+,u 5 + N ) i
The rest of the proof follows the same approach as proving theorem 3.1. O
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4.3 Extinction of the HBV

We seek to understand which conditions are adequate for driving the disease to extinction in the

system (4.5). We put (f(t)) = %Ifgf(.s)ds‘

Theorem 4.2. Let X(t) be a solution of the model (4.5) with initial value X (0) € R?, if

BU | BmN | ., .

o St P ern

0 — ‘EZA‘Ez <'.'
(1 A pg) + 2202

InZ(t) + V(t)

: <0 a.s., mnamely, Z(t),V(t) — 0 ezponentially a.s.

then lim sup
t—oc

Proof. Integrating from 0 to ¢ the first equation of model (4.5) and dividing by ¢ , we get

(H(E) < i(r + B Fi0) - HE | S / t ?{(?")dBl(r)). (47)
Let Q) = V(t) + Z(2).
Applying It6 formula we get
dmﬂﬂzé%ﬁ@ﬁ—Q%@waﬁ
ann(ze) + V(o) = ([ - 928D + o+ mz) (1 - ZOEHO) - ) + i)
1 gr+8V°

)dt + m (@I(t)de(f) + SsV(t)dl’j’s(t)) )
(B AT +)1?) ) at+ 20 4p

% Z(t)+V(E) 2T+V)?

< (!3%(‘5) + @+ — (g A pa) —

2(Z +V)? Z(t) +V(t)
&V(t)
() + V(t)d&(t)'
Using the following inequality
T+ V2> %(IJr V)2
Thus
g 818 £I(t) &V()
dIn(Z(t)+V(t)) < (JH(t)+§O+?}2 (1 Ap2) 4 )dt 70 + V(t)dB2(t)+I(t) VO dBs(t).
Integrating from 0 to ¢t and dividing by ¢ , we obtain
In(Z(t) + V(#)) | grE &t I(r)
7 _<_,S<'H(t)>+¥7+??2 T (fil /\P:2) - 2 ‘f*"g"/o W(ﬁgﬂr)
&t V() . In(Z(0) +v(0))
t Jo Z(r) + V(-r)ng(r) i t '

81



by using (4.7) we get

In(Z(t) + V(#)) < B (F+ ?“4N + #(0) t_ HY) = %- /Dt ’H(r)dBI(’r)) Tot+n—(mAp2)—

&8 NE
4

In(Z(0) + V(0))

st(?‘) + ;

&t I(r) §J
T+ A

hence

i " 2 2
In(Z(#) ;F Vi) . i—g + 'J”iN +o+m— (A pg) — % + %(HED) il H(f)d&(i‘”))

. & I(r) &t Vi) In(Z(0) + v(0))
i 71:38 - = | ————<——=dBs(r :
t Jo Z(r)+ V(r) 2(r) + t Jo Z(r)+V(r) s(r) + t
(4.8)
Moreover
Lt e Z(r) [t V(r)
tI/’H-dB- tlfidﬁ’ ,tlfidb’
g HIEBEL T o e A o Tl + Vi) o)
are a continuous local martingale. By Strong Law of Large Numbers lemma, we get
i t I(T)
I t_I/ PdBy(r) =0, i f‘lfidB =0
o0 0 Birla ) ’ oo o Z(r) + V(r) 2(r) =0,
tli}.lolc.t_ ] 0+ V) —I—V Bs(r) =0, a.s.
Taking lim sup of (4.8) and if REF < 1 we obtain
. i | ENE\, HE
limsup[t " In(Z(t) + V()] < | (11 A p2) + (Ry —1) <0 a.s.
t—o0
The proof is finish. (]

4.4 Existence of stationary distribution

Based on Hasminskii’s theory [29], we demonstrate that under certain moderate conditions applied
to the parameters of model (4.5), a stationary distribution exists, indicating that the desease will

persist.

Theorem 4.3. If

By
Ry = i — > 1.

a(po+ ) + 32+ %)

The system (4.5) has a unique stationary distribution 7(.) and the ergodicity holds.
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Proof. To prove theorem 4.3, we fulfill the conditions of remark 2.1.

Firstly, we show the condition (a). The diffusion matrix of system (4.5) is given by

&gH2 0 0
0 &712 0
0 0 &H?
and
3
3 aij(H,I,V)0:0; = EH?O? + V%03 + £5V%63,
t,7=1

>n|O)? forall (H,Z,V)eU, © RS,

where n = min{&%?—ﬁ; £e72, 5%]22}.
Next, we investigate a condition (b), We will constructing a non-negative C%-function II : ]RfL —
R,.
We define
M(HIYV)=—pilnH—poInZT —psinV+V+T+H,

where p1, ps, p3 > 0 we will define later.

Using Ito formula we obtain

LHA+V+T) =T+ (A + D)1 — "o5) 4+ 6T — g — T — oV — £
L) = —m - 2y o 8y 2V
Hemt) = P -+ §),
B-T0¥) = _% * 1??}2  (u2 %'
Consequently
L =T+ (mH +nZ)(1 — %‘Jr I) +Z — poH — T — paV — % — }%F —pim(l— H;I
+ P10 + %%) + lp;ﬁ:]) = I?fliﬂa];) —pame(l — H;I) + po(p1 + %2) p3;01
+ ffi?é + pa(p2 + %) + %(1 + aV) — %(1 + aV).
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Using the inequality (ajagazas)i < %(ZLJ dr) Nap>0 {i=1,.4),

il pHY  p3e pa(l + aV) 51 2
LIy <— a3 r S1 , 52
= \/’H Il +aV) V —— tT o+ 5+~ ) P2 + )+pd(ﬂz+ £)
: A + pa7
+% w('ﬂ + I+ ([(p355+m) V (12 + )] +%)(H L7,
_ o/l peBHY pseT pa(l + V) | g_'f B | f_% ¢
£ H It aV) v - +T+pilpo+ 5 + =) +palm + 5) +ps(pa + 5)
i 4 T +
+ @ + ([(pg,da +m) V(e +e)] + W)(H 79,

= 1 B a2 ; ff @ B ; 62 53
=—4 PlezﬁPwE + T+ p1(po + 5 a) +pa(pn + = 5 2) + ps(uz + 5 = + e

+ (1985 +m) v (m+ )] + LR ) 4 )

N
Let’s put
I' = py(uo + & 3 E) = pa(p1 + _5) P32 + 5—g)-
2 e} 2 et
then
I T i
Pl=— — & . a.i P2= ——F=_; = —————F5_-
(to+ 5 + &) (1 + %) (2 +%)

As a result

| Retl?
afpo + 5 ) (1 + °)(N2 + 3)

+ ([(p3,85 +m) V (m+ )] + %) (H+Z),

g E2
a

s ! i
= —ar(RS 1+ 22 4 (185 +m) v (e + )] + PP ) gy 4 7)

We define

(HIV)=p(Z+V+H—pnH—pInZT—psaV)+V+T+H—(InH+InZT+InV).

Obviously

lim inf I(HZ,V) =
z_>+oo‘{?{,I,V}€Ri \Uz

where U, =|1 2[%.

On the other hand

OLHIY) . _ P+l  OIL(HIYV) P2t
C‘)H = P4 H 3 C‘)I = P4 T ’

Ol (H,Z,V +1

z(av. ) I ;U4PL;) 1




pap1 + 1 papa +1 paps + 1)

the function Ily have unique stagnation point (H.,.Z.,V.) = ( " .
? . . . ( ) pa+1l " pa+1 " ps+1

The Hessian matrix of Ily at (H,,Z.,V.) is given by

P4 %12-1-1 0 O
0 P4IJJ‘:22 +1 0
0 0 P4 %3? +1

The Hessian matrix is positive definite and Il is continous function then we can say that I, has
a single minimum (H.,Z.,V.) € R3.
Let

I(H,Z,V) = Uy(H,Z,V) — Ih(H.. L, V).

Applying It6 formula we obtain

DI(H.LY) <~ 4pilR5 — 11+ m2 + pa( (985 + 1) v G + ) + 222 ) 344 7)
FD (mH )1~ L) 4 o — oM~ T — gV — £
B % —m(l- H;I) o+ %%) ® 1—?212 a I(ffzm —m(l = H;I)
- s B

p4 is a positive constant sufficiently large satisfying

—4pT[(Ry) —1] + E < -2,

where
2
e 8.8, 8. g (N +mVmtoltmtn)
—o Tty g Ty TRty Y AN (m A mp) '

Let £, > 0,1 =1.2,....6, we define a closed bounded set

1 1 1
U={(HIV)eR, e SH—,e<T<—5<V<—},
E9 Eyq Es

we can choose £; small positive constants and py sufficiently large such that the following conditions

hold
e W—-L <1,
o —4pU[Ry— 1]+ E +ps22 + F(H +€3) — El_s,(%m’

- W-£<—1,
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« W — 5’2 < —1

o W — %:— < —1

o W — ‘;—; < =1,
where

2
(N[(.Bé +m)V(+@)|+m+n+NF ) L E+8+8 8 }
- 4+ —|—I——]— o+ M1+ U2 3
AN (m Ama) : o THOTHTE

W= {p4”—2 +
8}

pim + p2??2)
N )

Next step we show that LII < 0 on Ri L 275 Ri L = U?:l U; where

F=py ([(Psl% +m) V (m+e)] +

Uy = {(H,I,V) eER0<H < 51} o {(H,I,V) e B Da Lo e, V 55},

i — {(?—.{,I,V) ERPO0<V<esI> 53}; i — {(H;Iy) eR3H > é}

1 1
Us {(H,J:y) eRT> 54}, Us {(H,Iy) CRLV> }
Case 1. let (HZ)V)e U,

LI(HTY) < ~4piT (RS — 1)+ pi2 + i (10585 +m0) v (2 -+ )] + P2 ) 34 1. 7)

N
. . _HA+I el o g OOV
8+ (7]'1?'1{ -+ UEI)(l T) -+ f,OI P:OH }'—LII #.2}) W

E H+T &g, By BHY H+T

T e L ey Rk e LSy o
&, _ oI, po &

tm+ ) =5ty Tt ),

r P
W = — EW ——Z =1
i H = &
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Case 2. let (H,Z,V) € Uy

+.
LII(H.Z,V) < —4pT[Ry — 1] + P4% +p4([(P3.55 +m) V(2 + )] + M) (H+T)

N
T4 (nH D)1~ Ty T — g = T = Y — £
'_%_WNL_H;Iy+m”+§J+1fzv_sz2m_”ml_ﬁ;z)
+(#1+§22) %I+1’THV+(ﬂ2+%)
B 4P4F[RS—1]+E+p4 +F(H+I) %,
5—4-p41“[Rg—1]+E+p4§+F(H+I)—Ea{fgi%.

We put  e3 = (£165)%,
:-4mnﬁﬁ—u+E+p4 + F(H +e3) — b

_— < —
5165(1 + CIV)
Case 3. let (H,Z,V) € Us

s - +p2
LI(HTY) < ~4piT (R — 1]+ pi2 + i[85 +m0) v (2 + )] + P2 ) 3 1 7)

N
H+T BOHY
+ T+ (mH+mI)(1— N )+ T — poH — Z — ”zv_lJrafV
I H+I ¢ BV BHY H+T
s T ey ) el (S _ B B
7 7 ( N )+(H{]+2)T1+av T+ av) 72 ( 7N)
&g, I PO 5_%
tm+35) - V+Lkv+W+2%
<W—g<w_‘f0_53
v Ex

We put &5 = Eg,
W G
€3

Case 4. let (H,Z,V) e U,

_ + pan
LI(HZV) < ~4puT[RS — 1]+ a2 + pu ({0985 + m) v (2 + )] + L2 ) 34 4. 7)

N
H+T BOHY

+ T+ (mH +nI)(1 - )+ L —poH —mI — paV — 7 i

r H+T £2 BY BHY H+Z

7 M=) ) T Ty “Iitayy  PET )

&, oI BoH fs
T+ - F gy te+3
<LV—gﬁ{<ﬂf—gg<—1
2
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Case 5. let (H,Z,V) € Us

s ; g3
LII(H,Z,V) < —4psT'[Ry — 1] + pﬁf + P4 ([(p3ﬁ’5 +m) V (nz+ )] + M) (H+1I)

N
_ H+z BIHY
+ T+ (mH+mI)(1— N )+¢I—ﬁoH—mI—ﬂ2V—1+aV
P H+1I ¢2 8y BHY H+TI
T R R e vk v y) Gy T
£, oL  PoH &
tm+ ) =5ty Tt )
LW = i € WD =11
&4

Case 6. let (H,Z,V) € Us

-+ por
LO(HIY) < ~4pal (R — 1]+ 942 1 pu( 055 +m0) v O+ )] + B2 ) 3y 1 7)

N
_ H+I, BOHY
P H+T £2 BV BHY H+T
g ml-y) F et )t Ty T T ey BT )
&, ¢I PoH &
Hiat 35— 5 byt et 5
<W—#2V<W—@<—1
€6

According to the above LII <0 for all (H,Z,V) € R:jr \ U. Thus the stochastic system (4.5) has
a unique ergodic stationary distribution pu(.). (]
4.5 Numerical simulations

We use numerical simulation to demonstrate our above-mentioned results. The discretization of

model (4.5) is obtained by applying the Milstein approach [41]

BH;V +H
Hjp1=H; + [ r 1+J v, L — oM +mH,(1 %)}dtqtgl’ﬂj\/ By, + 3 HJ(BI - 1JAL,
BH;V; Ty +H;
Zipn=TI; + [1 w13 +mZ;(1 — = = 1) — ,u,lzj} At + &IV ABy, + 5—21'3-(;5‘53_ —1)At,
BOH;V;
Vi = Vy+ [ = v = T L | A+ 6V VAT + + Sy -1,

(4.9)

where By,B,,B3 are normally-distributed A(0,1) random variables and At is step size.
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Numerical example for extinction of HBV

To illustrate extinction of HBV, we use the parameter in table 4.5 (V1), by calculation we get

RE < 1, then according to theorem 4.2 HBV infetion will extinct. (figure 4.1)

Table 4.2: Parameter’s value,

parameters Vi Source V2 Source
r 5.04 % 10° [40] 5.04 % 10° [40]
B 2%1071*  assumed  0.0014 [35]
110 0.0039 [40] 0.0039 [40]
15 0.0693 [35, 40] 0.0693 [35, 40]
142 0.693 [35, 40] 0.693 [35, 40]
© 0.06 assumed 280 [35]
J 0.08 [108, 109] 0.08 [108, 109]
o 0.002 [126] 0.002 [126]
2 x 101 [35] 2 % 101 [35]
m 1 [35] 1 [35]
i 0.01 [32] 0.01 [32]
& 0.1 assumed 0.1 assumed
& 0.1 assumed 0.1 assumed
&3 0.1 assumed 0.1 assumed
H(0) 50 [32] 50 [32]
Z(0) 0.01 [32] 0.01 [32]
V(0) 0.5 [32] 0.5 [32]
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Figure 4.1: The stochastic and deterministic path of solution of model (4.5) based on the parameter

set V1.

Numerical example for stationary distribution

In this example, we show the results mentioned above in theorem 4.3. We choose the parameter in

table 4.5 (V2), we find that R5 > 1, thus ensuring that we have the unique stationary distribution

as shown in figure 4.2.
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Figure 4.2: Compartement H, Z, and V in the stochastic and deterministic system are simulated
in the left hand column. The density function graphs and frequency histogram for H, Z, and V
are displayed in the right hand column.

Numerical example of the effect of parameter o

We use the the parameters in table 4.5 (V2). Figure 4.3 illustrate the levels of infected cells and

free virus at varying values of . it is clear that as a increases, both infected cells and free virus
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decrease. This suggests that higher values of o can help prevent the spread of the HBV.

o 13

10 10
L ————— Br .
o=0.002 a=0.002
ol o=0.1 N —s01 |
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8 4
3t |

R4 0]

m
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Figure 4.3: Simulation eftect of the parameter e on the infected cells and free virus.

4.6 Conclusion

In conclusion, this chapter introduces and analyzes a novel stochastic model for the long-term
behavior of the HBV, contributing significant insights into its dynamics under uncertainty. By
demonstrating the models well-posedness, we ensure that solutions exist globally and remain bi-
ologically feasible. The conditions identified for virus extinction and the existence of a unique
stationary distribution underscore the potential scenarios under which HBV may either be erad-
icated or persist in a stable state within a host population.

These findings enhance our understanding of HBV’s epidemiological behavior in the presence
of random fluctuations, which are often encountered in real-world biological systems. The nu-
merical simulations further validate the theoretical predictions, reinforcing the reliability of the
model. This work offers a foundation for future studies aimed at developing control strategies
for HBV, potentially guiding public health interventions and contributing to the broader etforts
toward HBV elimination.
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Chapter

Time-Delayed Stochastic Modeling of Epidemic
with Crowley-Martin Incidence and Holling Type

II Treatment rate

In this part, we consider a time delayed stochastic STR epidemic model with Crowley-Martin
(C-M) incidence rate and Holling Type II treatment rate. First, we prove that the positive global
solution exists and is unique. Then, we provide sufficient condition for the extinction and persis-
tence of the disease, and a suitable Lyapunov function is constructed to show the existence of a
stationary distribution. At least the numerical simulation is provided to bolster our theoretical

results.

5.1 Introduction

The classical SIR compartmental model, introduced by Kermack and McKendrick in 1927 [53],
is one of the earliest and most influential frameworks for studying disease transmission. This
foundational model, which divides the population into three compartments, has been extensively
developed and remains the basis for numerous extensions. These extensions have enabled re-
searchers to more accurately capture the complexities of real-world epidemic dynamics and to
simulate various outbreaks with high precision [24, 61, 131]. In recent years, a substantial body of
literature has emerged, focusing on the enhancement of the basic SIR model to better reflect the
intricacies of disease spread and to assess the effectiveness of intervention strategies [20, 67, 773].
Such advancements provide valuable tools for understanding epidemic behavior and evaluating

control measures [)%]. However, many of these extensions continue to rely on classical differential
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equation models, which inherently assume deterministic behavior and often fail to account for im-
portant factors such as memory effects, time delays, and stochastic influences that are commonly
observed in real-world epidemics [50]. To achieve a more realistic representation of real-world
epidemics, it is essential to develop mathematical models that incorporate both time delays and
stochastic effects, as discussed in [23]. Such models are better suited to capture the inherent unpre-
dictability of epidemic outbreaks and the influence of various external factors. For example, time
delays can accurately reflect the incubation period between infection and the onset of infectious-
ness, as well as the duration required for treatment and recovery. These delays significantly impact
the dynamics of disease spread and the timing of ettective intervention strategies. Furthermore,
incorporating stochastic etfects allows models to account for the random variability and uncer-
tainties in disease transmission, including fluctuations in contact rates, environmental conditions,
and individual immune responses. Stochastic ditferential equation models offer a more accurate
framework for simulating epidemic scenarios, especially in real-world contexts where outcomes are
influenced by random events rather than strictly deterministic processes. Considering both time
delays and stochasticity is therefore crucial for generating more precise epidemic forecasts and for
designing etfective control strategies [111].

In classical epidemic models based on ditferential equations, the treatment rate is often as-
sumed to be either a constant or directly proportional to the number of infected individuals in
the population. While this assumption simplifies the mathematical analysis, it overlooks critical
real-world constraints faced by healthcare systems, such as limited availability of medical person-
nel, hospital beds, and medications. In practice, as the number of infections rises, healthcare
infrastructure may become overwhelmed, leading to delays or limitations in treatment delivery.
Neglecting these limitations can result in inaccurate predictions of disease progression and the
development of ineffective public health strategies. Therefore, adopting more realistic modeling
approaches that incorporate healthcare capacity constraints and the adaptive nature of treatment
availability is essential. In response to these challenges, Wang et al. [119] proposed an SIR epi-
demic model in which the treatment rate is modeled as a constant, independent of the number of
infectious individuals, to better reflect such real-world limitations. This type of treatment rate is

represented as follows:
H(I) =8, forI>0, and H(I) =0, for =0,

Here, b represents a constant treatment rate. This assumption implies that medical resources are
either unlimited or regulated externally, resulting in treatment being administered at a fixed rate,

regardless of the outbreaks severity or healthcare system capacity. While such a treatment rate
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may be useful for theoretical analysis, it fails to reflect the constraints commonly encountered
during large-scale epidemics. To address this limitation, Zhang et al. [127] explored a more
realistic approach by introducing a treatment function that captures the nonlinear relationship
between treatment availability and the number of infected individuals. They incorporated the

following continuously ditferentiable C'! function into their model:

al
. BB
T-n B

H(I) =
In the above function, the ratio § represents the maximum treatment capacity that can be deliv-
ered within a given time frame. This function, commonly referred to as the HT-II treatment rate,
captures the saturation effect of medical resources as infection levels increase within a region. Un-
like the assumption of a constant treatment rate-which implies unlimited availability of healthcare
services-the HT-II function reflects a more realistic scenario in which the treatment rate initially
rises with the number of infected individuals but eventually plateaus as healthcare resources be-
come exhausted. This nonlinear formulation provides a more accurate depiction of the challenges
faced by healthcare systems during epidemic outbreaks, especially in settings with limited medi-
cal resources. Furthermore, HT-II treatment and incidence rate functions have been incorporated
into various epidemiological models to study diseases under constrained healthcare conditions.
For example, in [G1], researchers applied the HT-II rate function to examine the dynamics of a
vector-host disease model under limited treatment capacity. Their results show that including
nonlinear treatment and incidence functions yields more realistic and epidemiologically relevant
insights into disease transmission and control. By accounting for healthcare limitations, these
models produce more accurate forecasts of outbreak progression and support the development of
more effective public health intervention strategies.

The infection incidence function in an epidemic model is a critical component that determines
the rate at which susceptible individuals become infected. Traditional models often employ a
bilinear incidence rate of the form (ST, where ( is the transmission coefficient [94, 129]. However,
this bilinear formulation falls short in capturing the complexities of real-world disease transmission.
One of its main limitations is the inability to account for saturation etfects, wherein the rate of
new infections does not increase indefinitely with the number of infectious individuals. Such
saturation arises due to factors like limited contact opportunities, behavioral changes in response
to rising case numbers, and constraints on healthcare resources. To overcome these shortcomings,
researchers have proposed various nonlinear incidence functions that more accurately represent
the dynamics of infection transmission [15, 30, 62, &7].

The following generalized form of the functional response was proposed by Crowley and Martin
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in [21]:
JSWI)
(14 oI (®))(1+ 1 S(t))’

In this formulation, saturation effects are incorporated to account for limited contact opportunities

G(s,1) =

ay, g 2 0.

and behavioral adjustments during an epidemic outbreak [27]. The parameters a; and ay regulate
the degree of saturation, ensuring that the infection rate does not grow unbounded as the number
of susceptible or infected individuals increases. This is especially relevant in realistic scenarios
where factors like immune responses, public health measures, and social distancing impact disease
transmission. Such an approach provides a more accurate representation of diseases like COVID-
19, tuberculosis, and HIV, where resource limitations and behavioral changes play a critical role
in shaping transmission dynamics.
In [121], Wen et al. examined a delayed epidemiological model characterized by a bilinear

incidence rate

S'(t) = —I(t)S(t) + A — vsS(¢t) + de "R I(t — o),

I't) =/ IS — (or +5)I(0) (5.1

R'(t) = —vrR(t) + 0(I(t) — e "R I(t —1)).
In [125], model (5.1) was extended to include a saturated incidence rate. The resulting generalized

model is outlined in the following model

S'(t) = —% BRI 4B TR T ),
I'#) = —(or + 9)1(t) + 2 LD5E_ (5.2)

(1+ aol(t))’
R'(t) = —6e "R*I(t — 1) — vrR(t) + I(t).
Here, S(t), I(t), and R(t) represent the numbers of susceptible, infected, and recovered individuals
in the population, respectively. The parameter v denotes the contact rate, A is the birth rate, and
0 is the recovery rate from infection. The terms vg, vy, and vg correspond to the natural death
rates of the susceptible, infected, and recovered individuals, respectively. In [63], the expression

de VR'J(t —¢) was introduced to model individuals in the recovery class who have survived natural

death and return to the susceptible class, where ¢ represents the duration of immunity. Moreover,

in [131], the following stochastic model was studied:
T yS®IE) ' B . mSI
T % vS(t)I(t) 3 naST
dI(t) = ‘ (vr +0)I(t) + m} dt — oI (t)dWy(t) + md‘[xﬂ,
dR(t) = | — Goe "R I(t — 1) — vpR(t) + 5!(t)} dt — s R(t)dW(t),
' (5.3)
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where n; and W;(t), (j = 1,2,3,4) represents the white noise intensity and the independently
Brownian motion respectively, over a complete probability space.

Building on the studies presented in [121, 125], and [131], we developed a more comprehen-
sive epidemic model that integrates the C-M incidence function along with the H-T-II treatment

function. Additionally, the condition § > dg is incorporated into the model formulation

0= | s o)

T e YS()I(t) _al(}) ,
ar) = |~ @+ + VO + Tras o ar) 1+M(t)]dt+ngf(t)dwg(t), (5.4)
dR(t) = _vR(t) + % - I(t) — doe I (t — z,)]dt + s R(E)dWs(t).

Here, A and v denote the mortality rates due to the disease and natural causes, respectively, while
the remaining parameters are as previously defined. Setting 71 = 173 = 13 = 0 reduces the model

(5.4) to its deterministic form

ds(t) = o al;é()t))g(? Ty A US ) + dee It - s,)} dt,
: S()I() oI(2)
)= | i+ S+ 5 cond road®) 1+ bI(t)]dt’ (5.8)

al(t)
1+ bI(t)

dR(t) = | —vR(t) + OI(t) — Soe (¢ — L)} dt.

Noticing the first two stochastic differential equations in system (5.4) do not depend on the
function R, and so we can exclude the third one without loss of generality. Hence, we will only

discuss this following system

L Amse) il v S ,
ds(t) = [ oS s ety H A~ vS® + e 10 )] dt + mS()dWA(t), s
dI(t) = [ ~ U+ NI + a-lgi%)(i(? 1 ifé?(t)]dt + 121 (t)dWi(2).

The feasible region is

A
Agr = {(5;) eERZ:S+I< —}.

v

5.2 Global Positive Solution: Existence and Uniqueness

We now present the following theorem to establish the desired results.

Theorem 5.1. For all (5(0),1(0)) € RZ with S(r) > 0 and I(r) > 0, ¥ r € [—¢,0[, the model
(5.6) has a unique positive solution (S(t),I(t)). Additionally,(S(t),I1(t)) € R Vt >0 a.s.
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Proof. To prove it, we use the same approach using the following Lyapunov function:
N:R%2 - R,, where

S t
R(SJ)=S+I—h—1=(Aln(>)+Inl) + 5ge—mf I(¥)dr,
[ t—t

where h is positive constants we will define later.

Applying the It6 formula, we get

aR(S.1) :(1 _ %)df + (1 _ E) dS + =1 (dS)? + o ()2 + Spe—"T(¢) — Soe=""I(t — 1),

5 252 212
:(1 _ %) ( [A- s ()t)) : 1(+) iy VSO + doe It - )]dt + nls(t)dwl(t))
N 2_*;2 ([ o ()))(31 (i) )~ USO) + e (e ]t + ?;1S(t)dW1(t))2
N (1 - %r) ( [(1 n als@%)é(f al(®) 1 f@f?(t) ~ @+ NI+ nzf(t)d%(t))
i % ( [(1 . agi g))é (73 =B fw — G+ o+ NI dt + I ()W, (t))2

+ o M I(t) — Soe~ " I(t — 1),
—LR(S,1)dt + m1(S(t) — h)dWA(E) + m(I(t) — 1)dWa(t),

where LN : Ri — R. is given by

aI(t) i h_é'oe—mf(t . I’) L, @
1+ bI(2) S S
V(RI(E) — S(¢)) a -, b+
hv +v+ A+ 6
A+ S0 +ad@)  1+ol@) P TUTATIT T

+ dpe I (t) — e P I(t — 1),

LR(ST) =A —vS(t) — (v+ 8+ NI + doe ™I(t —1t) —

hn + n2
<(vh—[v+A)I ()‘I‘f\‘{‘h?)‘l‘b‘rﬂ‘i—)\—l’é—f—ﬂ—w:
v+ A

-~

!

chosing h =

then,

hn? + ~
£A+h-v+-v+a+)\+5+7m2+n2 =M.

Consequently,

dR(S,I) < Mdt + n1(S — h)dW(t) + (I — 1)dWa(t).

The rest of the proof follows the same approach as proving theorem 3.1. ]
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5.3 Extinction of infection

The goal of this section is to identify the necessary conditions under which the disease dies out in
system (5.4).
To this end, we define a parameter:

~

RDZ ’
aj(v+A+0+2)

Theorem 5.2. (S(t),I(t)) be a solution of the model (5.6) with (S(0),1(0)) € R?,

In (¢
if Ro<1 then tli}m sup o f{ <0 a.s., namely, I(t) — 0 ezponentially a.s. Additionaly
o0
: A
tEﬂ@(S(f)) = o i
Proof. Let us express the C-M functional as follows:
7S A T (§ _9)
(1+a1S)(1+4+al) v+aiA (v+aA)(A+a1S)(1+ azl) ‘v
. 7’31\052{ _ ’}'ﬂOleaQSI
(v+a A1+ a1S)(1+axl) (v+aA)(1+a1S)(1+ axl)’
_ HA 3. yuS YA
Tvt+oaA T (e A1+ aS) 1+ azl)  (v+aiA)(1+aS)(1 + asl)
~vAasl yAa1 ST
(+aA) 1+ aS)(1+azl) (v+aA)(1+a1S)(1+ axl)’
o W A
“vt+aA a(v+aA) (v a A1+ arS)(1 + agl)
yAasl YA ST
(+aA)(1+a1S)(1+axl) (v+aA)(1+a1S)(1+ asl)
(5.7)
Applying It6 formula, we get
¥S(t) a : 3
dinl = | —. — (O +v+ At D) dt+mdWa(t). (58
AT aSO) 1+ al(®)  1+0I0 ¢ | SR B8

By using (5.7), we obtain

YA YU
dinl < [ : !
- v+ a A F aj(v+ aA)
"

- [;’ (b A )}dt+r;2dW2()
1

—(v+0+ A+ s )} dt + npdWs(t),

Upon integrating from 0 to £ and subsequently dividing by £, one obtains

lllf(t)___( e /\+ /dW lnI()
t (8 5]
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Moreover % [g dWs(r) is a continuous local martingale. By lemma 2.1, we obtain

1 gt
lim —/ dWi(r) =0 a.s.
t Jo

t—=00

Taking tlipl sup of and if By < 1 we get
o0

InI(t 2
lim sup nt()g(v+/\+5+g—2)(ﬂg—l)<0.

This confirms that lim I(t) =0 a.s. which implie tlggl@(f(ﬂ) =0 s
Next, we consider the following C? function:

t

(S(8),1(t)) > I(t) + S(t) + Spe~** / I(r)dr.

t—t
Applyin Ité formula, we obtain

d.[I(t) + S(t) + o™ f t %ff?(t)

t—t

f(r)d-r} - [ — (v+6+NI(t) — + A — vS(t) + Soe ™ I(t — 1)

Ooe~PI(t) — Soe~ I (t — L)] dt + m S(E)dWi () + 1L () dWa(t).

Upon integrating from 0 to ¢ and subsequently dividing by ¢, one obtains

t 0

% 1) + 5 + o™ [

1=

T ™

—b

I(r)d’r)] — A —o{S@)

o+ 6= e NI — () + 2 [ Sawi(r) + 2 [ 10)aw(),

then

(56 = 2+ L[~ (08— doe™ + N {IB) — (

v v

al(t)

m) 3 f(?f)]: (5.9)

where
0

I(r)dr) + (I(0) + S(0) + Spe** / I(r)dr)

—L

e % [— (I(t) + S(t) + bpe™* /t

-1

t

t
. /O S(r)dWi(r) + ma /0 1(r)dWa(r)|,
by last result and lemma 2.1, we get
A
tEEloo(S(tD == b
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5.4 Persistence of disease

Here, we aim to determine a sufficient criterion for the mean persistence of the disease.

Definition 5.1. For model (5.6), the infected population I(¢) are said to be strongly persistent,

or just persistent in mean, if

t—roo

i
1iminfr1f I(r)dr >0 a.s.
0

Lemma 5.1. Let f € C(Ry x Q,R,) and F € C(R, x Q,R) such that

F(t
lim Q = a.s.
t—oo
IfYt>0
¢
In f(t) > kot — .-"\‘,]0 f(r)dr+ F(t) a.s.
Then
- Ko
lim inf fliy= — e,
where kg > 0 and k > 0.
Theorem 5.3. For any (5(0),1(0)) € R%, if
. A
Ri= £ -

(v+a11\)(a+6+v+)\+§)

the disease is persistence in mean. Moreover,

(RE—1D)(v+arA)(a+6+v+r+2)

liminf(I(£)) > , 0 as.
e (@) = 2yAas +v(a+ v+ — e + A) = =
Proof. From the decomposition of C-M functional, we obtain
8 S YA YU (A S) vyAasl vyAanl
(1+a1S) A+ al) " v+agA  (v+aA) v (v+aA)  (v+aiA)’
yuS 27Nl

> 3
“(v+aA) (v+aqd)
From (5.8), we have

vS(t) | s
(1+ 01S(1))(1 + anl(t)) —(e+d+v+ 2+ ?2)] dt + nadWsa(t),

dmfz[

sabstituing (5.10) into (5.11), yields

Y8 2vAapl n
d > — — 0+ 1 —=) | dt + nadWs(t).
Inl > [(__U e e (a+d+v+ A+ 5 )] + nadWs(t)

(5.10)

(5.11)

(5.12)
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Integrating (5.12) over [0,¢] and from (5.9), we have

woo A m 2vAa
ol F . M2\l _
d —[(U rE T ki )| ot oy e
_Yla+v+d—boe™™ + 1) ~ 3
0T ah) (@ + ooy e+ ﬁ V() - T 200,
then " 2
i N 75 5
> B e s N ——
lnf_[(*v—koqf\) (@+8 +v+A+ 2)}~‘+€(5)
2’}’AO{!2 -+ "J((a + v+ J— 508—?,’:, 4 A)
where
3 v t
1) = ————=¢(t)t dW- In I(0),
ét) (-1;—}—0:1A)€( ) +]0 12dWs(r) +In 1(0),

thus, lim ;o @ =0 a3
By lemma 5.1 and if R > 1, we get

Rp—1 nA b A+ B
imin(r(ey) > RS- D@+ ahlatd+v+a+3)

- > L O]
— 27Aas +y(a+ v+ — Gpe T + )

5.5 Stationary distribution

We perform the analysis by establishing conditions under which system (5.4) admits a stationary
distribution.
Theorem 5.4. If
5 B
Rg := 7 P
(v+F)v+d+r+a+ E)
then, the solution of (5.4) ezhibits a unique stationary distribution p(.) and satisfies ergodicity.

51,

Proof. The conditions outlined in Remark 2.1 will now be examined. Initially, we show the
condition (b), We will constructing a non-negative C?-function U : Ri — R,
Let

Uy(S,])=S+I—cInl —c¢;In S,

where ¢y, 2, are positive constants we will define later.

Using the It6 formula we have

L(S+I)=A—vS—(A+0+v)]+de "It —1)— %{%
_A ~vI(t) o It—) 7
L) = s~ Tras)arat® "% 5 2
— 73(@ a i, 7}.2
Linl) = e A v aT@) ~ T30~ Tt A )
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Consequently,

v al(t) c1A eryI(t)
LU =A—vS—(A+04+v) ]+ e ™It —t) — ——~ — — +
! ( G ) 1+bI(t) S ' (1+aSt)(1+al(t))
It —1) n coyS(t) eoa
— e ' —— v+ =) — +
o g Al ) T M eSO+ aal®) T TT W
2
+fﬂu+5+A+f§)+a [+ S(B)(1 + aal(t) = (1+a1S(H) (L + a2l ()]
—T
s vyAcicy Ui m
LU < -3y ————4+A+c(v+=)+ev+d+A+a+ =)+ 6I(E—1)
a1 V as 2 2
+ory I+ —o Y2 &I
atVay o Vo
Letting
i i
1\201(’1»‘—#5) :Cg(t’+5+/\.—|—a—|—§):
then
A A
€] = G Ca = T
v+%) (v+é+A+a+%)
As a result
A® 1S T
LU, < —3p =} SR gl ) eyl
(a1Var)v+é+A+a+2) v+ 1) o, Vo a1 Vi

<—3A( s = _ o | STl i
(Va)w+d+A+a+%)(v+7%) or'Vies

4 v Qg SI
0:1\/0:2
X 1 v c vag oy
=—3A|(R5): — 1| + +00l(t —t)+ 1yl + S1.
[( 0) } ar V ay 0 ( L) 55 a1 V ay

‘We define
Uy(S,I) = c;;(S—f—I—cﬂnS—@lnI) +I+S—InlI—InS,

where c3 is constant satisfying the following condition

U
—3Acs[(R3)E — 1 Tp B
03[( 0) }+O~*1\/Oé2+ 2
where
v - m +
Th=A+—+a+2v+5+ A+ ;
(2 5] 2
Obviously

lim inf Uz(8,I) = +o0,
q—+00,(S,1)ER3 \V,
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where V, =]$,q[x]é,q[.
Since: when ¢ — +00,(5,1) € R2 \ V, is exactly equal to {0} x [0, +-00[U[0, +00[x{0}.

Besides, we have

8U2(S.I) cser + 1 8U2(SI) c3cg + 1
— = 1= \ ———~ =c3+1-— ;
o5 @7 B oI e T
1+ 1 1
the function Uy have unique stagnation point (S*:I *) = (CSCl * : ST ) The Hessian matrix
eG54l 7 @il
of Uy at (S.,I.) is given by
C3Cy 1
o |78 O
0 -23322—1—1

H is positive definite and U; is continues function then it is clear that Us has a unique minimum
(S.. L) e RZ.
Let

U(S,I) = Ug(S,I) — Ug(S,,1y).

Utilizing It6 criteria to obtain

LU(S,I) =LUy(S,I),

c3v CaV Qg

< — 3eA[(R)F — - | o
< —3eA[(RD)S — 1] + 2+ (es + Dol (¢ — 1) + esenryT + —ZET (S +1)
y _ o)) A VI(t) n
+A—-(A+0)I T+l 5 Grase)arale) VT2
= HFES(t) . _L,Lf(t — L) : a ~ n_%
(1+a18(t)(1 + a21(t)) e S T 11bI(d) +(0+v+A+ 2).

Let 5> 0,1 =1.2,3.4, we give a closed and bounded set
3 1 1
V= {(S,I) R gL BL UL —}.

We can choose a small g, [ = 1,2.3.4 such that the subsequent criteria holds

A
. —;—L +Th < —1;
o —3Acs [(Rg)% — ] Fa- A6 + )ogts ok thees & e Gg 4 T = 1,
L —% + T < -1,
. —i + T < -1,

where

c3va O

5 .2
SI+A+l+a+2'U+5+/\+n—2+”—d}.
a2

= sup{ e (es+1)doI(t —t)+eze1vl +
aq 'V 2 2

ag a1V az
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Next, we show that LU < 0 on Rf_ AV, Rﬁ_ \V= Uj:-l V;, where

V= {(S,I) eRE0<S< 51}, Vo = {(S,I) eRE0<I< 53},

Vs ={(5.]) e RS > Eiz} vi={(51) eRE,I > %1_4}

Case i. Let (S,]) e V)

IS Yy — - P . Y
S €1

Case ii. Let (S,) € V3

e

2
LU(S,T) < — gACg [(Rﬁ) = 1] (e3+1)bpes + T < —1.

Case iii. Let (S,I) € V3
pofsaie T —u8 % T — 63 £ -1,
2

Case iv. Let (S.I) € V,

BHED = F—oF <5 — —x i
€4

Next, we demonstrate the criteria stated in (a). The ditfusion matrix corresponds to (5.4) is as

follows
?;.'%Sz 0
0 BI?
and
2 .
3 (8. 1)¢¢ = 2S¢ + i1
ij=1

> MIC? V(SI)eV, ¢eRE,

where, M = min{n}S? n3I?}.
It follows from the above analysis that model (5.6) possesses a unique ergodic stationary distribu-

tion p(.). 1

5.6 Numerical results

In this part, we present numerical simulations to illustrate the theoretical results.
To approximate solutions of SDEs, we employ the Milstein method. Originally introduced by
Grigori N. Milstein in [26], this method provides an effective technique for numerically solving

SDEs of the form:

dX(t) = g(t,X(t))dt + h(t,X(t))dW (¢), x(0) = X,. (5.13)
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Using the Milstein method as follows:
Xt = X7 4 g(X", ) At + (X" AW + 0.5h(X" M)A (X" 1) ((AW™)? — At), (5.14)

where h'(z,t) is the derivative of h(z,t) w.r.t z and AW = W(t,41) — W(t,) is the Brownian

increment on [t,, t,.1]. Next, we use this method (5.14) to solve the system (5.4) numerically as

follows:
,},Snfn.
Sn+t =gny [A— AT a5+ ool —vS“—f—éDe—““I“—"] Aty STAWR 0.5 2 ST (AW])2—At),
. Ll i : 5.15
i :‘r”[(l F a5 (1 + agl™) 1+ b[n_('U+6+A)f“]AH”Z‘T”’-\“’%‘JFU-G Br(awp)e-ay,  (5.15)
a.jf?'l
Rn+1 :Rm{ AT —UR”—}—EI"—(Sge—U“I“—”} At R*AWZ+0.5 72 R™((AWZ)2—At).

5.6.1 Numerical Simulation

Several empirical examples are presented to shed light on the following aspects:
+ The dynamical behavior of model (5.4) if Ry < 1.
« The existence of stationary distribution of (5.4), if Ry > 1.
+ How alterations in delay time ¢ atfect the dynamics of disease spread.

Example 5.1. To demonstrate the extinction of the disease in the deterministic and stochastic
frameworks, we utilize the following parameter values, partially sourced from [131]: v = 0.014,A =
15,0 =0.03,i =1, = 012,9% —0.25,93 = 005,09 = 0.21,0n = 0.21,6 = 0.25, 8y =0.023,4 =
0.3,b=0.1,A = 0.03, then Ry = 0.1954 < 1, and (S5(0),7(0), R(0)) = (2.5,5.5,1.7.) (See Fig 5.1).
According to Fig. 5.1, the infection diminishes over time and ultimately disappears, signifying

eradication of the epidemic.
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Figure 5.1: Simulated deterministic and stochastic trajectories of model (5.4) based on the param-

eters in Example 5.1.

Example 5.2. The parameters are selected as follows: A = 35,7 = 0.659,v = 0.096,: =
0,7, = 0.0399,75 = 0.05673,n5 = 0.029,a; = 0.029, a5 = 0.4897,6 = 0.0458,9y = 0.0081,a =
0.1,b = 0.001, A = 0.02, then Ry = 25.9318 > 1, with S5(0) = 5.8, I(0)= 65, B(0)= 3.3. By
theorem 5.4 the system (5.4) possesses a unique stationary distribution. (see left column in Fig
5.2). Biologically, this indicates that the disease will continue to circulate within the population
and will not die out naturally given the present circumstances.

Fig. 5.3 displays the marginal density functions of S, I, and R, while the right column of Fig. 5.2

presents the corresponding density functions alongside their frequency histograms.
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Figure 5.2: Left column: simulations of compartments S, I, and R for the deterministic and
stochastic systems. Right column: frequency histograms and marginal density curves for S, 1,

and R, using the parameters from Example 5.2.
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Figure 5.3: Computer simulations for S, I, and R: the marginal density curves are shown in green.
At 1,000,000 and 1,500,000 iterations, the frequency histograms of the trajectories are fitted and

represented by blue and red lines, respectively.

Example 5.3. We use the following parameters [131]: § = 0.25, A = 15, ay = 0.1,a; = 0.1,
7v=02, 6=0.23, a=03, v=0.3, b=1, A =04, and (5(0), I(0), R(0)) = (2.5,0.5,5.7) Also,
we use various values of time delay ¢, and 1y, 79,n3. Fig 5.4-Fig 5.5, show the solution behavior for

the model (5.4) with various values of time delay ¢, and 91, 72,73.
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I(t-c)

Figure 5.4: Simulation results for model (5.4) under different time delays ¢ and levels of white
noise intensity n; = ny = n3 = 0.02.
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Figure 5.5: Simulation results for model (5.4) under ditferent time delays ¢ and levels of white

noise intensity 7 = 0.45,73 = 0.65,n3 = 0.5.

Owr findings indicate that the number of infected individuals reaches its peak when ¢ = 0, and
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gradually declines as ¢ increases to 0.2, 0.5, and 1. This pattern implies that longer immunity
durations are associated with lower infection prevalence. The parameter ¢ denotes the duration
of immunity following recovery, where higher values correspond to prolonged immune protection.
When immunity is short-lived, recovered individuals quickly revert to the susceptible class, in-
creasing the likelihood of reinfection and sustaining a high level of infection within the population.
Conversely, as ¢ grows, individuals remain immune for longer periods, which decreases the number
of susceptibles and slows the spread of infection. These results underscore the critical role of
prolonged immunity-whether through natural recovery, vaccination, or booster doses-in curbing
disease transmission and reducing the overall impact of the epidemic.

Through a combination of theoretical analysis and numerical simulations, we found that when
Ro > 1, a lower intensity of white noise allows model (5.4) to admit a unique ergodic stationary
distribution. In contrast, when Ry < 1, higher levels of white noise can drive the disease to
extinction. Compared to the deterministic model, the incorporation of stochastic white noise and
time delays has a pronounced effect on the persistence and eradication of the disease, thereby

enhancing the model’s ability to capture complex and realistic epidemic dynamics.

5.7 Conclusion

This study presents a comprehensive analysis of a time-delayed stochastic SIR model incorporat-
ing HT-II treatment and C-M incidence, enabling a realistic examination of disease transmission
dynamics. By rigorously proving the existence, uniqueness, and stability of solutions, we estab-
lish a strong theoretical basis for understanding the models long-term behavior. This foundation
ensures biological consistency, which is vital for producing reliable epidemic forecasts. Critical
parameters influencing disease extinction were identified, with particular emphasis on transmis-
sion rates, treatment efficiency, and the ettects of time delays. The analytical derivation of the
probability density function offers deeper insight into the stochastic dynamics near the endemic
equilibrium, facilitating a more nuanced assessment of disease persistence and fluctuations in infec-
tion levels. The theoretical findings were validated through extensive numerical simulations. These
simulations demonstrate the significant influence of nonlinear incidence, treatment responses, and
temporal delays on disease progression and control. Additionally, they emphasize the importance
of accounting for both deterministic and stochastic effects when modeling real-world epidemics.
In conclusion, this study not only enriches the theoretical understanding of epidemic behavior
under stochastic and delayed influences but also provides practical modeling tools for improving

epidemic prediction and intervention strategies. By incorporating more realistic epidemiological
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assumptions, the model contributes to more robust and actionable public health planning. Ul-
timately, the results support the design of targeted control measures aimed at reducing disease

incidence and preventing future outbreaks.
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Chapter

Dynamical analysis of a Tungiasis model for
Public Health Education incorporating Lévy

process

This chapter focuses on analyzing the long-term behavior of a newly developed stochastic model
for Tungiasis, a parasitic skin disease caused by "Tunga penetrans'. The proposed model catego-
rizes the population into three groups: susceptible individuals, educated individuals, and infected
individuals. We establish the well-posedness of the system by demonstrating the global existence
and positivity of solutions. Furthermore, we derive sufficient conditions under which the disease
either dies out or continues to persist within the population. To illustrate our theoretical findings,
we perform numerical simulations that illustrate and support the analytical results, providing

deeper insight into the dynamics of Tungiasis under stochastic influences.

6.1 Introduction

Tungiasis is a parasitic skin condition caused by the infestation of Tunga penetrans, a tiny flea
commonly referrved to as the chigoe flea or jigger. This disease predominantly affects individuals in
tropical and subtropical regions, where the flea thrives in sandy environments. It poses a significant
public health challenge in impoverished and rural areas, particularly across sub-Saharan Africa,
the Caribbean, and South America [1%, 59, 116]. The condition develops when the female flea
burrows into the skin, typically on the feet, to feed and lay eggs. This results in severe itching,
pain, and inflammation. If left untreated, tungiasis can lead to complications such as secondary

bacterial infections, ulcers, and in extreme cases, tetanus or gangrene. Tungiasis primarily impacts
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those with limited access to adequate footwear and healthcare. Prevention measures, including
proper sanitation, the use of protective footwear, and timely treatment, are crucial in reducing
the burden of this neglected tropical disease.

The use of public health education is essential for managing and preventing tungiasis. The
impact of health education initiatives can be increased by the public health authority by educating
the public about the disease’s modes of transmission, modes of spread, and shifts in the number
of sick people. Furthermore, the disease’s spread can be considerably slowed by public health
measures including giving away free pesticides, free shoes, and vaccination campaigns [13].

In biology and disease control, mathematical models are frequently employed and have shown
themselves to be an effective tool for researching the spread of infectious illnesses. Researchers
create mathematical models to examine the dynamic behavior of infectious illnesses in order to
stop their spread [19, 77, 92, 104]. Specifically, Nyang and al. [92] examined a mathematical

model of how public health education atfects tungiasis
S'(t) = A — BI()S(t) — (e + w)S(t) +1Z(1),
E'(t) = —pE(t) — aBE(R)I(t) + eS(t), (6.1)
T'(t) = aBER)I(t) — (u+ o +7)I(t) + BL(t)S(t),
where S(t), £(t), and Z(t), respectively, represent the number of susceptible people, public health
educators, and infected people at time ¢. the parameters are shown in table 6.1. The dynamics of

the spread of Tungiasis model (6.1) can be completly analyzed based on the basic reproduction

number which the approach described in [113] can compute. It is given as follows

7 _ AB(ea + p)
0— \
(e+u)(o+y+pp

A eA
pte? (pte)u?

totically stable. If R¢ > 1 then, Py unstable and there exists the endemic equilibrium point

P* = (&8*,£*,7T*), and it is globally asymptotically stable [92].

more precisely, if R < 1, the disease-free equilibrium Py = (

0) is globally asymp-
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Table 6.1: Parameter description.

parameters Meaning

A the birth rate.

B the rate of Tungiasis transmission through effective contact.

vy rate of recovery.

€ education dissemination rate.

o death rate due to Tungiasis infection.

a the impact of public health education on infection prevention, where « € [0, 1].
I the disease’s mortality rate.

b Saturation incidence coefficient.

Because of changes in the natural environment, there may be some uncertainties and stochas-
tic occurrences in the spread of infectious diseases. Numerous research have demonstrated that
the dynamics of infectious diseases may be investigated and perturbed epidemic models can be
formulated using SDEs [4, 76, 120].

In [59], Kong et al. extended the model (6.1) to include a white noise process and get the
following stochastic Tungiasis model

dS(t) = |A — BZ(1)S(t) — (e + p)S(t) + A,I(t)} dt + mSE)dWi(t),

dE(t) = | — pE(t) — aBER)T() + ES(t)] dt + € ()dWs (1), (6.2)

dZ(t) = :ﬂﬁf(f)l'(f) —(p+o+7)I) + 51'(1‘-)5(5)} dt + nsZ(t)dWs(2),

where Wi, Ws, W5 are Brownian motion independent defined on (Q,F,{F:}i>0,P) . m1,m2,73 are the
level of white noise intensity.

However, when the population experiences abrupt catastrophic disturbances like earthquakes,
storms, and floods, epidemic models that are just disturbed by Gaussian white noise are unable
to adequately describe the scenario. Severe environmental change can have a major impact on
the epidemic’s dynamical behavior [5%, 125, 133]. Therefore, in order to investigate and control
infectious diseases during these events, the discontinuous Levy process must be used. Based to
the Lévy-Ito decomposition [19], a Lévy process is decomposed into the sum of a superposition
of centered Poisson processes with varying jump sizes, a Brownian motion and a linear drift.
Motivated by what mentioned above and we assume that the incidence rate is saturated [18]

and considering that the Tungiasis model is governed by Lévy jumps, then model (6.1) can be
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formulated by the following SDEs:

dS(t) = :A — % — (e + p)S(t) + mt)} dt +mS(£)dW (t) + /H §.(7)S(t7 )N (dt,dr),
dE(t) = :— UE(t) — aBEMI(E) + 55(5)} dt + 1€ ()W, (t) + £ 8o(T)E )N (dt,dr),
dT(t) = :aﬁé‘(t)jf(t) —(u+o+7)IE) + %} dt + nsZ(t)dWs(t) + ﬂ 85(T) ()N (dt.dr),

(6.3)
with
y(O) i (S(O)~£(O)I(O)) = Ri:

where S(t71),£(¢7!) and Z(t7!) are the left limits of S(¢), £(t) and Z(t) , respectively. P is a
Poisson counting measure with compensating martingale A" and characteristic measure 7 on a
measurable subset I of |0; oo[ satisfying 7(I) < 1. Wy, Wh,Ws are independent of P. We assume
that 7 is a Lévy measure such that N(dt,dr) = P(dt,dr) — n(r)dt and 6; : I = R (j = 1,2,3) are

continuous functions.

6.2 Global Positive Solution: Existence and Uniqueness

In this paper, we adopt the following assumption.

« H1) J;(7) are a bounded function, 6;(7)+1 > 0 and f;(§;(7) —In(1+5;(7)))A(T) < o0 (j =
123), rel

We now proceed to show that system (6.3) admits a unique positive solution.

Theorem 6.1. For all Y(0) € R, there is a unique solution Y(t) of system (6.3). Morever, Y(t)

will remain in Ri, Vi>0 a.s.
Proof. To prove it, we use the same approach using the following Lyapunov function:
X Ri — R,, where
£
Y(S8,£L)=8+E+T—-2—a—(aln—+InS+1n7).
a
Applyin the It6 formula, we get

d5(S.£.T) = LE(S,£ T)dt + m(S(t) — 1)AN(E) + ma(E(E) — a)AWs(E) + 13(Z(t) — 1)dWa(2)
-+ /1(351(7') —In(1 + 0y(7)))N(dt,dr) + -/H(é'é'z('r) —aln(l + (7)) )N (dt,dT)

-+ /H(I(SJ(T) o= 11](1 + 5&(7)))N(dtad7-)a
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where

IS(SET) = (1 E (A ~ '31{ (ffét) _ (e+p)S(H) + ':«I(t))
+(1 -2 (—,U,S(t) _ aBEWI() + ES(t))
1

.BI(t)S(t)) " nt + ang + 3

+(1 I) (a/jc‘}(t‘)_'[(f) (H+o+7)I)+ T 5

+A{(a51(7) —aln(l + 61(7))) + (62(7) — In(1 + d2(7))) + (d3(7) — In(1 + 53(1’)))] A(dr),

7 Z 3S
:A—p.(é'—i—S—FI)—('}’—FJ)I—E—I—ilf_bI—%—i—(f—k,{b)—il;bi—aﬁg—kaaﬁl
acS  mi +ang + 1

£ 2
+/}I{(a.51('r) —aln(l+ 81(7))) + (62(7) — In(1 + d2(7))) + (d3(7) — In(1 + 53(1’)))] A(dr),
B
b

+o+7+ptap—

n? + ang + n?

Lo+7+2+A+etap+ 5

+ (aaff —0c— p—7v)T+3M +

where

¥ - ( A (ulr) — Tt 4 &AL, ﬁ (b} —ailnfL - Ble M),
[(@sr) —m(1+ 53(T))),\(»r)) >0

Choosing a = JJF—“S’- such that —(o + ¢+ 7) + aa8 = 0, then we have

3M + n?
Lz:(s.,g?z)gap+;\+f+g+7+2ﬂ+§+m+aﬂzﬂ; + 13

=M 1
where M; > 0 is a constant. Therefore, we obtain

dS(S,£.T) <Midt +mi(S(t) — L)AL (t) + m2(E() — a)dWa(t) + ns(Z(2) — 1)dWs(t)
+ / (881(7) — aln(1 + 6:(r))N(dt,dr) + A (E65(r) — In(1 + 85(7)) )N (dt.dr)
—|—/I03 ~In(1 + 83(7))) N (dt,dr).
Integration from 0 to 7, A T = min{7, T} gives
g’“Asz(s,g,I) /MTMIde /T S = Dawy(t +/ m(E(E) — a)dWi(?)
AT
+j n3(Z(t) — 1)dWs(t) +/ /851 ) —aln(l+ 61(7)))N(dt,dT)
T AT
+f /(562 ) = In(1 + d2(7)))N (dt,dr)
+ [ s J(@8s(r) = (1 + 85(r)W ().
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Taking expectation, We obtain

E[5(0(nAT)| < S(2(0) + JEMMT fbﬂd-r},

< Z(Y(0)) + MT.

The rest of the proof follows the same approach as proving theorem 3.1. L]

6.3 Extinction of the disease

In this subsection, we investigate the condition for the extinction of the disease. We put (©(t)) =

1
: Jee(s)ds.
Lemma 6.1. Assume that Y(t) is a solution to model (6.3) for any initial value, then

BERD) _ o RTINS0 _

—f, i SN =

i Jo Sr)dmi(r) ,

t—o0 t t—o0 t t—oo t

- fg J;01(7)S(r)N (dr,dr) 0 Tm fot Ji62(T)E(r)N (dr,dT)

t—oo s ot t

- I8 [ 03(T)Z(r)N (dr.dT)
t

7

Al

]

li

t—oo

= aus,

Morever
S(t
lim ﬁ =0
I

lim @

t—oo T

lim — =0

t—o0

Eit) =0, Bma (6.4)

7 ?

Proof. The proof follows a similar approach as in [73]. ]

Theorem 6.2. Suppose that (H1) holds. Let (S(t),£(t),Z(t)) be a solution of 6.3 with initial

value Y(0) € R?, if
Aaf + AB

(v + 0+ 1+ e3)u
where p3 = % + 1(83(7) — In(1 + 3(7)))A(T),

BS = £,

then tlim sup nﬂi'(t) <0 a.s., mnamely, T(t) — 0 ezponentially a.s. Moreover
; A ) Ae
lim (§(2)) = e lim (£(2)) = T T

Proof. Applying Ité formula we get

dlnI(t) = [1 fi)l’ +aBfE—(p+o+v+ @3)} dt + n3dWs(t) + ﬁln(l + 83(7))N (dt,dr),

(6.5)
< [{3’8 +afE —(p+o+7+ {,03)] dt + n3dWs(t) + /Hln(l + 03(7))N (dt.dr),
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where g3 = & + [(83(7) — In(1 + 63()))A(7).
Integrating (6.5) from 0 to ¢t and dividing by ¢ gives

InZ (1‘)
£

< B(S())+aBE(R))— (uto+y+os)+ / nsdWs(r)+ / / In(1-+03(7) )N (dr,dr). (6.6)
In other hand

dAS+IZ+E)=A—-puS+IZ+E&— (y+0)D)dt + mSE)dWi(t) + &€ (t)dWa(t) + nsZ(t)dWWs(t)
+ [ [51(T)S(t_) +op(MEE) + 53(T)z(t—)} N(dt,dr),

< (A —p[S + T+ &)dt + mS(E)dWh(t) + 1€ (t)dWsa(t) + nsZ(t)dWs(t)

+ [[510S(E) + Br)e) + 84(nT(E) | W at )
(6.7)
Then, taking integration of (6.7) from 0 to ¢, dividing by ¢
A TITL ¢ 1
(SO +EO+TOV < 5+ |3 [ ma) +5 [ mdatr) + 7 [ mdws(r)
1 (68)
( / [ [51 S(r) + 62(r)E() +53(T)I(T)}N(dr:d'r));
taking lim sup of (6.8). Using Lemma 6.1, we obtain that
: A
limsup(S(t) + £(t) + Z(t)) < — a.s
t—oc L
Hence
: A , A
limsup(S(t)) < — a.s, limsup(&(t)) < — a.s. (6.9)
t—o00 H t—o0 H
Substituting (6.9) in (6.6) and using lemma 6.1, leads to
it
lim sup — t( ) < (RG —1)(p+0+7+s),
t—oo
if R§ < 1, then
InZ(t)
lim sup <0 a.s
t—o0
then
Ih_%&l"(t) =0 a.3 (6.10)
Additionaly

A(S(t) + I(t)) = [ﬁ + aBTE®) — (e + W)S(t) — (1 + o’)l’(t)] dt + mSE) AWy () + 15T () dWs(t)

$ / [51 =) + 83(T)Z(¢ )]N(dtdf)j
(6.11)
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taking integration of (6.11) from 0 to ¢, dividing by ¢

S(t) +Z(t) — (5(0) + Z(0))

: = A+aB(EDTE) - (n+9(S (t)>~(p-+a)<:f(t)>+%_[swdw1<r)

+%/O (r)dWs(r f/ /[ r) + 0(7)Z(r )JN(dndTL
then

EOT0) = A+ (u+ /SO) + (u+0)TB) + W1 (0, (6.12)

where

0= |, [ [snse+ tinze | wiaran +  [[soramer +F [[zerome

S(t) +Z(¢) — (5(0) +Z(0))
+ - :

Similarly, based to the second equation of (6.3), we obtain

(EMBZL(D) = %[—#(f(t)) +e(S()) + Va(t)], (6.13)

where

U J3a )N (ardr) +ﬂ2/ r)dWa(r) + £(0) — £(1)|.

Using lemma 6.1, we have

lim W;(6) =0, 7=1.2. as

i—oo J

By (6.12) and (6.13), we find
HUE®) +(S(1)) = A+ Ta(t) — [T1(t) + (b + 0)Z(2)], (6.14)
take a limite of (6.14), we get

lim p((E(2)) + (S(2))) = A (6.15)

t—oo

In addition, based to the first equation of (6.3), we obtain

(50 = ——[a— (95O 4 ity + wsto)],

€+ 1+ bZ(t)

%

{A +Y{Z(?)) + 1113(15)} :

€+ 1t

where

= %[/ /51 S(r)N (dr,dr) +m/ S(r)dWI(r)+S(U)—S(f)]-
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By lemma 6.1, we have

lim 3 = 0.
t—oo

Hence
, A
lim (§(¢)) < a.s.
t—o0 P[ + €
In the same way
) Ae
lim (£(t)) £ ————— a.s.
e (n+e)u
From (6.15), we can conclude that
A A
lim (S(¢)) = a.s. and lim(E(t)) = s
t—oo 1 + € t—oo

(u+ e

6.4 Persistence of the Diseases

In this section, We will explore the sufficient condition for the disease’s persistence in the mean.

Theorem 6.3. Suppose that (H1) hold. If

5 (AB)z + (eaAB)z
RD = 1 > 1:
e+p+o):@2p+e2+o+7+ps+1)

then

>0

B -1 o3+ 1
lim inf (Z(2)) Z( 53— 1] ,u+992+0+’y(+9z3T )
t—s00 (b+ [ + uy + us]B)

where p; = % + [i(6;(7) —In(1 + &;(7)))A(7), i =123.
Which means that the infected people T in model (6.3) is persist in the mean.

?

Proof. We define a C?-function ®; : Ri — IR as follows :
D1(S,€T) = (g +uy)lnS —In€& —In7,

where u;,us are non-negative constants to be determined later. It is clear that, the function

®(8,£,7) has a minimum point (§*,£*,Z7*) in Ri. Thus, define a non-negative C2-function ®:
O(S,ET) = P1(85,£T) — (S, T).
Using the Ito formula we get
d®(S,£,7) = LO(S,E,T)dt — (uy + ug)mdWi(t) — nadWa(t) — nsdWs(t)

- [ (w1 + ug) In(1 + 81 (r)N (dtdr) — /E'lnu + 0(7))N (dt,dr) — /H In(1 + 8(7))N(dt.,dr),
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! BT 2 A 2 S
Lﬁ&aﬂ$““+ww_§+14£+&+”+%q_%0+(”+%+m%_%ﬂ
s BS

D) - 252) + [+l - +8,0)

where

+(—o¢,d’5+(,u+0+"{+2 T
+[827) — In(1 + 8()] + B(r) — (1 + 85(r)] [ Aar),
u A BS ) ( eS  usl ) n?
s (s -, e B ; iLES
_( S 1z (1+86Z) ) + e S aBE | + (ug + ug)(e+ p+ 2)
2 2
ﬂ{n+%J+m+o+q+%ﬁ+&u+mﬁE+QMH%1+ﬂ)

3 A[(’Uq + ug)[01(7) — In(1 + 61(7))] + [02(7) — In(1 + 02(7))]

+ [35(r) — In(1 + ()] | Aar),
<(u1AB)3 + (euzAaB)s +ui(e + p+ 1) +ua(e + p+ 1) + (n+ @2) + (p+ o +7
(6.16)

+ w3+ 1)+ (b+ [+ uy + ug)B)T.

We put
VAS eal\f
el &+#+@)’W&+ﬁ+@ﬂ: (e+p+w1)
: 1 p1
then
VAS i Veals (6.17)
(e+tu+pi)(etut+e) '

Uy = 1
(e+p+o)e+p+e1)

Substituting (6.17) in (6.16), gives

VAB + ealB
LO(SET) < — (*: = s+t ato et D)+ O o+ u+wlf)T,
e+u+ @

hence
B+ /eaAB
N ' '(ﬂ+9¢2+#-+0'+’>’+993+1)+(b+[ﬂ’+u1+u2]f3)z]dt

d®(S.£T) < [ FErir +
— (ug + ug)mdWi (t) — madWs(t) — n3dWs(t) — A(ul + ug) In(1 + 64 (7)) N (dt,dr)
(6.18)

- ‘éln(l + 85(7))N (dt dr) — Aln(l + 83(7) )N (dt dT).

By integration and divided by ¢, we find

B(S5(),£(1).Z(1) — 8(5(0),£(0),Z(0))

: S—(p+pa+p+o+y+es+1)(RE—1)— ()

+ (b + [ + uy + ug] B)(Z(2))-
(6.19)
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Thus

1 (5(t),£(t),L(t)) — 2(5(0),£(0).Z(0)) | N
{Z®) 2 (b~ [+ uy + ug)B) ( t @)+ Bt et p
toty+es+ DR 1),
(6.20)
where

U(t) =

-'-o-ll—\

{(1114—!12 / del —|—/ ?}Qsz —E—] I}gdﬂ@ —|—/ /Uj_""UQ 111(1—1—(51( ))N(d?’}d?‘)

+ /; jﬂ.ln(l + 82(7))N (dr.dT) / /ln (1+63(r ))N(d-r;d'r)].

Similary, lim;e ¥(t) =

Taking lim inf of (6.20), and if R} > 1, we obtain

(RE — D+ tptoty+es+1)

G+ [+ 1+ 5)p) > 0.

1ig:1_1}£f(lr(t)> =

The proof is over. (]

6.5 Numerical Simulations

To verify the theoretical results presented above, this section includes several simulation figures.
By using the Milstein approach [11, 106], one may obtain the numerical analysis that supports

the theoretical results in model (6.3). Here is the discretized equations of our model :

r 37,5,
=l f+ (e WSt VIa| At + 6:5,VATB, + & L30B8, — 1) AL~ 5:5,Pn,
] 2
Ent = En+ | — 1 — ABELT, + e8] At + £,/ RiBy, + g—%:n_(;rsﬂ _ At — 8P,
: BL,Sn %
Loyt =a A4 @B~y g+ 1T, }Af T &LV ALBg, + In(Ba 1)At — 83T, Py,

(6.21)
where B;,B,.83 are normally-distributed A/(0,1) random variables, P poisson distribution and At

is step size. Table 6.5 displays the parameter values utilized in the simulation.
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Table 6.2: Parameter’s value.

parameters V1 Source

5 0.427 [44]

V] 0.01498 [44]

€ 0.01431 [92]

A 0.44 [20]

I 0.016 [20

o 0.05 [44]

b 0.8 assumed

e} 0.22 assumed
S(0) 0.05 [59]
£0) 08 [
Z(0) 0.22 [59]

To validate our theorem, a few numerical simulations are then shown. To elucidate the follow-

ing aspects, a number of empirical examples will be presented:
o The dynamical behavior of Tungiasis model (6.3) if Rf < 1.
o The dynamical behavior of Tungiasis model (6.3) if RY > 1.
« Effect of a and § parameters on the Tungiasis dynamics.

Example 6.1. We choose the parameter in table 6.5 and the following are the stochastic noise
intensity: §; = 0.01,95, =0.02,n; =0.1,15 = 0.2, 173 = 0.4, 635 = 0.08.

It is straightforward to verify that R < 1 satisfying the condition of Theorem 6.2. The numerical
simulation results, presented in Figure 6.1, indicate that the infected Z(t) becomes extinct in both
the deterministic and stochastic models. Moreover, for all value of less than 0.01498, R¥ < 1 is

achieved, ensuring that the Tungiasis infection will always die out.
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= With jurmp = With jump
=—vathout jump 1B ——wathoul jurmp
= delerminislic — delemminislic

Et}

=—"With jump
45 ———withoul jumg []
i delerministic

Figure 6.1: The deterministic and stochastic path of solution of model (6.3) with and without

jump when RY < 1.

Example 6.2. In this example, we increase the connection between 7 and &, that is, we increase
the value of the parameter § = 0.15 and keep the same parameters as table 6.5, and the following
are the stochastic noise intensity: 0; = 0.006,03 = 0.003,71 = 0.05,72 = 0.045,n3 = 0.045, 43 =
0.006. By calculation we find that R}’ > 1, satisfying the conditions of Theorem 6.3. As stated in

Theorem 6.3, the disease exhibits strong persistence, as illustrated in Figure 6.2.
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= With jurmp = With jump
=—vdthout jump 8 ——wathoul jurmp
— deterministic — delerminislic

Time Time

= With jump
——withoul jump
delerministic

oy

Figure 6.2: Compartement S, £, and Z in the deterministic, stochastic with and without jump

are simulated, when R{ > 1.

When comparing Figures 6.1 and 6.2, it is evident that the contact rate [ significantly atfects
whether the disease persists or goes extinct.

To illustrate the etfect of parameters public health education and contact rate on the epedimic
outbreak, below we will perform simulation of infected people Z(t) with ditferent values of a and

(. The results are shown in figures 6.3 and 6.4.
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Figure 6.3: Simulation of compartement Z of model (6.3) when R{ > 1.
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Figure 6.4: Simulation of compartement Z of model (6.3) when RE < 1.

6.6 Conclusion

In this chapter, we introduce a stochastic Tunguasis S€Z epidemic model that incorporates the
effects of public health education and Lévy noise. We establish the global existence and unique-
ness of the systems positive solution and derive sufficient conditions for disease extinction and
persistence. To support our theoretical findings, we conduct numerical simulations to examine
how various parameters influence disease dynamics. Owr results suggest that public health educa-
tion, contact rate and stochastic fluctuations play crucial roles in determining disease outcomes.
Specifically, higher levels of education and stochastic noise, combined with a lower contact rate,
increase the likelihood of disease eradication.

This study presents a foundational stochastic dynamical model that aids in understanding
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the influence of public health education and stochastic fluctuations on the prevention and control
of infectious diseases. From a practical perspective, the findings highlight possible strategies
for disease prevention, including enhancing public health awareness, increasing environmental

variability, and reducing patient interactions with others.
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(General conclusion

In this thesis, we have contributed to the modeling and mathematical analysis of several stochastic
epidemiological models, aiming to reflect more realistic dynamics of infectious disease spread by
incorporating randomness and uncertainty into classical deterministic frameworks. The presence
of stochasticity-introduced via white noise and stochastic difterential equations-allows a better
representation of environmental variability, unpredictable human behavior, and imperfect data
reporting, all of which play a significant role in the evolution of epidemics.

The models formulated and analyzed in this work focus on the following key objectives:

e To highlight the necessity of stochastic modeling in capturing the fluctuations and irregular-

ities observed in real epidemic data.

¢ To explore how stochastic perturbations can influence the disease extinction or persistence,
and to determine conditions under which the disease either dies out or stabilizes in a sta-

tionary distribution.

e To evaluate the impact of public health strategies-including treatment, vaccination, and
behavioral changes-under stochastic dynamics, in order to assess the robustness of control

measures in uncertain environments.

Throughout this study, we employed tools from stochastic calculus, particularly 1t6’s theory, Lya-
punov function methods, and numerical simulations, to analyze the existence, uniqueness, and
long-term behavior of solutions to the proposed models.

As future directions, we aim to:

« Extend the analysis to more complex stochastic models, including those with switching
environments (Markovian switching), delays, or jump processes, which better capture sudden

changes in transmission patterns or policy.
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« Investigate stochastic fractional models, which merge memory ettects with environmental

randomness, offering a more comprehensive approach to real-world disease modeling.

» Incorporate data-driven calibration techniques to validate the models using real epidemiolog-
ical datasets, enabling more accurate predictions and practical recommendations for public

health decision-makers.

Owr work lays a foundational contribution toward understanding the role of randomness in disease
transmission dynamics, and provides a framework for further research into stochastic epidemic

modeling in both theoretical and applied contexts.
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Abstract

Mathematical models, supported by computer simulations, are valuable
tools for developing and testing theories related to complex biological systems
involving diseases. They facilitate the evaluation of quantitative hypotheses,
estimation of key parameters from rael data, sensitivity analysis with respect
to parameter changes, and the implementation of optimal control strategies
for certain parameters. Modeling is particularly vital in epidemiology, where
the underlying complexity of disease transmission is often not fully under-
stood, and conducting experimental studies is generally not feasible.

This thesis focuses on the investigation of some nonlinear dynamical sys-
tems that describe the spread of infectious diseases. Our main interest lies
in the analysis of stochastic epidemic models, especially those based on com-
partmental frameworks. These models, with or without time delays, incor-
porate the effects of two specific types of environmental noise: Gaussian
white noise and Lévy noise. The objective is to examine how these types of
stochastic disturbances influence disease dynamics, thereby contributing to
a deeper understanding of epidemic modeling. We were interested in prov-
ing the existence of a positive solution, its uniqueness, the extinction of the
epidemic, the existence of a stationary distribution , the persistence in mean
and illustrate the results by numerical simulation.

Key words: Epidemiology, Stochastic epidemic model, White nose, Lévy
noise, Extinction of desease, Persistence in mean, Stationary distribution,
Ergodicity.



Résumé

Les modeles mathématiques, soutenus par des simulations informatiques,
sont des outils précieux pour développer et tester des théories relatives a
des systemes biologiques complexes impliquant des maladies. Ils facilitent
I’évaluation d’hypotheses quantitatives, I'estimation des parametres clés a
partir des données reel, I'analyse de sensibilité par rapport aux variations
des parametres, ainsi que la mise en ceuvre de stratégies de controle optimal
pour certains parametres. La modélisation est particulierement essentielle en
épidémiologie, ou la complexité sous-jacente de la transmission des maladies
est souvent mal comprise, et ou la réalisation d’études expérimentales n’est
généralement pas faisable.

Cette these porte sur I’étude de certains systéemes dynamiques non linéaires
décrivant la propagation des maladies infectieuses. Notre principal intéréet
réside dans l'analyse des modeles épidémiques stochastiques, notamment
ceux fondés sur des cadres compartimentaux. Ces modeles, avec ou sans délais
temporels, integrent les effets de deux types spécifiques de bruits environne-
mentaux : le bruit blanc gaussien et le bruit de Lévy. L’objectif est d’examiner
comment ces types de perturbations stochastiques influencent la dynamique
des maladies, contribuant ainsi a une compréhension plus approfondie de la
modélisation épidémique. Nous nous sommes intéressés a démontrer ’exis-
tence d'une solution positive, son unicité, l'extinction de I'épidémie, 'exis-
tence d'une distribution stationnaire, la persistance en moyenne, et a illustrer
les résultats par des simulations numériques.

Mots clés :E’pidémz’oiogie , Modéle épidémique stochastique, Bruite blanch,
Bruite Lévy, , Fxtinction de la maladie , Persistance en moyenne , Distri-
bution stationnaire , Ergodicité
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