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Abstract

This thesis investigates a class of stochastic integro-differential equations (SIDEs) with
non-instantaneous impulses (INIs) and non-local conditions, focusing on the existence,
uniqueness, controllability and stability of the solutions. Key results include the demonstra-
tion of existence and controllability for a class of SIDEs governed by fractional Brownian
motion, using a generalized Darbo fixed point theory. In addition, the thesis explores a
class of fractional order stochastic integral-differential equations (FSIDEs). Existence,
uniqueness and stability results using Krasnoselski fixed point theory and the Banach
contraction theorem are proven. Numerical methods for the approximation of the solutions
are also studied. The numerical methods EM and ©-EM have been used for the approxi-
mation of solutions of the stochastic integro-differential Volterra equations (SVIDEs). The
existence, uniqueness and Holder continuity of the solutions for the SVIDESs, as well as

the strong convergence of the ©-EM method have been studied.

Keywords:

Stochastic integral-differential equation, Volterra integral-differential equation, frac-
tional integral-differential equation, stochastic integral-differential equation, non-instantaneous
impulsive, nonlocal conditions, Wiener process, Brownian motion, fractional Brownian
motion, Cy-semi-group, resolvent operator, mail solution, measure of non-compactness,
fixed point theory, existence, uniqueness, Exact controllability, UHR stability, strong

convergence, Numerical methods.

MSC 2020: 60J65, 60H20, 93B05, 60H10, 37TH30, 26A33, 65C30, 60B10, 651.20.
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Résumé

L’objet de cette these est I’étude d’'une classe d’équations intégro-différentielles stochas-
tiques (EIDSs) avec impulses non instantanées et des conditions non locales, en se concen-
trant sur 'existence, I'unicité, la contrdlabilité et la stabilité des solutions. Les résultats clés
incluent la démonstration de I'existence et de la contrélabilité pour une classe d’EIDSs gou-
vernées par un mouvement brownien fractionnaire, en utilisant une théorie généralisée des
points fixes de Darbo. De plus, la theése explore une classe équations intégro-différentielles
stochastiques d’ordre fractionnaire (EIDSFs). Des résultats d’existence, d'unicité et de
stabilité en utilisant la théorie des points fixes de Krasnoselski et le théoreme de contrac-
tion de Banach ont été démontrés. Des méthodes numériques pour 'approximation des
solutions sont également étudiées. Les méthodes numériques EM et ©-EM ont été utilisées
pour I'approximation de solutions des équations intégro-différentielles stochastiques de
Volterra (EIDSVs). L’existence, 1'unicité et la continuité de Holder des solutions pour les

EIDSVs, ainsi que la convergence forte de la méthode ©-EM ont été étudiés.

Mots-clés : Equation intégro-différentielle stochastique, équation intégro-différentielle
de Volterra, équation intégo-différentielle d’ordre fractionnaire, équation intégro-différentielle
stochastique, impulsive non instantanée, conditions non locales, processus de Wiener, mou-
vement brownien, mouvement brownien fractionnaire, semi-groupe Cy, opérateur résolvant,
solution mail, mesure de non-compacité, théorie des points fixes, existence, unicité, con-

trolabilité exacte, stabilité UHR, convergence forte, méthodes numériques.

MSC 2020: 60J65, 60H20, 93B05, 60H10, 37TH30, 26A33, 65C30, 60B10, 65L20.
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General introduction

Stochastic calculus is a branch of mathematics extending traditional calculus to systems
affected by randomness. It was developed in the middle of the 20** century by Andrey
Kolmogorov [87] and Kiyoshi It6, with its primary focus on random processes like Brownian
motion. Over time, stochastic calculus has evolved into an essential tool for understanding
and modeling systems affected by uncertainty, leading to significant advancements in both
theoretical and applied mathematics. It has become essential in fields such as finance,

physics, engineering, and biology (see [9, 11, 29, 56, 88, 93, 160, 182]).

1 Stochastic differential equations

Introduced in the 1950s, stochastic differential equations (SDEs) describe the evolution of

systems under both deterministic forces and random noise. A typical form of an SDE is
dx(t) = p(t, 2(t))dt + o(t, x(t))dW (t),

where p represents the deterministic drift, o represents the randomness, and W (t) denotes
a Wiener process. In this context, several researchers have examined various qualitative
aspects of these equations, particularly those driven by fractional Brownian motion
(FBM) which continues to be a focal point of interest within academic circles (see [25, 36,
76, 98, 136, 149]).The capacity of stochastic differential equations to simulate complex
natural phenomena makes them an effective tool for understanding dynamic behaviors

across various systems. By employing quantitative techniques and mathematical concepts,

1
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scientists can develop models that help explain the random behaviors observed in diverse
fields, including biology and physics, particularly in the Black-Scholes model for option
pricing, in physics to model diffusion processes, Brownian motion that describes the
random, erratic motion of particles suspended in a fluid and in biology for modeling gene

expression or population dynamics (see [124, 125, 126, 138, 160, 180, 185]).

2 Stochastic Volterra integral equations

The Volterra integral equations (VIEs) were proposed by Vito Volterra, which Traian
Lalescu later studied in his 1908 thesis "Sur les équations de Volterra', written under
the direction of Emile Picard. Volterra integral equations find application in viscoelastic
materials, fluid mechanics, and demography (see, [38, 91, 94, 107, 183]). Stochastic
Volterra integral equations (SVIEs) are an extension of ordinary Volterra integral equations
to include random noise, making them suitable for modeling systems with stochastic
components. SVIEs find applications in various fields, including mathematical finance,
biology, physics and engineering. For example, in finance, SVIEs are used to model the
evolution of financial asset prices over time, taking into account the stochastic nature of
market movements. In biology, they can be used to describe population dynamics subject
to random environmental factors. Therefore, in recent years, SVIEs have attracted the
attention of many researchers. For instance (see [91, 94, 107, 183]. The exact methods for
solving stochastic differential equations (SDEs) involve addressing current challenges in
the field (cf. [38, 44, 74, 91, 119, 170, 178, 183]). While there are many analytical methods
available, the complexity of these equations makes it difficult to obtain exact solutions.
Among the numerical methods are the Milstein method, Runge-Kutta method see [17],
Euler-Maruyama method, stochastic theta method, and others (see [107, 108, 145, 183]).
Zong et al. [191] conducted a study on two classes of theta-Milstein schemes for stochastic

differential equations in terms of convergence and stability.
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3 Fractional Differential Equations

Fractional calculus are a significant branch of applied mathematics that involves integrals
and derivatives of arbitrary order. One of the key advantages of fractional calculus is
that its fractional derivatives are well-suited for simulating the memory and inherited
properties of various materials and processes.This powerful tool is particularly effective in
characterizing long-memory processes, long-range interactions, and allometric scaling laws.
Fractional differential equations have significant applications in several domains including
physics, engineering, finance, and biology to study problems such as anomalous diffusion,
control theory, and viscoelasticity (see [7, 8, 10, 14, 37, 69, 70, 85, 131, 141, 153, 155,
162]).

Fractional stochastic differential equations have been receiving increasing attention
in recent years in both theoretical and applied aspects of several fields of science and
engineering. For the general theory of stochastic differential equations, one can refer to the
monograph [107] and for recent developments in the literature (see [18, 75, 105, 148, 161,
188] and their references). Guendouzi and Mehdi [65], Wang et al. [172], Song and Luo
[152], Tian and Luo [161], and Ben Makhlouf et al. [20] explored a class of Caputo FSDEs.
Guo et al. [66], El-Hady et al. [67], and Arioui [13] discovered a class of Riemann-Liouville
FDEs. Blouhi et al. [23] discussed a new class of impulsive Hilfer fractional stochastic

equations. Ben Makhlouf et al. [21] examined Hadamard FSDEs.

4 Non-Instantaneous Impulses

Many real-life phenomena and processes which evolve with respect to time are characterized
by abrupt changes in the form of impulses. Based on the duration of these changes, there

are two common types of impulses:

o Instantaneous Impulses: when the duration of the change is relatively short compared

to the overall duration of the entire process. (see [5, 90, 116]).

Let an increasing sequence of points (ti)?jll be given such that 0 <¢; < t;.1, with
limy_,o tx = 00. Let tg € R™ be an arbitrary point, and assume without loss of

generality that ¢y € [0,¢;]. Consider the nonlinear instantaneous impulsive differential
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equation.

dx(t) = f(t,z(t))dt, fort £ty, k=0,1,2,---,

T(tpt1) = x(te) + Iy (x(t)), for , k=1,2,---,

z(tg) = wo.
The points t,, k = 1,2,---, are called points of instantaneous impulses and the
functions I, k =1,2,--- , are called instantaneous impulsive functions.

» Non-instantaneous impulses: When changes start at an arbitrary fixed point and

remain active on a finite time interval (see [5, 72]).

Let two increasing sequences of points (;)5°, and (s;)°, be given such that 0 <
o0

Sop <tr-- <t <8 <ty with limy_, .t = co. Let ¢y € [0, 80) U ( U [tk,Sk)> be
k=1

an arbitrary point, and assume without loss of generality that to € [0, s9). Consider

the nonlinear non-instantaneous impulsive differential equation.

dx(t) = f(t,x(t))dt, fort € (Sg,tpt1], k=0,1,2,---,

{L'(t) = ¢k (t,l’(Sk)), for t € (tkask]v k= 1a27 T

x(tog) = wo.
The intervals (ty, sx], for k =1,2,--- are called the intervals of non-instantaneous
impulses, and the functions ¢ (¢,x), fork = 1,2,---, are referred to as the non-

instantaneous impulsive functions.

Thus, impulsive differential equations has attracted considerable attention due to its
numerous applications in fields including biology, ecology, electrical engineering, and
mechanics (see ,[3, 12, 13, 23, 24, 65, 66, 68, 95, 109, 161]). Impulsive differential equations
provide an effective model for studying the evolution of processes that are prone to sudden
and abrupt changes in their states, making them a valuable tool in various scientific and
engineering disciplines.

However, the action of instantaneous impulsive phenomena seen as do not describe

some certain dynamics of evolution processes in pharmacotherapy [135]. A well-known
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application of non-instantaneous impulses is the process of inducing a vaccine and ab-
sorption of the drug by the body. The resulting absorption is gradual because it remains
active for a finite time interval [95]. This process can be modelled mathematically by
non-instantaneous impulsive differential and integro-differential equations. Recently, many
authors have established results on non-instantaneous impulse differential equations (see

[95, 98, 125]) and references therein.

5 Nonlocal Conditions

The nonlocal condition problem is a generalization of the classical condition problem,
motivated by physical issues. The pioneering work on nonlocal conditions is attributed
to Lakshmikantham and Byszewski [89]. The main rationale behind their creation is
the anticipation that the application of these field theories will provide a more elegant
and effective way to tackle problems in particle and high-energy physics, as has been
achieved with local field theories up to now. Both space and time may experience nonlocal
effects. For instance, the extension from local to nonlocal descriptions appears in the
time domain as a memory effect, which essentially indicates that past events, as well as
the system’s current state, impact an object’s actual behavior. As a result, stochastic
differential equations with nonlocal conditions have been studied by numerous researchers,
and several fundamental results on nonlocal problems have been established (see [13, 95,

102, 109, 148, 184] and the references contained therein).

6 Controllability of dynamic systems

Controllability is a key concept in modern control theory, referring to the ability to
guide a dynamic system from an initial state to a desired final state through specific
control inputs. The study of control theory began systematically in the 1960s, and since
then, it has become a crucial area of research in engineering and applied mathematics.
Controllability problems arise in various fields, includingmechanics, electricity (See [47,
103, 167]), electronics (See [34, 79, 168, 174, 177]), biology (See [61, 117, 139, 146, 157]), ,

and more. In many systems, control influences only a subset of the system’s state variables,
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rather than the entire state of the system.

In many dynamic systems, control does not affect the entire system state but is limited
to a specific part of it. This is also true in real-world industrial processes, where only part
of the system’s state may be observable. For instance, controllability can be observed in
aircraft, where control involves processes like takeoff, landing, directing the aircraft, speed
adjustment, and other operations. Controllability here is demonstrated by the ability to
steer the aircraft from one state to another using appropriate control inputs, as illustrated
in references [101, 115, 132].

From a mathematical viewpoint, a control system is a dynamic system dependent on a

control parameter. These systems are typically expressed as a differential equation:

(t) = f(t,z(t),u(t)), forallt>D0, (1)

where x is the state of the system and wu is the control. For finite-dimensional linear control
systems, Kalman [81] provided a straightforward characterization of exact controllability.
However, for nonlinear systems, the problem of controllability is significantly more complex.
Several researchers have extended the concept of exact controllability to systems with
unbounded operators in infinite dimensional Banach spaces [83, 151].

Let us consider a semilinear control system given by the form:

2'(t) = Az(t) + Bu(t) + F(x(t)), t€[0,717], (2)

where z(t) € X, u(t) € U, and X and U are Banach spaces. The operator A : X —
D(A) — X is a linear, generally unbounded operator that generates a strongly continuous
semigroup of linear bounded operators 7 : X — X for ¢ > 0, and B : U — X is a linear
bounded operator. The nonlinear operator F': X — X represents the nonlinear dynamics
of the system. For the starting condition x(0) = x¢, a mild solution to the problem (2)

satisfies the following nonlinear integral equation:

(t) = /0 "T(t — 5)Bu(s)ds + /0 Tt — $)F(x(s))ds. (3)

Controllability results for the semilinear system (2) depend heavily on the controllability

properties of the linear part of the system given by:
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2'(t) = Ax(t) + Bu(t). (4)

Now, let us define the controllability operator for the linear system (4):

¢ L7([0,T],U)

cu= [ “T(T = $)Bu(s)ds. (5)

The system (4) is said to be exactly controllable to a linear subspace V C X on [0, T]]
if V. C Range(C).

If the linear system (4) is exactly controllable to the subspace V, then we can assume,
without loss of generality, that Range(C) = V. We can then construct an invertible
operator C~! defined on C : L*([0,T],U)/ker C, such that C~! maps the target z; € V to
a suitable control function.

Now, consider the control law:

u(t) = ¢! <a:1 -/ " s)F(a:(s))ds) (t).
The control u(t) given by this equation steers the semilinear control system (2) from
the zero initial state to the state x; € V in time 7.
In [134], Quinn and Carmichael showed that a controllability problem can be trans-
formed into a fixed point problem. Using this method, several authors have explored this
subject, for example, one can consult [4, 51, 71, 76, 98, 125, 136, 149, 164, 186] and the

references therein.

7 Stability of functional equations

The Ulam-Hyers stability is a concept that arises in the study of functional equations,
particularly in the context of stability theory. It is named after the mathematicians S.M.
Ulam and D.H. Hyers, who introduced it in the 1940s. S. M. Ulam gave a wide-ranging

talk before a Mathematical Colloquium at the University of Wisconsin , where he discussed
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a variety of significant unsolved problems. Among those was the following question
concerning the stability of homomorphisms [165]:
Let G be a group and G5 a metric group with a metric d (.,.). For any ¢ > 0, there

exist a 0 > 0 such that if a function f : G; — G, satisfies

d(f(zy), [(x)f(y)) <o, forall z,yc Gy,

then there exists a homomorphism ¢ : G; — G5 such that
d(f(x),g9(x)) <e forall ze€Gy?

If the answer is affirmative, we say that the functional equation for homomorphisms is
stable.

D. H. Hyers was the first mathematician to present the result concerning the stability
of functional equations. He brilliantly answered the question of Ulam for the case where
(1 and G9 are assumed to be Banach spaces [78].

In 1978, Th. M. Rassias addressed the Hyers’s stability theorem and attempted to

weaken the condition for the bound of the norm of Cauchy difference

fle+y) — f(x) = fly),

and proved a considerably generalized result of Hyers by making use of a direct method.
HU stability, although often associated with dynamical systems, finds applications
across various fields of science and mathematics, such as biology, economics, and nonlinear

analysis (see [54, 117, 175]).

8 Description and Contributions of the Thesis

The aim of this thesis is to study the solutions of stochastic integro-differential equations
and to prove some properties of these systems. Our results are based upon very recent
fixed point theorems, semigroup theory, stochastic calculus, and numerical analysis. We
consider the following problem:

In Chapter 1, we introduce the notations and some preliminary concepts. The first

sections, 1.1, are devoted to notations and some fundamental definitions of functional
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analysis, measures of non-compactness, fixed point theorems, and properties of solutions.
In the second Section 3, some properties of fractional derivatives and differential equations
are introduced. In Section 1.3 is devoted to a brief presentation of the tools of stochastic
analysis with respect to Wiener processes and fractional Brownian motion. Finally, Sections
1.4 are devoted to the introduction of some basic numerical methods.

In Chapter 2, by employing the resolvent operator and a generalized Darbo’s fixed
point theorem, we prove the existence of mild solutions and controlabillty to a class of
SIDEs with NII driven by fractional Brownian motion with the Hurst index H > 1/2 in a
Hilbert space. The system is defined by:

(

dy(t) = Ay(t)dt + /Ot h(t — s)y(t)dsdt + o(t, y(t))dt + F(t)dW(t), t¢€ k]LVJO(Sk, trt1),

o(6) = gelt o). te U (s,

\y(O) +9(y) = yo € H.

Where A : D(A) C H — H is the infinitesimal generator of a strongly continuous semigroup
{T (t) }+>0 of bounded linear operators on a separable Hilbert space H, Let h : D(h) — H be
a closed linear operator on H, with domain D(A) C D(h), @, ¢ and F : [0,T] — L(V, H)
are appropriate functions, where £9(V,H) denotes the space of Hilbert-Schmidt operators
from V into H.

Let 0 = s =ty <t] <8 <ty < ...<ty <sy <ty =T, where T > 0,9 :
(tg, sk] x H — H is define NII function, for each k = 1,2,..., N. The state y(.) takes values
in H.The initial value gy is an Fy-measurable random variable such that E|jyo|* < oo.

In Chapter 3, we study the existence, uniqueness, UH, and UHR stability of mild
solutions for the following class of fractional stochastic integro-differential equations with
non-instantaneous impulsive and nonlocal conditions using contraction mapping theory

and Krasnoselskii’s fixed point theorem :

(502t =y + B0, Kin®) + 8 (600, Koy®) O e U (st
u(t)  =Hiltw().  te Ulsd,

L ¥(0) +v(y)=yo € H,
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where thﬁ is the Caputo fractional derivative of order 3, 8 € (5,1), A: D(A) CH— H
is the infinitesimal generator of a strongly continuous semigroup {7 (t)}:>o of bounded
linear operators on a separable Hilbert space H. Let J = [0,T], T > 0 is a constant,
h:JxHxH—)H,N:JxHxH%Handv:PC(J,H) — H are given functions
satisfying certain assumptions 0 =ty = so < t; < 51 < to < -+ <ty < Sy < ypy1 =
T, Hy, : (ty, si] x H — H are non-instantaneous impulsive functions for all k = 1,2, ---  'm,
the terms K;y(t) is given by Ky(t) = /Ot 0i(t, s)y(s)ds, where p; € C(D,R"), for i = 1,2
are the set of all positive continuous functions on D := {(t, s):0<s<t< T}, and 1 is

|? < oo.

an JFo-measurable random variable with E||yo
In Chapter 4, we investigate the strong convergence of the #-Euler-Maruyama method
for a class of stochastic Volterra integro-differential equations (SVIDEs), as presented in
the following:
( t
dY () = f(Y(t), / o (t, s)Y(s)dW(s))dt
0
t
+g <Y(t), / st S)Y(s)ds) AW (t), t e [0,T],
0

Y(0)=Y, eR

\

with the initial condition Yy, where f : R xR — R and g : R x R — R are given
functions. The kernels o; : D — R are continuous on D := {(¢,s): 0 < s <t < T} with
the norm ||0;||oc = maxy sep |0i(t, s)| for i = 1,2. Y (t) is a stochastic processes defined
on probability space (2, F,P), B(t) is a standard Brownian motion defined on the same
I

probability space. Additionally, we assume that E|Yy||* < occ.
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Chapter

Preliminaries

This chapter provides an overview of classic results in functional analysis, fractional
calculus, stochastic analysis, and numerical methods for stochastic differential equations,
which are essential for the subsequent developments of the thesis. The fundamentals of
functional analysis, fractional calculus, stochastic analysis, and numerical methods for
stochastic differential equations are discussed. Classical results in functional analysis,
as cited in [6, 15, 16, 30, 33, 63, 71, 142], are recalled, including fixed point theorems,
non-compact measure theory, generalities on semigroups, and resolvent operators. This
is followed by the presentation of mild solutions to the Cauchy problem, along with a
verification of controllability and stability properties.

In fractional calculus, as referred to in [8, 20, 37, 85, 87, 95, 131, 140, 144, 148],
the fractional derivatives of Riemann-Liouville and the Riemann-Liouville and Caputo
integrals are introduced, along with a class of fractional stochastic differential equations.
In stochastic analysis, we cite [9, 28, 29, 86, 110, 182], exploring concepts of stochastic
processes, stochastic integrals, and stochastic differential equations. Finally, in the context
of numerical methods, we mention [17, 77, 108, 158, 169, 170, 171, 178, 180, 183], where
some classical numerical techniques are discussed, and their convergence properties are

examined in relation to stochastic differential equations.

11



1. PRELIMINARIES

1.1 Some Elements of Functional Analysis

In this section, we will introduce some fundamental concepts of functional analysis that
are essential for the development of this thesis. These concepts provide the theoretical
foundation upon which the rest of the work is built. We begin with the basic properties of
measures of non-compactness, which are critical in understanding the structure of bounded
sets in Banach spaces [15, 16] . Next, we introduce fixed point theory, which provides a
powerful set of tools for analyzing the existence and behavior of solutions to equations in
functional spaces [60, 62, 121, 143, 156]. Finally, we present the classical Cauchy problem
and explore some quantitative and qualitative properties of its solutions [43, 107, 122,
129].

The concept of the measure of noncompactness emerged as a response to the limitations
of classical compactness, particularly in infinite-dimensional spaces, where compactness
does not always provide the necessary tools for analysis. As early as the 1920s and 1930s,
mathematicians began investigating compactness in infinite-dimensional spaces. However,
it wasn’t until the 1950s that the measure of noncompactness was formally introduced. In
1953, the Russian mathematician Krasnoselskii made the first systematic development of
this measure in the context of fixed point theorems for Banach spaces. The introduction of
the measure allowed for more refined analysis of operator behavior, especially concerning
nonlinear operators. This concept was later expanded by Darbo in 1955, who applied the
measure to prove the existence of fixed points for certain classes of condensing operators.
Since then, the measure of noncompactness has become an essential tool for extending
classical theorems, such as Schauder’s fixed point theorem and Banach’s contraction
principle, to more general settings. This development has significantly enriched the theory

of fixed points.

1.1.1 Some fixed point theorems

In this section, we present several fixed point theorems, some of which will be referenced
in later discussions. For further details, refer to [6, 43, 58, 60, 62, 99, 125, 128, 156].
The fixed point theory is an effective tool for solving nonlinear problems (such as

differential equations, integral differential equations, functional equations, and stochastic

12



1. PRELIMINARIES

equations...). The origins of this theory can be traced back to the works of Brouwer (1912)
and Banach (1922). Cauchy (1844) was the first mathematician to prove the existence
and uniqueness of solutions for differential equations of the form CZ;; = f(t,x), x(ty) = xo.
Later, Lipschitz (1977) extended Banach’s proof by introducing the Lipschitz condition.
Since then, this theory has become a thriving field, with many researchers contributing
numerous research papers on the subject. The development of this theory has been closely
linked to the advancement of functional analysis in the 1950s. In (1953) Karsnoselskii
introduced a new fixed point theory that combines the fixed point theory of Schauder and
Banach’s contraction principle. In addition to this work, the Italian mathematician Darbo
(1955) introduced a result that ensures the existence of a fixed point for a certain class
of condensing operators,using a measure of non-compactness. This result has been the

subject of numerous applications in both linear and nonlinear analysis. contexts.

We begin by introducing the concept of a fixed point.

Definition 1.1. Let X be any space and f a map from X to X. A point x € X is called
a fixed point if f(x) = .

Theorem 1.1. [150] (Banach’s fixed point theorem (1922)) Let C' be a nonempty closed
subset of a Banach space X, then any contraction mapping f from C' into itself has a

unique fixed point.

Theorem 1.2. [62](Schauder’s fixed point theorem (1930)) Let X be a Banach space, C
be a bounded closed convex subset of X and f : C' — C' be a compact and continuous map.

Then f has at least one fixed point in C'.

Theorem 1.3. [62](Schaefer’s fixed point theorem (1955)) Let X be a Banach space, and
f : X' — X completely continuous operator. If the set F = {x = Af(x), for some \ €
(0,1)} is bounded, then f has fixed points.

Krasnoselskii proved the following theorem, which combines the contraction principle

of Banach with the Schauder theorem.

Theorem 1.4. [60] (Krasnoselskii’s fixed point theorem (1953)) Let C' be a bounded
closed and convex subset in a Banach space X, let, and let f;, fo be maps of C' into X such

that

13
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(i) fix + fox € C for all x € C,
(ii) f1 is a contraction,
(iii) fo is completely continuous.

Then the equation fix + fox = x has a solution on C.

Definition 1.2. [43] A continuous map © : D C X — X is called an a-contraction if

there exists a constant K € [0, 1) such that for every bounded set Q C D

a(0(Q)) < Ka(Q).

Theorem 1.5. [62](Darbo’s Fixed Point Theorem (1955)) Let X be a Banach space and
C be a bounded, closed, convex and nonempty subset of X. Suppose a continuous mapping

f:C — C is such that for all closed subsets D of C,

a(f(D)) < Ka(D), (L)

where 0 < K < 1, and « is the Kuratowski measure of noncompactness. Then f has a

fixed point in C.

Remark 1.1. Mappings satisfying the condition (1.1) have subsequently been called K-set

contractions.

Theorem 1.6. [99, 156] (Generalized Darbo’s fixed point theorem) Let C be a closed
and convex subset of a real Banach space X. Suppose that ) : C — C' is a continuous

operator and Q(C) is bounded, for any bounded subset D C C'

Q'(D)=Q(D), Q"(D)=Q(c(Q (D)), n=2,3---N.

If there exists a constant 0 < A\ < 1, and a positive integer ng such that for any bounded

subset D C C.
a(Q™(D)) < 2a(Q(D)). (12)

Then () has at least one fixed point in D.

14
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Theorem 1.7. [111](Ménch’s fixed point principle) Let C be a closed, convex and bounded
subset of a Banach Space X, such that C' C X and 0 € C. Assume that F : C' — C is a

continuous map which satisfies the condition, for every subset G C C
G=({0}UF(G)) =G is compact.
Then F has at least one fixed point in X.

In 1967, Sadovskii [143] defined a new fixed point principle as follows

Theorem 1.8. [143] (Sadovskii’s fixed point principle) Let C be a closed, convex and
bounded subset of a Banach Space X, such that C' C C. If F : C' — C is a a-condensing
map.

Then F has a fixed point in X.

1.1.2 Measures of non-compactness

In this part of the thesis, we present key definitions and properties related to the Kuratowski
and Hausdorff measures of non-compactness (MNC) in Banach spaces X, essential for
understanding bounded sets in infinite dimensional spaces see [15, 16, 121] and the

references therein.

Definition 1.3. [15] Let X be a Banach space and {2x the bounded subsets of X.

The Kuratowski measure of non-compactness is the map a : Qx — [0, +00] defined by

a(D) = inf {5 >0: D C |JD; and diam(D;) < 5}, where D € Qx,
i=1
where

diam(D;) = sup {||u —v||x : u,v € D;}.
This measure of noncompactness satisfies some important properties .

Theorem 1.9. [15, 16, 121] Let X be a Banach space, C, D C X be bounded sets, then

the following properties are satisfied:

(1) Regular: if the condition a(D) =0 <= D is compact (D is relatively compact),

where D denotes the closure of D.
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(2) a(D) = a(D) = a(co(D)), where co(D) means the convex hull of D.
(3) Algebraically semiadditive, if a(C + D) < o(C) 4+ «(D),

(4) Monotone, if BC D = o(C) < a(D),

(5) Semi-homogeneity: a(kD) = |k|a(D), for any € R,

(6) Semi-additivity: a(C'U D) = max {a(C), (D)}

(7) a(CN D) =min{a(C),a(D)}

(8) Nonsingular, if (D + z) = «(D), for all x € X,

(9) Lat F : D ¢ X — X a continuous bounded mapping. We say that [ is a-Lipschitz

if there exists k > 0 such that
a(F (D)) < Ka(D),  for any bounded subset, D C §).

If, in addition, k < 1, then we say that F is a-condensing if F : D C X — X is

said to be a-condensing if and only if

a(F(D)) <a(D),  forany D C Q bounded .

(10) if D C PC([0,T],H) is bounded, then a(D(t)) < apc(D) for all t € [0,T] where
D(t) = {z(t) : x € D} C H Furthermore, if D is equicontinuous on [0, T], then D(t)
is continuous for t € [0,T], and apc(D) = supeo 1 (D(1)).

The notation «(.), ac(.), apc(.) are the Kuratowskii measure of non-compactness on the

bounded set of H, C([0,T],H) and PC(]0,T],H), respectively. For more details see [15].
Proof. See [16].

Lemma 1.1. [96] Let X be a Banach space, be bounded D C X. Then there exist a
countable set Dy C D, such that

a(D) < 2a(Dy). (1.3)

16
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Lemma 1.2. [15, 97] If G is a bounded subset in C([0,T],X), then G(t) is bounded in X,
and a(G(t)) < o(G). Furthermore, if G is also equicontinuous for all [0, T], then a(G(t))
is continuous for t € [0,T] and

a(G) = sup a(G(t)), where G(t) = {x(t) LT € G} cX.

t€[0,T]

Lemma 1.3. [15, 122] If (2™),}% is a sequence of Bochner integrable functions from [0, T
into H with the estimation ||z"(t)|| < ¥(t) for almost all t € [0,T] and every n > 0, where
¥ € LY([0,T],R) and satisfies

a({/ota:”(s)ds tn> O}) < Q/Otoz(w(s))ds,

where the function w(t) = &({x”(t) in > O}> belongs to L'([0,T],R).

Lemma 1.4. [45]. If o € C([0,T], LY(K,H)), W is a standard Wiener process, then

oz(/ota(s)dW(S)> < ﬁa(a(s)),

where

/Otg(s)dw(s) = {/Otﬁ(s)dW(s) : for all ¥ € g},

In the definition of the Kuratowski MNC, we can consider balls instead of arbitrary

sets, which leads to the definition of the Hausdorff MNC:

Definition 1.4. [16] Let X be a metric space and D be a bounded subset of X. Then the
Hausdorff measure of noncompactness (D) of the set D is the infimum of the numbers e
such that D admits a finite covering by balls of radius smaller than €. This is defined by
the formula:
The Hausdorff measure of non-compactness ;1 defined on each bounded subset D of X
by
p(D) = inf {5 >0: DC ODE (@i, 1) },

i=1

where D, (x;) is a ball of radius < ¢ centered at z;, t =1,2,--- ;n, n € N.

Remark 1.2. The Hausdorff MNC retains the same properties as the Kuratowski MNC,

as discussed in Lemma 1.1, 1.3, 1.4 and Theorem 1.9.
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The next theorem shows that the both measures «, u are in some sense equivalent.

Theorem 1.10. [16] Let X be a metric space and D be a bounded subset of X , since
the following inequality holds

u(D) < a(D) < 2u(D).

In some Banach spaces that possess a well-defined geometric structure, the inequality

above can be strengthened. For example in Hilbert spaces

V2u(D) < a(D) < 2u(D).

1.1.3 Some general theory of semigroups

In this part of the thesis, we provide a reminder of the concepts and certain properties of

semigroup theory.

Definition 1.5. [1, 130] Let X be a Banach space. A one-parameter family 7(¢), 0 <
t < 0o, of bounded linear operators from X to X is called a semigroup of bounded linear

operators on X, if
(i) 7(0) = &, (X is the identity operator on X).
(i) T(t+s)=T(t)T(s) for every t,s > 0 (the semigroup property).
A semigroup of bounded linear operators, 7 (¢), is uniformly continuous if
lsn|| 7(2) — 1] 0.

The linear operator A defined by

D(A) = {x € X :lim TOT =T ists, }
and
_ +
Az = lim Tlte -z _d Tt for © € D(A),
t—0 t dt

=0
is the infinitesimal generator of the semigroup 7 (t), D(A) is the domain of A. From the

definition it is clear that if 7 (¢) is a uniformly continuous semigroup of bounded linear

operators then

lim||T(¢) — T (s)|| = 0.

t—s
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Theorem 1.11. [130] A linear operator A is the infinitesimal generator of a uniformly

continuous semigroup if and only if A is bounded and linear.
Proof. See [130].

Definition 1.6. [130] A semigroup 7 (¢),0 < ¢ < oo, of bounded linear operators on X is

a strongly continuous semigroup of bounded linear operators if

lim 7 (t)zr =x for every z€X.
t—0

A strongly continuous semigroup of bounded linear operators on X will be called a

semigroup of class Cy or simply a Cy-semigroup.

Theorem 1.12. [130, 181] Let T (t) be a Cy-semigroup. There exist constants a > 0 and
M > 1 such that
T (@) < Me*™  for every 0 <t < oo.

Proof. See [130], [181].

Theorem 1.13. [181] assume that an operator A with the domain D(A) generates a
semigroup T (t),t > 0. Then for arbitrary v € D(A) and t > 0,

(1)
T (t)x € D(A),

(i)
jtT(t)x = AT (t)x = T (t) Az,

(i) t
T(s)x —x = /0 T (s)Azxds.

Moreover,

(iv) the domain D(A) is dense in X and the operator A is closed (i.e., its graph
{(z,A(x)),z € D(A)} is a closed subset of X x X).

Proof. See [130, 181].
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1.1.4 Some properties of resolvent operators

In this part of the thesis, we will introduce the fundamental definitions and theory of the
resolvent operator and provide applications in differential and integro-differential equations.
Let A and h(t) are closed linear operators on X and Y represents the Banach space D(A)
equipped with the graph norm defined by

lylly = [[Ayllx + llyllx, y €Y.

Let us consider the following Cauchy problem

y(t) = Ay(t) + [y h(t — s)y(s)ds ¢ >0,

y(0) =yo € X.

(1.4)

Definition 1.7. [64] A resolvent operator for (1.4) is a bounded linear operator valued

function R(t) € Ly(X) for ¢ > 0, which satisfies the following properties

(i). R(0) = X (The Identity operator of X) and ||R(¢)|| < Me?® for some constants k > 0
and 0 € R.

(ii). For each y € X, R(t)y is strongly continuous for ¢ > 0.
(iii). Fory € Y, R(.)y € C}(R",X)NC(R',Y) and

R (t)y =AR(t)y + /Ot h(t — s)R(s)yds )
=R(t)Ay + /Ot R(t — s)h(s)yds, for t>0. |

The resolvent operators have a great importance in obtaining variation of constants
formula for nonlinear systems and in studying the existence of solutions, see [46, 64].

Now, we make the following assumptions:

(Hy) The operator A is the infinitesimal generator of a strongly continuous semigroup

{T(t)}>0 on X.

(Hy) For all t > 0, h(t) is a closed linear operator from D(h) to X and h(t) € Ly(Y, X).
For any y € Y the map t — h(t)y is bounded, differentiable and the derivative

t — h'(t)y is bounded and uniformly continuous on R™.
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Lemma 1.5. [64] Assume that (H,) and (Hs) hold. Then there exists a unique resolvent
operator to the Cauchy problem(1.4).

We consider the integro-differential equation (IDE) defined as follows:
y'(t) = Ay(t) + Jy h(t — s)y(s)ds + f(t), >0
y(0) =yo € X.
where f : [0, 4+00[— H is a continuous function.

Definition 1.8. [64] A continuous function y : Rt — X is said to be a strict solution of
(1.6) if

(i) v € C'(R* . X) NC(R*,Y),
(ii) y satisfies (1.6) for ¢ > 0.

Theorem 1.14. [63, 64] Suppose R(t) is a resolvent operator for (1.6), yo € Y and
feC([0,00),Y). Ify(t) is a solution of (1.6), then

y(t) =Rty + [ Rt = 5)f(s) ds. (1.7)
Proof. Consider
w@—@)me—KRWﬂﬁ®%
/ R(t— s) (s))ds—/OtR(t—s)f(s)ds.

From Definition 1.7 (iii) it follows that for z € Y,
t
R’(t—s)y:R(t—s)Ay—i-/ R(t —7r)h(r —s)xdr.

Using the fact that Y'(¢) is a solution of (1.6) we see that

:/Ot/OSR(t—s)h(v—s)dvds
_/Ot/:R(t—r)h(r—s)x(s)drdS
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Hence, by Fubini’s theorem the result follows.

since R(t — r)h (r — s) z(s) is integrable.

This result is the standard variation of parameters formula for (1.6). Because our
problem is infinite dimensional, however, (1.7) may not, in fact, be a solution. However,

the following result is an easy consequence of the existence of a resolvent operator.

O

Definition 1.9. A continuous function y : R™ — X is said to be a strict solution of (1.6)

if y € CH(R*,X) NC(R",Y) and satisfies (1.7) for ¢ > 0.

Definition 1.10. [185] A semigroup {7 (¢) }+>¢ in X is called equicontinuous if the operator

T (t) is uniformly continuous with respect to the operator norm for every t > 0.

Lemma 1.6. [51] Let A be the infinitesimal generator of a Cy—semigroup {7 (t) }+>¢ and
that {h(t) };>0 satisfies condition (Hs). Then the resolvent operator {R(t) };~o is continuous
in the operator norm (or continuous in the uniform operator topology) for t > 0 if and

only if {T(t)}+>0 is continuous with respect to the operator norm for ¢t > 0.

1.1.5 Mild Solutions of Abstract Cauchy Problem

In this part, we will present mild solutions to the abstract Cauchy problem. To begin, we
first define the abstract Cauchy problem, which forms the foundation for analyzing these
solutions and their properties.
Let A be a linear operator on a real separable Hilbert space H, and consider the
abstract Cauchy problem:
() =Ax(t), 0<t<T (18)
x(0) = xp € H.
Definition 1.11. [57]A function x : [0,7) — H is a (classical) solution of the problem
(1.8) on [0, 7)) if = is continuous on [0,7"), continuously differentiable and x € D(A) for
t €[0,7), and (1.8) is satisfied on [0, 7).
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Argue why if o ¢ D(A) then (1.8) cannot have a solution. If A is an infinitesimal
generator of a Cy-semigroup {7 (t)},.,, then for any zy € D(A) the function x(t) =
T (t)zo,t > 0, is a solution of (1.8). On the other hand, if x ¢ D(A) then the continuity
at zero may not be a problem, but x(¢) does not have to be differentiable, unless the
Co-semigroup has additional properties, for example, when it is a differentiable semigroup.

In this case, z(t) = T (t)xo is not a solution in the usual sense, but it can be viewed as
a generalized solution, which will be called a mild solution. In fact, the concept of mild
solution can be introduced to study the following nonhomogeneous initial-value problem:

x(t) = Az(t) + f(t), 0<t<T (1.9)

X(0) =z € H,
where f:[0,7) — H.

We assume that A is an infinitesimal generator of a Cy-semigroup so that the homoge-
neous equation (1.8) has a unique solution for all zy € D(A) The definition of a classical
solution, Definition 1.11, extends to the case of the nonhomogeneous initial-value problem
by requiring that in this case, the solution satisfies (1.9). We now define the concept of a

mild solution.

Definition 1.12. Let A be an infinitesimal generator of a Cy-semigroup 7 (¢) on H, zq € H
and f € L'([0,T],H). The function € C ([0,T],H) given by

o(t) = T(H)z0 + /Ot T(t—s)f(s)ds, 0<t<T,

is the mild solution of the initial-value problem (1.9) on [0, 7.

1.1.6 Some Fundamental Principles of Controllability

In this subsection, we will discuss the fundamental properties of the controllability of
system.

Consider the linear control system

2'(t) = Ax(t) + Bu(t), x(0) = x, (1.10)
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where A generates a strongly continuous semigroup of bounded linear operators 7 (¢) on a
Banach space X and B is a bounded linear operator from a Banach space U into X. Now,
if z(.) is a classical solution of (1.10), then z(t) € D(A), for all t € [0,T].

So, in the general case when A is unbounded, D(A) # X, which means that the system

cannot be steered to all of X. Therefore, only the mild solution
t
v(t) = T(t)uo+ [ T(t = )Bus)ds, (1.11)
0
will be considered in this paper with the following definition of exact controllability.

Definition 1.13. [104, 164] The system (1.10) is said to be exactly controllable on
J =[0,T)] if, for any two points xg, r; € X, there exists a control u € L?(J,U) such that
z(T) = x1.

The following hypothesis is assumed throughout the paper:
(Hy) The linear operator W from L*(J,U) into X, defined by

Wu = /OT T(T — s)Bu(s) ds,

induces a bounded inverse operator W' defined L?(J,U)/ ker(W).
Then, by using the control

u(t) = W (xl - T(T)a:o) (1),

in (1.11), Hypothesis (Hy) yields (") = x1, and so (1.10) is exactly controllable on J.
The construction of W™ is outlined as follows (See [104, 134]). Let U = L*(J,U)/ ker(W).

Since ker(W) is closed, U is a Banach space under the norm
— inf
Jial, = et
= ik e+ @z,

Remark 1.3. Triggiani [164] proved that, if U is infinite dimensional, then the system
(1.10) is never exactly controllable when B is compact or when 7 (¢) is compact for all
t > 0. Louis and Wexler [100] proved that the system (1.10) is not exactly controllable
when there exists to > 0 such that 7 (¢y) is compact or T (¢) is differentiable. Thus, the
concept of exact controllability is too strong. At times, approximate controllability is more

useful, leading to the following definition
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Definition 1.14. [104] The system (1.10) is said to be approximately controllable on
[0, 7] if Range(W) = X. Hence, (1.10) is approximately controllable if, for any z; € X
and any € > 0, there exists a control u € L?*(J,U) such that ||z(T) — z;|| < e.

Several authors have studied the controllability of linear systems and linear delay
systems in Banach spaces (See Triggiani [164], Zhou [186], Henriquez [71]). It should
be noted that, if X is finite dimensional, then the exact controllability and approximate
controllability of a linear system are equivalent. Next, the above problems will be discussed
for nonlinear systems in Banach spaces. The following fixed point theorems are used
widely in establishing the controllability results for different types of nonlinear systems.

On the other hand, we are also concerned with understanding how to apply optimal
control theory to specific systems. Optimal control theory is a mathematical framework
used to determine the best possible control inputs that guide a dynamic system from an
initial state to a desired final state (see [52, 55, 157, 173, 174] and refernces contained
therein). This is achieved while minimizing or maximizing a specific performance measure,
often referred to as the cost functional. The cost functional typically accounts for factors
such as energy consumption, time efficiency, or overall system performance, based on a
given criterion.

Our primary focus will be on control systems (1.10) and the associated criteria, which
are commonly known as cost functionals. Specifically, we define the cost functional as

follows:

T
Jr (e ()= [ g(uo),u(®) dt + G w(T), (112)
when 7' < +oc0. If the duration of the control interval is [0, +00] , then the cost functional
+o00
Jaau)= [ gy)u)d (1.13)
Our aim will be to find a control u (.) such that for all admissible controls u (.)
Jr(x,u(.) < Jp(z,u()), (1.14)

or

J(z, () < J(zu(.). (1.15)
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There are two main methods for minimizing cost functionals (1.12) or (1.13):

Bellman’s equation: This method involves embedding the minimization problem into
a parametrized family of similar problems. The minimal value, as a function of the
parameter, satisfies an analytic relation. If the parameter is the initial state and the length
of the control interval, the minimal value of the cost functional is called the value function,
and the corresponding analytic relation is Bellman’s equation. Solving this equation allows
finding the optimal strategy in the form of a closed loop control.

Pontriagin’s maximum principle: This method provides necessary conditions for op-
timal open-loop control. It is derived using classical calculus and involves considering a
parametrized family of controls and the corresponding values of the cost functional (see

[12, 157] and refernces contained therein).

1.1.7 Some Fundamental Concepts of Ulam Stability

In this section, we discuss the stability of functional equations in Banach spaces. The
concept of stability was introduced by Ulam, Hyers, and Rassias ( for more details, see [2,
78, 142, 165, 166] ). Now, we consider the following;:

Denote by BC := BC (R*) the Banach space of all bounded and continuous functions
from R into R. Let C' C BC and let N : C'— C. We now examine the solutions of the
equation:

(Nz) (t) = (). (1.16)

We introduce the following concept of the Ulam stability for (1.16). Let ® : J — [0, 00) be

a continuous function. We consider the following inequalities:

2(t) — (Nz) (t)]| <&, ted, (1.17)
() — (Nz) (1)) < ®(t), teJ (1.18)
2(t) — (Nz) (1) < ed(t), teJ, (1.19)

Definition 1.15. [2, 166] The problem (1.16) is Ulam—Hyers stable if there exists a real
number C; > 0 such that for each € > 0 and for each solution x € BC of the inequality
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(1.17) there exists a solution y € BC of (1.16) with
lz(t) —y(t)| <eCp, te,

Definition 1.16. [2, 142] The problem (1.16) is generalized Ulam—Hyers stable if there
exists continuous functions Cy : RT™ — R with C't(0) = 0 such that for each ¢ > 0 and for

each solution x € BC of the inequality (1.17) there exists a solution y € BC of (1.16) with
2(t) =y < Cp(e), tel,

Definition 1.17. [2, 142] The problem (1.16) is Ulam-Hyers-Rassias stable with respect
to @ if there exists a real number Cf e > 0 such that for each € > 0 and for each solution

x € BC of the inequality (1.19) there exists a solution y € BC of (1.16) with
lz(t) —y(t)| < eCro® (t), teJ,

Definition 1.18. [2, 142] The problem (1.16) is generalized Ulam— Hyers—Rassias stable
with respect to @ if there exists a real number C't e > 0 such that for each solution x € BC

of the inequality (1.18) there exists a solution y € BC of (1.16) with
z(t) —y(t)] < Cra®(t), te,
Remark 1.4. It is clear that
(i) Definition 1.15 implies Definition 1.16,
(ii) Definition 1.17 implies Definition 1.18,
(iii) Definition 1.17 for ®(.) = 1 implies Definition1.15.

One can have similar remarks for the inequalities (1.17)- (1.19).

1.2 Fractional calculus

In this section, we consider some basic concepts of fractional integrals and different types
of fractional differential equations used in the context of this thesis (see [85, 144, 159,

187]).
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1.2.1 Riemann-Liouville fractional integral

Two of the most known definitions of fractional integrals are the so-called Riemann-Liouville
and Liouville integrals. First, let us consider the definition of Riemann-Liouville fractional
integration on a finite interval of the real line. More detailed information can be found in
Samko et al [144], Kilbas et al [85].

If f(t) is a continuous function on the real line, then we can form the definite integral

from a to t:
(1) () = [ f(tydn.

Repeating this process gives:

t
a

(1) @) = [ (1) e = [ dn [ deafe)

and this can be extended arbitrarily

(I"f) (1) :/atdtl /a“ dtz---/:“ it F ().

The Cauchy formula for repeated integration is

1

(" f)(t) = =1

/ Ct— 5" f(s)ds. (1.20)

The proof is given by induction. Equation (1.20) can be generalized for non-integer n,
using the Gamma function I'(n) = (n — 1)!, to remove the discrete nature of the fractional,

we obtain a fractional generalization of the integration.

1 t -1
(I°f) (t>:WL (t—s)""" f(s)ds, t>a, a>0.

This equation can be considered as a definition of fractional integration.

Definition 1.19. [187] (Left and right Riemann-Liouville fractional integrals)
Let [a,b] be a finite or infinite interval of R. The left and right RiemannLiouville
fractional integrals afff(t) and t]ff(t) of order € R* are defined by

JP () = 1“(15) /at (t—s)"" f(s)ds, t>a, a>0, (1.21)
and .
JPF() = r(l/a)/t (s— 1) f(s)ds, t<b a>0. (1.22)
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We denote by L? ([a, b]), where p > 1, the set of those Lebesgue real-valued measurable

functions f defined on [a, b], for which:

(/ab }f(x)‘pdx> 1/P < 00.

If f(x) is a function on a finite interval [a,b] such that f € L' ([a,b]).

1.2.2 Riemann-Liouville fractional derivatives

Definition 1.20. [187](Left and right Riemann-Liouville fractional derivatives).
The left and right Riemann-Liouville fractional derivatives ,Dy f(t) and ;D f(t) of
order § € R* are defined by

DEF() = oD p(r
:Mﬁ (/t (t — 5y 01 f(s)ds) Ctsa 129
and
DL = (1) D P )
X o (1.24)

“ros </tb (s—t)"—ﬁ—lf(s)ds), t<b,

respectively, where n = [5] + 1, [3] means the integer part of a.
In particular, when n = 3, then
DU f(t) = Dyf(t) = f(1),

JDEF(E) =), and  (DYf(E) = (=1)" f7(),

where f((t) is the usual derivative of f(t) of order n. If 0 < 8 < 1, then

DI = e ([0 fss) 1

T(1—73)dt
and .
DEF(t) = _r<11—/3)5t (/t (s— 1) f(s)ds> Ct<b
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1.2.3 Caputo fractional derivatives

The left and right Caputo fractional derivatives are defined via above RiemannLiouville

fractional derivatives.

Definition 1.21. [187]|(Left and right Caputo fractional derivatives)
The left and right Caputo fractional derivatives €D} f(t) and D} f(t) of order o € R*
are defined by
1 t
C B n—pF—1 p(n)
D t-(/ t— d), t>a, 1.25

and
°DJf(t) = le_ﬁ) (—=1)" (/tb (s—t)" ! f(")(s)ds) . t<b, (1.26)

respectively, where n = [5] + 1. In particular, when 0 < 8 < 1

CDL) = ([fa—srp)is), 1>

and
CDIf(t) = F(nl—ﬁ) (-)" (/tb (s —t)" P f’(s)d8> ,  t<b,

If n = 3 then, in particular,

S DIf(t) =0 Dyf(t) = f(t).

1.2.4 Fractional differential equations

In this part, we present the concept of fractional differential equations, which are an
extension of traditional differential equations involving derivatives of non-integer orders,
typically formulated using fractional calculus. These equations are used to model complex
systems with memory and hereditary properties, commonly observed in many natural and
engineering processes. We now consider the following nonlocal fractional problem in a
Banach space X.
CDPX() = (£ X(), 0<t<T,
(1.27)

X(0) + g(X) = Xo.
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WhereOCDtB is Caputo fractional derivative of order § € (0,1),¢t € J := [0,T] X, is an
element of X, f : J x X — X is continuous. The nonlocal term ¢ : C (J x X) — X is a

given function, here C (J x X) is the Banach space of all continuous functions from J into

X with the norm || X|| := sup,¢jo 1 | X(t)| for X € C(J x X).

Definition 1.22. [189] A function X € C' (J x X) is said to be a solution of the nonlocal
problem (1.27) if X satisfies the equation §D/X(t) = f (¢, X(t)), a.e. on J, and the
condition X (0) + g(X) = Xj.

Lemma 1.7. [189] A function X € C(J x X)is a solution of the fractional integral
equation
1t
X(6) = Xo = g(X) + o [ (6= )7 [ (s, X(5)) ds, (1.28)
() Jo

if and only if X is a solution of the nonlocal problem (1.27).

1.2.5 Fractional abstract evolution equations

In this subsection, we study the appropriate definition of mild solutions for fractional
differential equations (specifically, the problem (1.29)). We provide basic preliminary and
results. Consider the following Cauchy problems of fractional evolution equation with

Caputo derivative

sD/y(t) =Ay(t) + f(t,y(t), te(0,T],

y(0) +9(y) =yo € X,

(1.29)

where (C)Dtﬁ is Caputo derivative of order a, 0 < g < 1, A is the infinitesimal generator of
a strongly continuous semigroup of bounded linear operators {T(t)}tzo in Banach space
X, f:IxX—=>Xg:C(J,X)— L(J,X) are given operators satisfying some assumptions
and g is an element of the Banach space X.

The following lemma is essential for introducing mild solutions to equation (1.29).

Lemma 1.8. [187] If

y(t) =vo — gly) + F(lﬂ) + /Ot (t— s)ﬁf1 <Ay(s) + f(s, y(s)))ds, fort > 0, (1.30)
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holds, then we have

t -1
y(t) = U®) (o — 9(y) + [ (t=5)""'V(t = 5)f(s.y(s))ds, (131)
where
Ut) = [ osmT@r)dr, V() =8 [ roa()T(r)dr,
0 0
1 1 & n— r 1
op(r) = —T_l_%gp(r_%) and g,(r)==>_(—1) 170,5”,1M sin(nm ),
s T n!
o3(r) is a probability density function defined on (0, c0) .
For more details of the Lemma 1.8 proof, see [187]
Remark 1.5. o3(r) >0, r € (0,00), [~ og(r)dr =1, Jo" rog(r)dr = F(11+ﬁ)

Due to Lemma 1.8, we give the following definition of the mild solution of (1.29)

Definition 1.23. [187]|By the mild solution of the nonlocal Cauchy problem (1.29), we
mean that the function X € C (J,X) which satisfies

y(t) =U(t) (yo — g(y)) + /Ot (t — s)ﬁAV(t —3)f(s,y(s))ds, for t € [0,T].

Suppose that A is the infinitesimal generator of a Cy-semigroup {T(t)}tzo of uniformly
bounded linear operators on Banach space X. This means that there exists M > 1 such

that M = sup [|T(t)] < oo.
te[0,7

Lemma 1.9. [188] The operators {U(t)},5, and {V (t)},5, satisfy the following properties:
(i) For any fixed t > 0,U(t) and V (t) are strongly continuous.

(ii) For any fixed t > 0,U(t) and V (t) are linear bounded operators, moreover for any
y € H,
o] < Ml Vo] < ol
)
(iii) If{T(t)},, Is an equicontinuous semigroup, then U(t) and V (t) are continuous for

t > 0 by the operator norm, which means that for 0 < 7, < 75 < T, we have

HU(TQ) _U(n)

—0 and HV(TQ) —V(n)

—0 as 7T — 7.

32



1. PRELIMINARIES

(vi) For everyt >0, U(t) and V (t) are also compact operators if T (t)is compact for every
t>0.

Lemma 1.10. [188] If the assumption (H,) is satisfied, then U(t) and V(t) are also

compact operators for every t > 0,.

1.3 Some Elements of Stochastic Analysis

In this section, we reviewed the key concepts related to stochastic analysis and probability
theory. We introduced the stochastic process involving the concept of Brownian motion,
also known as the Wiener process. We also explored its fractional case (fractional Brownian
motion) with the Hurst parameter. Then, we defined the It stochastic integral. Finally,
we presented the stochastic differential equation, and for more details, refer to [11, 25, 27,
84, 86, 107, 110, 118, 120, 123].

Let X be Banach Spaces, and {W (t)},5, be a Wiener process (Brownian motion) on a
complete filtered probability space <Q7 FAFt} 0 P) with the filtration {F;},., satisfying

the usual conditions.

1.3.1 Basic definitions and concepts
In this part, we introduce some fundamental concepts of probability theory.

Definition 1.24. [27, 107](c-algebra)
If Q is a given set, then a o-algebra F is a family of subsets of €2, should have the

following properties:
(i) 0, Qe F,
(i) Ae F = A° € F, where A° = Q — A is the complement of A in €,
(iil) {Ai}is; CF = U2 A € F.
The pair (2, F) is called a measurable space.

Definition 1.25. [27, 107]A probability measure P on a measurable space (£, F) is a
function P : F — [0, 1] such that
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(ii) for any disjoint sequence (A;);>1 (i.e. A;NA; =0if i # j) then
o(04) =5 ria
i=1 =1
The triple (€2, F, P) is called a probability space.
Definition 1.26. [107](€2, F, P) is a probability space, we set
F = {AC Q: B,C € F such thatB ¢ A c C, P(B) :P(C)}.

Then F is a o-algebra and is called the completion of F.
Now (Q, F, P) is a complete probability space.

Definition 1.27. [123] Given any family U of subsets of €2 there is a smallest o-algebra

Hys containing U, namely
Hu =) {’H, H o-algebra of 0, U C ?-[}
‘Hy, is called the o-algebra generated by U.

Definition 1.28. [123] If (Q2, F, P) is a given probability space, then a function Y : Q —

R" is called F-measurable if
Y YV) = {w €Q; Y(w) € V} € F,
for all open sets V € R™ (or, equivalently, for all Borel sets V' C R").
Definition 1.29. [86] Every random variable X defines a o-algebra
Hx = {X—l(D), D¢ B},

where B is the Borel o-algebra on R”, We denote this algebra by Hx and call it the
o-algebra generated by X.

Definition 1.30. [86] A function X € Q@ — R” is called a random variable, if it is a
measurable map from (2, F) to (R", B), where B is the Borel o-algebra of R".
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Definition 1.31. [107]A random variable X is an F-measurable function X : 2 — R™.

Every random variable induces a probability measure px on R™, deflned by

px is called the distribution of X.

Definition 1.32. [123]Given X in L' (Q, F, P,X) := L', we denote by E [X] the Bochner

integral
E[X] = / X|dP = / wdpx (z)
Q R"
is called to be the expectation (or the mean) of X

More generally, if f : R"™ — R is Borel measurable and [, |f| dP < oo then we have

E(f(X)]:= [ | O1dP = [ f(a)dux(a).

The vector space L' is called the space of integrable random variables. Similarly, for
p > 1, denote LP as the set of random variables X for which E[|X|?] < occ.
Let X and Xj, for £ > 1, be R"valued random variables. s. The following four

concepts of convergence are crucial in probability theory:

(i) Almost Sure Convergence: If there exists a P-null set 0y € F (i.e., Qp € F with
P (£20) = 0) such that for every w ¢ Qq, the sequence {X(w)} converges to X (w) in
the usual sense in R", then we say that the sequence { X;(w)} converge to X almost

surely, or with probability 1, and we write

lim X, =X a.s.

k—o00

(ii) Convergence in Probability: If for every e > 0,
P{w L Xe(w) — X (w)] > e} —0 as k— oo,

then we say that the sequence {X}} converge to X in probability. This is also called

stochastic convergence.
(iii) Convergence in LP (Moment Convergence): If X} and X belong to L and
E[| X, — X]|"] =0,

then we say that {X} converge to X in p th moment or in L?.
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(iv) Convergence in Distribution: If for every real-valued continuous bounded function f

defined on R",
lim Ef(X,) = Ef ().

then we say that the sequence {X}} converge to X in distribution.

These convergence concepts have the following relationship:

Convergence in LP

Almost Sure Convergence —— Convergence in Probability

Convergence in Distribution

We now state some very important integration convergence theorems.

Theorem 1.15. [86, 107](Monotone convergence theorem, Beppo Lévi 1906) Let (Xy) be

an increasing sequence of nonnegative random variables in L”, then

—00

k—o0

Proof. Can be found in [86].

Theorem 1.16. [86](Fatou lemma, 1906) Let (Xj) be a sequence of random variables in
LP with | Xx| < X a.s., where X € LP. Then

E [lign inf Xk] < lilgn inf E(X;) <limsupE [X;] <E {lim sup Xk} .
— 00 — 00

k—o0 k—o0

Proof. See [86].

Theorem 1.17. [86, 107](Lebesgue’s dominated convergence theorem, 1902) Let p >
1, {Xy} be a sequence in L” with |X| <Y a.s., where Y € LP, and X, — X almost
everywhere. Then X € LP, (X}) converges to X in LP, and

lim E (X;) = E(X).

k—o00

When Y is bounded, this is also known as the bounded convergence theorem.
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Proof. See [86].
Let {Ax} be a sequence of sets in F. The upper limit of the sets is defined as:

lim sup Ay, = {w : w € Ay, for infinitely many k:} = ﬂ U Apg.

k—o0 i=1 k=i

This set belongs to F, and its probability can be analyzed using the Borel-Cantelli Lemma.
Lemma 1.11. [107](Borel-Cantelli’s lemma)
(i) Let (Ag)ren C F be a sequence of events. If :

Z P(Ak) < 00,

k=1

then
P( lim sup Ak> = 0.
k
That is, there exists a set 0y € F with P(€y) = 1 and an integer-valued random variable

ko such that for every w € Qo we have w ¢ Ay for all k > ko(w).

(ii) If the sequence (Ax)ren C F be a sequence of independent events. If ioj P(Ay) = o0,
k=1
then

P<limsupAk) =1
k
Proof. See [27]

The mathematical model for independence is the following:
Definition 1.33. [123]

- Two subsets A, B € F are called independent if
P(ANB) = P(A) - P(B).
- A collection A = {”Hi; 1€1 } of families H; of measurable sets is independent if
P(H, 0 0H,) = P(,) - P(H,),

for all choices of H;, € H;,,--- , H;, € H;, with difierent indices iy, - - , %.
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- A collection of random variables {X;},; is independent if the collection of generated

o-algebras Hx, is independent.

If two random variables X,Y :  — R are independent then
E[XY} = IE[X} E[Y}
provided that IE[X } < oo and E[Y} < 00.

Definition 1.34. [84]A filtered an increasing collection of sub-o-algebras of F (i.e. F; C
Fs for all 0 <t < s < oo ) in complete probability space (€2, F, (Ft)i>0, P) satisfying the

condition

(i) Fo contains all the P-null sets of F,
(i) Fi = Nsst Fs for all 0 <t < oo that is, the filtration F; is right continuous.
Definition 1.35. [84]A stopping time 7 is a function from €2 to NU {oo} such that
{T=n} e F, Vn<oc.

Definition 1.36. [133]A random variable 7 : 2 — [0, o0] is a stopping time if the event
{r <t} e F,every t, 0 <t <o0.

One important consequence of the right continuity of the filtration is the following

theorem.

Theorem 1.18. [133] The event {17 <t} € F;, 0 <t < o0, if and only if T is a stopping

time.

Proof. Since {7 <t} = Mjcycipre {7 < u}, any € > 0, we have {7 <t} =N,~; Fu = Fi, 80
T is a stopping time. For the converse, {7 <t} = U0 {7 <t —€}, and {7 <t —¢€} €

Fi_e, hence also in F;.

Definition 1.37. [53] Let 7 be a stopping time and X an adapted process. The stopped

random variable X is defined by
Xvﬁr (w) = Z Xn (w) 1{T:n}.
n=0

Note that by definition, X; = X 1.
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1.3.2 Stochastic processes

In this section, we define stochastic processes and discuss their key properties, starting with
Kolmogorov’s approach, which views stochastic processes as families of random variables
defined on a probability space, indexed by time. For further details, see [11, 84, 86, 110,
123].

Definition 1.38. [28, 86, 123]

A family {X;},.; of R%valued random variables is called a stochastic process deflned on
a probability space (€2, F, P) with parameter set J and state space R?. The parameter set
J is usually the halfline R*™ = [0, 00), but it may also be an interval [a, b], the non-negative

integers and even subsets of R? for d > 1.

Sometimes it is convenient to write X (¢,w) instead of X;(w). Thus we may also regard

the process as a function of two variables
(t,w) = X(t,w),

from J x € into R,
Whenever convenient the notation {X (¢t,w)} or simply {X(¢)} will be used.

Note that for each t € J fixed we have a random variable
w— Xi(w); we.
On the other hand, flxing w € 2 we can consider the function
t— Xi(w), ted,
which is called a path of Xj.

Definition 1.39. [36]
Let {X;},5, be a stochastic process taking values in R?. The process is said to be
continuous (resp. right continuous, left continuous) if for almost all w € Q) function

X¢(w) is continuous (resp. right continuous, left continuous) on ¢ > 0.

Definition 1.40. [107] Let {X,},., be a stochastic process taking values in R?. The
process is said to be cadlag (right continuous and left limit) if it is right continuous and

for almost all w € Q the left limit lim X(w) exists and is finite for all ¢ > 0.
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Definition 1.41. [127]
A stochastic process {X;},5 is called integrable if for every ¢ > 0, X;, is an integrable

random variable.

Definition 1.42. [86] A stochastic process {X;},5, taking values in R? is said to be
measurable if the stochastic process regarded as a function of (¢, w) from R* x Q to R™ is

B(R*) x F-measurable, where B(R™) is the family of all Borel subsets of R*.

Definition 1.43. [107] A stochastic process is progressively measurable or progressive if,
for every T'> 0, { X4}, , Is measurable with respect to B([0, T]) x Fr , where B([0, T])
is the family of all Borel subsets of [0, T].

Definition 1.44. [84]A stochastic process X = {X;},. defined on (€2, F, P) is a collection
of R-valued or R%-valued random variables. It is said to be JF; -adapted (or adapted ) if,

for each t, X; is Fi-measurable.

Definition 1.45. [107] Let O (resp. P) denote the smallest o-algebra on R x Q with
respect to which every cadlag adapted process (resp. left continuous process) is a measurable

function of (¢,w).

Definition 1.46. [107] A stochastic process is said to be optional (resp. predictable) if it

is measurable with respect to O (resp. P).

Definition 1.47. [107] A process {X;},., is called an increasing if, for almost all w €

2, X;(w) is non-negative non-decreasing right continuous for ¢ > 0.

Definition 1.48. [107] A stochastic process is called to be of finite variation if X; =
X, — X, with both {)_(t} and {Xt} are increasing processes.

These processes are cadlag, and thus, adapted processes of finite variation are optional.

The relations among the various stochastic processes are summarised below:
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continuous adapted continuous adapted adapted increasing
left continuous adapted cadlag adapted «—— adapted finite variation
predictable optional

progressive —— adapted

measurable

Definition 1.49. [123] Let {X;},., and {Y;},., be stochastic processes on (Q, F, P).
Then we say that {X;},., is a version of (or a modification) of {Y;},,, if for all t > 0, X; =
Y, a.s.

i.e.

P({w D Xi(w) = Y}(w)}) =1, Vt>0.

Note that if X, is a version of Y;, then X; and Y; have the same flnite dimensional

distributions.

Definition 1.50. [127] Two stochastic processes {X;},5, and {Y:},, are said to be
indistinguishable if for almost all w € Q, we have X;(w) = Y;(w) for all £ > 0 i.e.

P({w . Xy(w) =Y (w), forallt> O}) = 1.

To illustrate that the (flnite-dimensional) distributions alone do not give all the information

regarding the continuity properties of a process, consider the following example:

Example 1.1. [123]|Let (2, F, P) = ([0, 00), B, 1) where B denotes the Borel o-algebra
on [0,00) and p is a probability measure on [0, 00) with no mass on single points. Deflne

1 ft=w
Xi(w) =

0 otherwise
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and

Yi(w) =0 for all (t,w) € [0,00) x [0, 00).

Prove that {X,} and {Y;} have the same distributions and that X} is a version of ¥;. And
yet we have that ¢t — Y;(w) is continuous for all w, while t — X;(w) is discontinuous for

all w.

Definition 1.51. [107] An adapted integrable process {M;},,is called a martingale with

respect to F; (or martingale) if
E(Mt|}"s) =M, as. forall0 <s<t< oo.

Definition 1.52. [57] A process {M;},, which is adapted and integrable, is called a

supermartingale with respect to F; (or supermartingale) if
E(Mt|]-"s) < M, as. forall0<s<t< .

Definition 1.53. [107] A process {M,},., which is adapted and integrable,is called a

submartingale with respect to F; (or submartingale) if
E(Mt|.7:s) > M, as. forall0 < s <t < oo.

The following is the well-known Doob martingale stopping theorem.

Theorem 1.19. [57, 107](Doob’s martingale stopping theorem) Let {M;},-, be an R,,-

valued martingale with respect to JF;, and let ¢, o be two finite stopping times. Then
E(M<|}"g) = M, a.s.
In particular, for any stopping time 7, we have
E(M | Fs) = Myps as., forall0<s<t<oo.

This implies that the stopped process { M, ;} remains a martingale with respect to the

same filtration F;.
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1.3.3 Brownian Motion: Wiener Process

Brownian motion refers to the irregular movement of pollen grains suspended in water, first
observed by the Scottish botanist Robert Brown in 1828. This motion was later explained
by the random collisions of the pollen with water molecules. To mathematically describe
this phenomenon, we use the concept of a stochastic process W (t), which represents the

position of the pollen grain at time t.

Definition 1.54. [107, 127] Let (2, F, P) be a probability space with a filtration {F},. -
A ( one-dimensional) standard Brownian motion (or Wiener process) is a continuous

stochastic process W : Q x [0, co[— R such that:
(i) Wo =0 a.s.,
(i) for any 0 < s < t < oo, the increment W; — W; is normally distributed with mean
zero and variance t — s, i.e., By — By~ N(0,t — s),

(iii) for each 0 =ty < t; < -+ < ty and k > 2, the increment W;, — BW;,,W,, —

Wy, -, Wy, — W,, | are independent random variables.
{Wi},50 is called a standard Brownian motion.

Definition 1.55. [129] A continuous stochastic process {W;}, is called a n-dimensional
Brownian motion with values in R™ if one of the following three equivalent properties
(i)—(iii) holds:

(i) its components {W}'},5, -+, {W/},5, are mutually independent scalar Brownian

motions,
(i) (1) Wy =0 a.s.,
(2) Wy — Wy~ N(0,t — 8) 15, for any 0 < s <t < o0,
(3) Wiy — Wiy, Wey = Wy, -+ Wy, — Wy, | are independent random variables for

eachO0=ty<t; <---<tpand k> 2.

(ili) {W:}, is a n-dimensional continuous centered Gaussian process whose covariance

function is given by

E(W W) = (tAS)laxn, t,s>0.
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Theorem 1.20. [127] (Kolmogorov’s continuity theorem)Given a stochastic process { Xi},c(, )

if there exist constants p,r, K > 0 satisfies
E(X,— X,J") < K|t—s|""", fors,te]ab],

, then there exists a modification (or version) of {Xi},(,, that is a continuous process

and whose paths are Hélder continuous for every § € [0,7/p].

Proof. For a proof see [154].

1.3.4 Stochastic Integral

The Stochastic Integral(It6 integral), a key concept in stochastic calculus, was introduced
in the 1940s by Japanese mathematician Kiyosi [t6. It allows the integration of functions
with respect to stochastic processes, such as Brownian motion. This innovation has become
foundational in many fields, particularly in the modeling of systems with random behavior.
[ta’s work laid the groundwork for stochastic differential equations (SDEs) and transformed
the mathematical treatment of randomness in various disciplines [40, 107].

Let us first introduce the concept of elementary (simple) processes.

Definition 1.56. [107] A stochastic process g = {g(t)};cj7is called an elementary pro-
cess if there exists a partition 0 =ty < t; < --- < t, = T of the interval [0,7T], and

bounded random variables e;, 0 < ¢ < n — 1 such that e; is F;,- measurable and

n—1
g(t) = el (t). (1.32)
1=0

where X, 4, ,)(t) is the indicator function on the interval [¢;,t;41).

Let A denote the family of all elementary processes.

Clearly, A € M?([0,T],R). We now give the definition of the Itd integral for elementary

processes.

Definition 1.57. [107] For a elementary process g with the form of (1.32) in A, define

[} o) = 3 (W) - W),
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is call it the stochastic integral of g with respect to the Brownian motion {W(¢)} or the
[to integral.

stochastic integral fOT g(t)dW; is F;,-measurable. We shall now show that it belongs to
L*(Q,R).
Example 1.2. Consider the function g given by

g(t) = Z eil[i-Q*”,(i+1).2*”)(t>a (1.33)
i>0

where Aj,4)(t) denotes the indicator function and n € N.

For functions of this form, it is reasonable to define the It6 integral [*g(r)dW (r),

where W (t) is a standard Brownian motion. The integral is given by:

t n—1
[ a)aw @) = X ei(W(ri) = W),
s i=0
where
k-2 ifs<k-27"<t,

Tk:T;(gn)I s, if £-27" <s,

t, if k27" > ¢
Next, we choose the following two functions: Choose
qi(r) = Z VVZ'-Q*”1[’&-2*",(1’—&-1)-2*")(7‘)7
i>0
where W, ,-» represents the value of the Brownian motion W (t) at time i - 27".
92(7“) = Z W(z'+1)2*"1[@'-2*",(1‘4—1)-2*”)(r>-
>0

where W(;11).o-» represents the value of W (t) at time (i 4 1) -27".

Then

lﬁfmmmwﬂzzEWWWWmﬂ4WMW

i>0
since {W(¢)},5, has independent increments. Since {W(t)},, is a standard Brownian
motion, the increments W (t;11) — W (¢;) are independent of W (t;), and have mean zero.

Hence:

e\ [ amawe) =0
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But

E [/Ot gg(T)dW(T)} =Y E[W(tip1) (W(tiza) — W(t))]

120

=SB [(W(tin) - W(t:)*] =t,

120

above the function ¢; is elementary while g, is not.

Lemma 1.12. [107] Let g,h € A be piecewise functions. Then they have the properties
that

) )
E|[ gtaw()| =o

e ([ swaw) | =e[[ wora],

(ii)

(iii)

Proof. See [35, 107]

For functions f € M?([0,T],R) we will now show how to deflne the It6 integral

T(p)=[ faw),

where W (t) is standard Brownian motion.

We deflne Z (g,) for a elementary functions g,. Then we show that each f €
M?2([0,T],R), we approximate them by elementary processes g,(t). This means we
can express any square-integrable processes f(t) as a limit of elementary processes g, (t).
In this case, the It6 integral for f(¢) is defined as:

T T
| o aw = tim [ g, dw ().

0

This ensures that the It0 integral is well-defined for square-integrable functions.

The It0 integral has several important properties. We first observe the following:
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Lemma 1.13. [107] Let f, f1, fo € M?([0,T],R), and Cy,Cy € R. Then

(i) i
/0 f(t)dW (t) is F;- measurable,
(i) T
e| [ rwawo)] o
(i) ) 2 T
E[(/O f(t)dW(t)> ] =E[/O (f(t))th], (Ito isometry),
(vi)

/OT [Olfl(t) + O2f2(t)} dW (t) = C /OT f1()dW (t) + Cq /OT fo()dW (t).
Theorem 1.21. [107] Let p < 2, f € M?([0,T],R) such that

E/0T|f(t)|pdt<oo.

Then

e[ smaw )| < (p(p;”) TR [

In particular, for p = 2, there is equality.

Proof. See [107].

Now, we proceed to define the stochastic integrals with stopping time. We observe that if
7 is an {F; }-stopping time, then the process {1[0771 (t)}t<0 is a bounded right continuous
{Fi}-adapted process.

Definition 1.58. [107] Let f € M?([0,T],R), and let 7 be an {F;}-stopping time
such that 0 < 7 < T. Then, {1j(t)f(t)},c,cp € M?([0,T],R). Thus, we define the

stochastic integral with stopping time as:

[ swaw ) = [“oatf0av ).
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1.3.5 Fractional Brownian Motion

Fractional Brownian motion (FBM), introduced by Andrey Kolmogorov in 1940 [87],
generalizes standard Brownian motion by incorporating memory effects and long-range
dependence, characterized by the Hurst exponent. It was further studied by Yaglom in
[176]. The term fractional Brownian motion was coined by Mandelbrot and Van Ness in
1968 [106], where they provided a stochastic integral representation of the process in terms

of standard Brownian motion. For more details, see [4, 41, 42, 118, 136].

Definition 1.59. [106, 118] A fractional Brownian motion (FBM) {W# (#)};>¢ of Hurst
parameter H € (0,1), is a continuous and centered Gaussian process with covariance

function
1
Ry(t,s) = E(WHH)WH(s)) := 5 (T4 — |t =), for t,s>0.

Remark 1.6. For H = %, fractional Brownian motion becomes the standard Brownian

motion.

By Definition 1.59 we obtain that a standard FBM {W# (¢)},>¢ has the following properties:

Now, we introduce the Wiener integral with respect to the one-dimensional FBM. Let
T > 0 and denote by A the linear space of R- valued step functions on [0, 7], that is ¢ € A
if .

o) = > yiXis,r.0)(t), forall ¢ € 0,77,

i=1

where X, is the indicator function, y; e Rand 0 =t <to < ---t,, =1T.

tiy1)

For ¢ € A we define its Wiener integral with respect to 3% by

T m—
| o)™ s) z (B (ta) — 87 (1).
Let H be the Hilbert space defined as the closure of A with respect to the scalar product
(Xo,0: Xo,s)) g = Rult,s).

Then the mapping
= Z Yo~ [ G)B(5)
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(i) For H > %, the covariance of the FBM can be written as
t rs
Ry (t,s) = H (2H — 1)/ / | — u‘QH*zdudr.
0 Jo

We can rewrite
)H—1/2

‘szz B (ru

- B(2—2H, H-1/2

TAU
|r—u ) / O 2 (= )2 — )2 ) (1.34)
0

with 3 (21, 22) =T (21) T (22) /T (21 + 22) ia the Beta function and T' () = [5° t* e 'dt

is the Gamma function.

Counsider now the deterministic kernel

1 t
Ky(t,s) = CHSTH/ (u— s)H’%uH’%du, (1.35)

s

where Cy = \/H(QH —1)/8(2—-2H,H — }), t > s. Then we have that

tAs
Raa(ts) = [ Kielt, ) Kie(s, uydu

since by (1.34) it follows that

tAs tAs t 3 1
Ki(t,u)Kg (s, u)du :C’IQ}/ (/ (x — u)H_2:UH_2d93>
0 u
.</s(y — u)Hngédy>u12H du
=2 /t /S (xy)H—§</tAS Wl 2H (g )=
" Jo Jo 0

1 t s
2 _ _ =t o \2H-2 _
=Cyp (2 2H H 2)/0 /0 (x —y) dydxr = Ry(t,s).

0

ol

(y — u)Hgdu) dy dx

Note also that with a change of variable in (1.35), Kg(t,s) can be expressed
equivalently as

H-1/2 [t p-s t -z
KH(t,S):CH(t—8)+_//OUH_§ (1—<l—>u> du.

S

For further details see [41, 42]

(ii) For H < 3, the kernel

tH-1/2

1 t
KK(t,S) — OH v (t o S)H_1/2 - <H . 2) 81/2_H/ (u . S)H—l/Z uH_g/Q :
S S
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with Cy = \/QH/((l —2H) (1 —2H,H +1/2)), and t > s satisfies
tAs
Rult, s) = / Kt u) K (s, u)du. (1.36)
0
For a detailed proof of equation (1.36), see [42] and the fact that
(iii) For H = 1, we have Ky (t,5) = Xjog(s),

In order to define the Wiener integrals with respect to W# | we introduce the so-called

reproducing kernel Hilbert space denoted by H.

Definition 1.60. [22] The reproducing kernel Hilbert space, denoted by H, associated to
WH for every H € (0,1), is defined as the closure of the vector space spanned by the set
of functions Ry(t,.), t € [0,T] with respect to the scalar product

(Ru(t,.), Ru(s,.)) = Ru(t,s), Vit se[0,T]. (1.37)

In the case of standard Brownian motion, there exists a nice characterization of H,
which coincides with the space of absolutely continuous functions, vanishing at 0, with

square-integrable derivative.

Consider the operator Ky induced by the kernel Ky (t,s) on L?([0,T]) for H > 3 as

follows:
(Kuf)(t / Ku(t,s)

is an isometry between /A and the linear space span {5 (t) }1cpo,71, which can be extended
to an isometry between H and the first Wiener chaos of the fractional Brownian motion
span™ D {pH (t ) }eepo,r (see [163]). The image of an element ¢ € H by this isometry is
called the Wiener integral of ¢ with respect to 8. Our next goal is to give an explicit
expression for this integral. To this end, we consider the square integrable kernel with
He (3,1).

Kpy(t,s) = Cysz 1 /:(u — S)H’%UH’%du,

where Cy = B(;I—(Q%}{_I;—)%)’ t > s and fJ(.,.) signifies the Beta function.

Observe that by representation for the square integrable kernel Ky (t,s), we obtain

0Ky _ (t)“f gy
W(t,s)—CH . (u—s)" 2.
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Now, we present the linear operator Kj; : A — L?([0,T]), which is defined as follows:

. T 0Ky
(K37)(s) = / T ()5 (¢, s)dt.

Then
(Kir&om) (s) = Kn(t, 5)Xio(s), (1.38)

by equation (1.38) it follows that the operator (K7j;) is an isometry between the space A
of elementary functions and L?*([0,T]) that can be extended to the Hilbert space H (see
[11]). This is because

(KhLoa, Kirlos) oo (B2 (t-) Yo, K (5,2) Los)) ooy
tAs
= KH (t,u) KH (S,U) du
0
=Ry (t,s) = (1[0,t]> 1[(LS])H'

The operator K7j; can be rewritten by using the means of fractional calculus.

Taking {W(t)},c(o.r) defined by
W(t) = 8" ((Kj;) o),
W is a Brownian motion, 3 and has the Wiener integral form shown below
51(0) = [ Kult, ) (s)
Furthermore, for any ¢ € A,
T T
| oas™s) = [ (<o 0w ).
if and only if Kj¢ € L*([0,T7]). Also
Li([0,7]) = {¢ € A, K¢ € L*([0,T))},
for all H > % we can observe
LY7H([0, 1) < Lig([0, T1).

see [110]. Furthermore, the following beneficial finding holds:
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Lemma 1.14. [120] For ¢ € L# ([0, T])

H(2H 1) / / $)S(0)l[t — s 2dtds < cll]? (1.39)

L (jo,1])°

Next we are interested in considering a FBM with values in a Hilbert space and giving
the Definition of the corresponding stochastic integral.

Let ¢ € Ly(V,H) be a non-negative self-adjoint operator. Defined by L}(V,H) the
space of all £ € Ly(V,H) such that £62 is a Hilbert-Schmidt operator. The norm is given
by

|€|LO (V,H) (&bf )
Let {85 (t)},en be a sequence of two-sided one-dimensional standard fractional Brow-

nian motions mutually independent on (2, F,P) . When one considers the following

series

S B (t)e, t>0,
=1

where {e;},.y is a complete orthonormal basis in K does not necessarily converge in the
space K Thus, we consider a H-valued stochastic process W#(t) given formally by the

following series:

Zﬁ Dgre, 20,
which is well-defined as a V-valued ¢-cylindrical fractional Brownian motion. Let ¢ :

[0,T] — LY(V,H) such that

ZHK* (vo2e)l, 4, < o0. (1.40)

7 (j0,7],H)

Definition 1.61. [36] Let v : [0,7] — L}(V,H) be a given function, satisfy (1.40). The
stochastic integral of v with respect to W is defined by

/Ot s)dW™H (s Z/ (s)pZesdpl (s) Z/ (K3 (vo2er)) (s)dW (s).

Notice that if
ZHU )¢ el (o < % (1.41)

then in particular (1.40) holds, which follows immediately from (1.39).
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Lemma 1.15. [25] If H € (1,1), then for any ¢ : [0,T] — L9(V,H) satisfies
t
100 1zgey yds < o,

then the series in (1.41) is well defined as a H—valued random variable and we have

t 2 t
B [/ ot <2 (ool .

1.3.6 Stochastic differential equations

In this section, we introduce the concept of a Stochastic Differential Equation (SDE)

We consider semilinear SDEs on [0, 7] in H. The general form of such SDE is

Problem 1.1. Consider the simple population growth model

dN
i a(t)N(t), N(0) = Ny (constant) (1.42)
where N (t) is the size of the population at time ¢, and a(t) is the relative rate of growth at
time t. It might happen that a(t) is not completely known, but subject to some random

environmental efiects, so that we have
a(t) =r(t) + "noise" ,

where we do not know the exact behaviour of the noise term, only its probability distribution.

The function r(¢) is assumed to be nonrandom. How do we solve (1.42) in this case?

We now turn to the question of finding a reasonable mathematical interpretation of
the "noise" term in the equation of Problem 1.1 in the Introduction:

CZZ — (r(t) + "noise" >N(t)7

or more generally in equations of the form

dN
E = M(t, Xt) -+ U(t, Xt) “noise”, (143)

where b and ¢ are some given functions. Let us flrst concentrate on the case when the noise
is 1-dimensional. It is reasonable to look for some stochastic process W (t) to represent

the noise term, so that
dN

= e, X))+ ot X)W (@), (1.44)
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Based on many situations, for example in engineering, one is led to assume that 1/ (.) has,

at least approximately, these properties:
(i) t1 # ts = W,, and W,, are independent.

(ii) {W,} is stationary, i.e. the (joint) distribution of {W;, 44, -, Wi, 4+} does not depend

on t.
(iii) E[W;] = 0 for all ¢.

Definition 1.62. Let {N;},,, be an increasing family of o-algebras of subsets of 2. A
process o(t,w) : [0,00) x © — R™ is called N;-adapted if for each ¢ > 0 the function

w— o(t,w)
is N;-measurable.

We now describe our class of functions for which the 1t6 integral will be deflned:

[40] To this purpose, stochastic differential equations (SDEs)

dX =p(t, X(8))dt + o(t, X (£))dW (1), t >0,
X(0) =Xo,

(1.45)

are characterized by a right-hand side depending on two terms:

the function p : R — R?, well-known as drift of the problem, that is the coefficient of
its deterministic part;

the function p : R? — R%™ denoted in the literature as diffusion of the problem, that
is the coefficient of its stochastic part.

The term. W (t) in (1.45) is a m-dimensional standard Wiener process and, due to its
nowhere differentiability (with probability 1), the representation given in (1.45) is only a

shorthand notation for its integral counterpart
t t
X@:X@+/u@X@MHMf@X@MW@ (1.46)
0 0

If the stochastic integral in the right-hand side of (1.46) is the It6 integral.
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1.4 Numerical Methods for Stochastic Differential

Equations

In this section, we introduce some numerical methods originally developed for deterministic
differential equations and later extended to stochastic differential equations. We focus on
the fundamental issues related to accuracy, stability, and conservation in the numerical
dynamics used in this thesis. For further reading, comprehensive references such as [17,
32, 40, 44, 91, 171, 183], among others, are useful.

we aim to provide a discretization of the Wiener process. W (t) evaluated in a discrete
set of points in .[0,T]. Therefore, we provide a partition of the interval .[0,7] in N
subintervals of equal length h = % and the corresponding set of sampled values is then
given by

{WO — W(ty) = 0} U {Wj —W(t;), j=1,- ,N},

with ¢; = j.h,7 =1,--- , N . As a consequence, according to Definition 1.54, the following

recursion is established
Wy =0,
AW] :Wj-i-l_VVjv jzlv 7N_17

with AW; ~ N (0,h).
We now aim to define the integral with respect to a Wiener process, in analogous way
as in the case of deterministic Riemann integration. In other terms, for a given scalar

function f:[0,7] — R, we aim to define the integral

()= [ F)iw(s) (1.47)

The construction of this integral is now provided in two steps. We first define (1.47) when

f is a step function
f(t):fJERyte[t],t]+1>’]:17-.7N_17

In this case, we define the It0 integral of the step function f by

N-1
I(f) = Z fi(Wi = W),
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Figure 1.1: An illustration of the sample path of Brownian motion generated by the

cumulative summation of increments.

In other terms, given a discretization of the integration interval 0 = tqg < t;--- <ty =T,
the Itd integral of a continuous function can be approximated by the following It6

quadrature formula
T N—-1
/0 () AW (s) & S v (Wigy — W),
j=1

involving a linear combination of values of the integrand function evaluated in the left-hand
endpoint of each subinterval of the domain discretization.
An alternative definition of integral with respect to a Brownian motion is given by the

so-called Stratonovich integral, defined as the limit of the following quadrature formula

- (tj+tj+1

/OTU(s)odW(S)% dw 5

) (Wi = Wj),
j=1

and is usually denoted by the symbol o close to .dW (s) in the integral. Unlike It6 case,
Stratonovich quadrature formula involves evaluations of the integrand function in the

midpoint of each subinterval of the domain discretization.
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1.4.1 Euler-Maryama Method

In this subsection, we present the Euler-Maruyama method, a numerical technique used
to approximate the solution of Stochastic Differential Equations (SDEs). The method
is an adaptation of the Euler method, originally developed for deterministic differential
equations, and was later extended to stochastic processes by Gisiro Maruyama in 1955
(see, for instance, [40, 73] the references therein).

Now, we propose studying the stochastic differential equations (1.45) over the closed

interval [0, 7] and partitioning it into N subintervals of equal length.

At ==
N’

intercepting the corresponding set of grid points

Ino={t; =j.At, j=0,1,- N}, (1.48)

Let us now understand how to advance from a given point .tn to the subsequent point
tns1. To this purpose, we first consider the integral formulation (1.46) for ¢ > ¢, i.e.,
t t
X(0) = X () + [ FX)ds+ [ g(X(5)) dW ()

Let us truncate both equations to the first order, i.e., approximate

F(X(s)) = f(X(tn)),  g(X(s)) = g(X(tn)),

and replace these values in (1.46) obtainin

X(0) =X () + [ FOXt)) s+ [ g (X(6)dW(s)
+f

X () + [ (X (1) (= tn) + 9 (X(E0)) (W (E) = W(tn))-
We finally evaluate last relation for ¢ = ¢, 1, leading to
X(ts1) % X(ta) + F (X(2)) AL+ g (X (8)) AWy,
having denoted AW,, 1 = W(t,11) — W(t,). Finally, defining X,, :~ X (t,) yields
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To conclude, we note that, like deterministic methods, additional formulas for ap-
proximating SDEs (1.45) can be derived by including higher-order It6-Taylor terms. An

example is the Milstein method, given for scalar problems by:

1
Xni1 = Xn 4+ [ (X)) At + g (X)) AW,pq + §g’ (Xn) 9 (X,) (AWZ,, — At),  (1.50)

1.4.2 @#-Euler-Maryama Methods

In this part of the thesis, we discuss the §-Euler-Maruyama (#-EM) method is a general-
ization of the Euler-Maruyama(EM) method, with the parameter #. The family of §-EM
methods shares the same diffusion term as the EM method (1.49) and is derived from the

following quadrature formula to approximate the drift term of the equation:

[ X0t~ (1= 0) F (X(0) 461 (X(t0i) A

with 6 € [0, 1]. In other terms, the integral of the drift in [t,, ,+1] is a convex combination
of the value of f (X (t,)) and f (X (t,+1)), equivalently, the integrand is approximated by

a linear interpolant. The corresponding numerical method is then given by

This family consists of one-step methods parameterized by 6 € [0, 1]. When 6 = 0, it
reduces to the Euler-Maruyama method (1.49), which is the only explicit f-Maruyama,
method. For 6 # 0, the methods (1.51) are implicit, and two key cases deserve attention:

(i) for # = § we obtain the stochastic trapezoidal method

X~ Xt (F () + f (Kee) 549 () AW, (152)

(ii) for # = 1 we obtain the implicit Euler-Maruyama method
Xn+1 = XTL + f (Xn+1) At + g (Xn) AWn+1. (153)

We also observe that if the diffusion g = 0 in (1.51), the stochastic §-Maruyama method

perfectly overlaps with the family of deterministic #-methods.

Xos1 = Xo+ (1= 0) F (X)) + 0f (Xpp1)) At.
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We conclude this part by presenting the family of stochastic #-Milstein method developed

in [32] that, for the scalar case, reads

Xpp1 = Xn+ (1= 0)Atf (X)) + 0ALf (Xni1) + 9 (X)) AW, 4

1, (1.54)
o (Xa) g (Xa) (AWZ,, = AF),
with 6 € [0, 1], sharing the diffusion part with Milstein method (1.50).
1.4.3 Example
Let’s start with the following equation:
dX(t) = pX(t)dt + o X (t)dW (). (1.55)

Which is commonly used to model stock prices, this model is known as the Black-Scholes

model. From this, it follows that the model (1.55) can be rewritten as:

Ot dj((((tt)) = ut + oW (t).

By applying It6’s Lemma to the function g(¢,x) = In(z), we obtain:

d(In X,) = ‘g(((t? - ;;fdt — (u— ;(72)dt +odiV(b).

The corresponding solution can be expressed explicitly as follows:

X(t) = Xopexp ((,u - ;az)t + aW(t)) :

For o = 0, we recover the classical deterministic solution. The solution (1.55) is also called
a geometric Brownian motion.

A solution to an SDE is itself a stochastic function, which means that its value W (t)
at any given time ¢ is a random variable. We’ll begin by simulating four sample paths
for X (¢) to illustrate this point. Sample paths differ because of different realizations of
the Brownian motion term. We first discretize a given time interval [0, 7] into N chunks:
0=ty <ty <---<ty="1T,and compute the value of X at each point ¢;. For convenience,
we’ll assume that the gap between each time point is the same (i.e., t,,.1 — t, = At for

all n, although this isn’t necessary. To compute the value of W at those same points, we
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first construct a sample path of increments AW (t,,) = W (t,+1) — W(t,) by recognizing
that an increment is distributed according to VAt - N (0,1) (this is an important property
of Brownian motion). We can then create the sample path of Brownian motion W by
summing the increments, and compute the exact solution X using the analytical solution

above. We can rewrite the integral form of Geometric Brownian Motion (GBM) as:

Figure 1.2: Sample Solution Paths for Geometric Brownian Motion.

X)) = Y(t) = [ X(s)ds + o /t” X(s)dW(s)

tn

The Euler-Maruyama method approximates this integral by discretizing the time step,

and we can express the update as:
X1 — X, = u X, At + o X, AW,.

Where

p is the drift term (rate of growth), o is the diffusion term (volatility), At is the time
step, AW, is the increment in Brownian motion (typically modeled as VAt - Z,, where
Zn, ~ N(0,1)).
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This method approximates the continuous-time process in discrete steps, and its
accuracy depends on the time step At.
Here is an example for simulating the Geometric Brownian Motion (GBM) using the

Euler-Maruyama method, and comparing it to the exact solution.

Figure 1.3: Euler-Maruyama Approximation vs Exact Solution.
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Chapter 2

Exact controllability results of NII stochastic

integro-differential equations driven by a FBM

In this chapter, we present the main results obtained in our article [113].

2.1 Introduction

This chapter is concerned with the existence of mild solution and the exact controllability
for a class of SIDEs driven by a fractional Brownian motion (FBM) accompanied by
nonlocal conditions and non-instantaneous impulsive (NII). The system under discussion
takes the following form:

(

dy(t) = Ay(t)dt + /O "Bt — s)y(t)dsdt
+o(t, y(t)dt + F(t)dWH(t), te U o(sk tesl,

y(t) = Ge(t,y(ty)), t € Uil (te, sil, (2.1)

ky(o) +Y(y) = yo € H.

Where A is the infinitesimal generator of a strongly continuous semigroup {7 (¢)}:>¢ of
bounded linear operators on a separable Hilbert space H with domain D(A), h : D(h) — H
is a closed linear operator on H with domain D(A) C D(h), ¢, ¥ and F : [0,T] —
L9(V,H) are appropriate functions, where £5(V,H) denotes the space of all Hilbert-
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Schmidt operators from V into H. Also, Bf(#) is a fractional Brownian motion with Hurst
parameter H € (3,1) defined on a complete probability space (Q, F, {F;}i>0, P) with
values on a separable Hilbert space V.

Consider a sequence of time intervals 0 = sg = tp < t; < s1 < 1y < ... < ty <
sy < tyy1 = T, where T' > 0 is a constant. For each k£ = 1,2,..., N, the function
Gy, : (tg, i) x H — H is called non-instantaneous impulsive function. Here, the state y(+)
takes values in a real separable Hilbert space H, equipped with an inner product (-,-) and
norm ||-||. yo is an Fop-measurable random variable with E||y,||* < oo.

Recently, controllability plays a significant role in various fields such as engineering,
physics, robotics to economics and social sciences. The most commonly used types of
controllability are exact and approximate controllability. This concept was first proposed
by Kalman [82] in 1963, and since then, both the theory of stochastic processes and
differential equations have greatly benefited from its application (see references [4, 49, 51,
98, 125, 136] and its allusions).

However, the study of the exact controllability of non-instantaneous stochastic integro-
differential equations driven by fractional brownian has not been addressed in the standard
literature. Motivated by the above consideration, the purpose of this chapter is to investi-
gate the existence of mild solution and the controllability of a class of non-instantaneous
stochastic integro-differential equations driven by fractional brownian motion with Hurst
parameter H € (%, 1) and nonlocal Conditions. The present chapter is an extension of
the work of Melati et al. [125] to the non-instantaneous stochastic integro-differential
equations driven by fractional brownian with Hurst parameter H € (%, 1). Using certain
assumptions, sufficient conditions are derived using an extended version of Darbo’s fixed
point theorem, resolvent operator theory and the measure of non-compactness technique

to analyze the controllability result.

We offer the following summary of the main result of this chapter:

o The paper proposes a new class of stochastic integro-differential equations driven
by fractional Brownian motion with non-instantaneous impulsive and nonlocal

conditions.

o We investigate the existence of mild solutions and the exact controllability for system
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(2.1) using measures of non-compactness and applying the generalized Darbo’s fixed

point theorem.

¢« We establish a sufficient condition for the existence of mild solutions and the exact

controllability of the system (2.1).

o We reinforce the theoretical results with illustrative examples.

2.2 Existence of mild solution

Let (V,(.,.)y,|Illv), and (H, (.,.), ||.|lm), be real separable Hilbert spaces. We denote
by Ly(V,H) the space of all bounded linear operators from V to H and L,(H) whenever
V = H, C(R*,V) indicate the space of all continuous functions from [0, +00) into V.
Let (2, F,{F:}+>0, P) be a complete probability space with natural filtration {F;};>0 .
{WH(t)};>0 are the fractional Brownian motion with Hurst parameter H € (0,1).

Let L2 (Q, ]HI) be the space of all F; -measurable H-valued random variable y such that
Ellyll* = Jallyl?dP < co. For y € L*(Q, H),

W) = ( [J01°0P) = @1

It is clear that L?(2,H) is a Hilbert space with the norm [ (e8)" In the sequel,

L2 (Q, ]I-]I) denotes the space of Fy-measurable, H-valued and square integrable stochastic

process.

Li(Q,H) = {f € L*(QH) | fis .Fo—measurable}.
Consider the Banach space
PC([0,T],H) = {}"t -adapted H-valued process y(t) is continuous every where except
for some t # t;, at which y(t;) and y(t;) exist
and y(ty) =y(tr), k=1,2,---,Nand sup E|y(t)|]* < oo},
0<t<T

with the norm

N

Iollne = ( sup Elwo)I?)
0<t<T
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In this part, we establish the existence of mild solutions for the system (2.1) by
applying the generalized Darbo fixed point theorem. We now introduce the concept of a

mild solution for equation (2.1) and present the following definitions.

Definition 2.1. A Fi-adapted stochastic process y(t) : [0, 7] — H is called a mild solution
of(2.1) if y € PC([0,T], H), y(0) + ¢ (y) = yo and

(

R(t) (yo — 1( —I—/t (t—s)e(s,y(s))ds
—1—/ (t—s)F dWH() te0,t],

y(t) = { Ge(t,y(ty)), t € UN_, (ty, skl (2.2)

R(t — s) Gr(sk, y(ty) +/ (t—s)e(s,y(s))ds

+/ (t — 5)F(s)dW" (s), t e UN (0, tesa].

\

The following hypotheses will be required throughout the paper:

(H3) The resolvent operator R(t), for ¢t > 0, is continuous with respect to the operator

norm topology, and there exists a constant M > 0 such that

IR < M.

(H,) The nonlinear function ¢ : J x PC([0,T],H) — H satisfies

(1) For each y € PC([0,T],H), ¢(.,y) is measurable and for any t € I, p(t,.) is

continuous.

(2) For some positive number r > 0, there exists a constant k; > 0, function
w € L' (J,R") and a continuous non-decreasing function  : R™ — R* such
that

me(r) _

2 2 . .
Ellp(ty)|* < wB)me (Blyl*),  liminf === =k < +o0.

(3) There exists a positive constant ko such that for any bounded set D C H

a(p(t, D)) < ksa(D).
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(Hs) The function F : [0,T] — L£9(V,H), satisfying the following condition
LR 2gas < o
(Hg) The nonlocal function v : PC([0,T],H) — H is continuous and compact, and there
exists a constant Cy > 0, such that
Elly(y)]* < Cy.
(H7) The impulsive function Gy, : (¢, s;] x H — H is continuous and compact, and there
exist constants Cg, > 0, k =1,2,--- N, such that
El|Gu(t,y)|I* < Co,Elly]*.
where we have used the notation

Cq= . TlﬂzaX CGk7 n= e 11112ax ||wHL1[5k stey1]”

Remark 2.1. The function f is independent of y(t), t € [0,7] . From the functional point

of view, we know that

oz(/otR(t — s)F(s)dWH(s)) = 0.

Theorem 2.1. Suppose that (H,)-(H7) are satisfied, then the problem (2.1) has at least

one mild solution provided that
L := max {3]\/[2((7@ + (ter1 — Sk) T]/ﬁ)} < 1. (2.3)

0<k<N

Proof. Consider the operator I : PC([0,T],H) — PC(]0,7],H) defined by

(R(0) (30— () + [ R(E— ) (s,())ds
+/‘ (t — 5)F(s)dWH (s), te0,t],

Wy(t) = q Gr(t, y(ty)), te Uil (s, (24)

R(t — si) Gr(sk, y(t,)) + / (t —s)e(s,y(s))ds

\ +/‘ (t — s)F(s)dW" (s), £ e UN (0, b
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Further, finding the solution of the operator equation ¥y(t) = y(t) leads us to find a
solution to problem (2.1).

Now, we will show that by using the generalized Darbo’s fixed point theorem, the
operator ¥ has a fixed point. Obviously, the fixed point of Wy(t) is the solution of the
problem (2.1). For each finite constant r > 0, let

0, = {y e oo, 7.1 : Iyl <7},

is a closed bounded and convex set in PC([0, 7], H).

The proof falls naturally into four steps.
Step 1.We claim that there exists a positive number r such that ¥(€2,.) C Q,. If this is
not true, then, for each positive integer r, there exists y, € €2, such that for ¢t € [0,T],t
may depending upon r. However, on the other hand, we consider three cases.
Case I. For t € [0,t1] by (2.4) and assumptions

2

Eley. ()]

:]EHR(t)(yo () + /OtR(t — 8)¢(5, yo())ds + /Ot R(t — 5)F(s)dW" (s)

/Ot R(t—s)e(s,yr(s))ds

2

<3E|R(1) (3o — ¥(v,)) H2 + 3E’

9

+ 31[‘3‘ /Ot R(t — s)F(s)dW"(s)

by using assumptions (H3)-(Hg), Lemma 1.15 and Holder’s inequality, we obtain

E[| 7y, (1) <3ME|| (30 — w(y,) | + 30 /(:EH%O(W(S))HQCIS
+OMPHE [ (s) s
<3M(El|yol|* + El|2(y.)|1%) + 3M>t, /Otw(s)m(EHyrllg)dS
+OMPHEN [ (s) Byas

t
<3MP(Ellyol” + Cy) + 3M >t ||wl| prjo 7o (r) + 6M>HEFH /0 1 (s)[1Z9ds.
(2.6)
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Case II. For t € (ty,sr],k =1---, N. By assumption (Hy7), we get

B[y, (t)1* <El| Gi(t, yr (£ )1I*
<Ce, By (1) (2.7)
SCgT.

Case III. For ¢t € (sg,tgy1],k = 1---,N. By Lemma 1.15, and using assumptions
(Hs)-(Hj), we have

2

/t R(t — s)p(s, y,(s))ds

Sk

[0y, (1) <3E|R(t — 50) Galso (0| + IE‘

2

/ina—sﬂqgmyH@)

Sk

+3E|

9 t 2
<SME | G, ()| + 302 (1 = 1) [ Eo(s,00(5)) [ s
Sk
t
H—
+6M?H (tys1 — s5)° ILJHWQH@dS (2.8)
9 t
§3M2EHGk(sk,yr(t,;))H + 3M? (tgsr — Sk)/ w(s)m, (Elly.[|*)ds
Sk
t
+OMH (s — 5" [ F(5)lI2gds
Sk
<BM*Cgr + 3M? (tpry — i) |l 2 sty ] T ()
t
+6M?H (tpq — Sk)zH_l/ HF(S)H%gdS’
Sk

from (2.6), (2.7) and (2.8), we divide by r and take the lower bound as r — +o0, we have

I

1< E|wy,(t)] <L

with
1< L:= orgr}gaév {3]\42 (C’G + (k1 — sk) 7]1{;1) }
Which contradict with condition (2.3), hence ¥(£2,.) C €,.
Step 2. We prove that the operator ¥ is continuous in £2,.
Let us consider a sequence (yn),.y C PC([0,7],H) such that ngrfoo Y = Y €
PC([0,T7],H).
By Hélder’s inequality, Lemma 1.15 and using (Hj3)-(H7), we have

lim (s, yn(s)) = ¢(s,y(s)), (2.9)

n——+o0
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S 9 (y,) = ¥ (y), (2.10)
lim  Gi(s, ya(ti)) = Grls, y(ty)- (2.11)

n—-+00

By assumption (Hy), for a.e s € [0,7], we obtain

E|o(s.yu(5)) — (5. 9(5))]| <2Ello(s. 5a(3)) |2 + 2Bl (s, () 1

<dw(s)my(r).

(2.12)

Case I. For t € [0,1], using the fact that the function s — w(s)m,(r) is Lebesgue
integrable for s € [0,7] and t € [0,;] so by (2.9), (2.10), (2.12), Lemma 1.15 and the

Lebesgue dominated convergence theorem, we see that

E[[#yn(t) — Py(6)|* <2ME[¢(ya) — v ()"
#2002 [E|ols,0(9) — 005, (5)

— 0 as n — 400.

2

ds

Case II. For t € (t,s], k=1,2,--- N, by (2.11), we get
E|[ITya(t) — Hy®)|I* <E[ Gi(s,ya(t;)) — Gils,y(t))IIP — 0 as  n — +oo.

Case III. For ¢ € (s, tr1], k=1,2,--- | N, by Lemma 1.15,(2.9), (2.11), (2.12) and

the Lebesgue dominated convergence theorem, we can deduce that
E[[#yn(t) — Py(0)|* < 2M°E[ Gi(s, yn(ty)) — Gils, y(t))II*

vou? | E[[(s, n(s)) — 5. 9(5)

2

ds

— 0 as n — +00.

Thus
E||¥y,(t) — y@®)|*> — 0 as n — +o0.

Therefore ¥ is continuous in €2,.
Step 3. We now establish the equicontinuous of the operator ¥ : ), — Q... Since the

impulsive function gy, is compact, then ¥(2,) is equicontinuous on (tx, sg], k = 1,2,--- | N.
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Case I. Let ry, 75 € [0,t1], 71 < ro and =z € €,, using Lemma 1.15, hypotheses
(H3)-(Hg) and by Holder’s inequality, we got

E[[@y(rs) — wy(n)| <E

‘(R(m) —R(r1)) (yo — ¥ (v))

+ /07«2 R(ra — s)p(s,y(s))ds — /(:1 R(r1 = s)e(s,y(s))ds

v /0 PRy — s)F(s)dWH (s) — /0 " R(ry — 8))F(s)dWH (s)

<5E (R(r2) = R(m)) (o — ()|

2

+5E /Tz R(ry = s)e(s,y(s))ds

T1

2

+ 5E /0r1 (R(r2 —s)—R(r — s))go(s, y(s))ds

2

+5E / PRy — s)F (s)dWH (s)

1

2

+ 5E /OT1 (R(Tg —5s)—R(r — S))F(s)dWH(s)

<5|R(r2) — R(ra)|| Elloll® + Ello () 1)
+5M2 (12 = 1) [ Bl (s, y(s) [*ds

1

T1 2 "
#5002 [ |Rira = 5) = Riry = )[ds [ Ellg(s, () s
FL0MPHR (ry = 1) [ (s) [y
1

1 2 1
F10HE5 [ [Riry — ) = Riry = )| ds [ 17 () 2gas

2
For the purpose of proving that EH!I/y(rg) — !Py(rl)H — 0 as 7ry—1r; — 0 we only
need to check independently of y € 2, when ro —r; — 0.

For pq, - - - ps5, since the resolvent operator is continuous in operator norm topology for

t > 0, the nonlocal function ¢ is compact and taking use of the function s — ®(s)m,(r) is
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Lebesgue integrable, we can easily see that

P =|R(ra) = R (Ellgol> + Cy) — 0 as =m0,
po :=5M? (rg — ry) m, (1) /mw(s)ds — 0 as ro—r; =0,
r
po =50, (1) [ R =) = R(r =) ds [ wls)ds — 0 as m—m =0,
pa =10M2HET (ry — 1)) /TTQHF(S)H%gdS as =11 =0,
and

r1 9 r1
Ds ::1()HtfH_1/0 HR(TQ —5)—R(r — S)H ds/o HF(S)H%QCZS as  ro—r; — 0.

2
Consequently, EHWy(rg) — pr(rl)H — 0 as 19— 1y — 0 independently of y € Q.
when 7 — 11 — 0, it follows that ¥(€2,) is equicontinuous on [0, ¢1].

Case II. For any = € , and 7y, 73 € (sk, tgr1], k= 1,2,--- N, r; < ry by Lemma
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1.15, and hypotheses (H3)-(Hg) , we have
2
E|y(ra) — y(r)| gEH (R(ry — s) — R(r1 — s)) Gy (51, y(t7,))

+ / R(r2 = $)(s,y(s)ds = [ R(r = s)(s. y(s)ds

Sk
2

+ /:) R(ry — s)F(s)dW"(s) — /T1 R(ry — s)F(s)dW"(s)

Sk

2

S5EH (R(ro —s) = R(r1 — 5)) Gr(sk, y(ty,))

2

+ 5E /T2 R(re — s)p(s,y(s))ds

T1

+ 5E /: (R(rg —5)—R(r — 5))@(5, y(s))ds 2

2

+ 5E /TQ R(ry — s)F(s)dW"(s)

T1

2

+ 5E /: (R(rz —8)—R(ry — 8)>F(s)dWH(s)

§5EH (R(rz —5)—R(r — 3))CGrH2
M2 (r = 1) [ Elle(s.y(s) ds
+5M? /: ‘R(rz — ) —R(r — S)H2ds /: Ellp(s,y(s))*ds

ro
+ 10M?*H (tk+1 — Sk)2H_1 (7"2 - Tl)/ ”F(S)H%gds
1

T1

— 2 Tl
F10H (g = 50" [ [R(ra = 5) = RO = 5[ ds [ I1F(s)]12qs
S Sk

k

We observe that EHLPy(TQ) - Wy(T1)H2 — 0 independently of y € Q, when ry —r; — 0,
under the same reasoning as in Case I and the fact that g, is compact. Which implies
that ¥(€,) is equicontinuous on (s, ty41]for k=1,2,--- N.

Thus, EHWy(rg) - Ll'/y(rl)H2 — 0 at every interval on [0, 7']. Thus, we determine I7(2,)
is equicontinuous on each [0, 7).

Step 4. Denote I = o II(£2,). Where ¢o is the closure of convex hull, it can be
shown that the map ¥ : I — [ is equicontinuous on each interval, and I C €2, is also
equicontinuous.

In what follows we will prove that there exists a constant 0 < A\ < 1 and a positive
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integer ng such that for any bounded and nonprecompact subset C' C [
Oé’pc(LDnO (O)) S )\Oé’pc(C). (213)
For any C' C I by the definition of operator ¥™ and the equicontinuity of I, we get that

Un C Q. is also equicontinuous. It follows by Lemma 1.9, that

ape(P"(C)) = max a(¥"(C)(t)), n=1,2---,N. (2.14)

t€[0,T]

And there exists a finite sequence C; = (z}) C C such that
a(P(C) (1)) < 2a(¥(Ch) (t)). (2.15)

Furthermore, for any bounded set Cy,Cy C C' by Lemma 1.15 and (H,) we can deduce

that
t

/t R(t — s)p(s,Ci(s))ds — / R(t — s)p(s, Ca(s))ds

Sk Sk

(1

SM(/S:H@(S,CH(S)) —90(5,02(5))\\%15);.

Then, by Theorem 1.9 - 8., we get

1
t t 2
a</ R(t—s)gp(s,()’(s))ds) < M</ a(c,p(s,C(s)))st> : (2.16)
Sk Sk
Therefore, by Lemma 1.15, Theorem 1.9, (2.14), (2.15), (2.16), conditions (Hj3)-(H;), we
get for ¢t € [0,t;] that

(R(t —s) [go(s, Ci(s)) — (s, C’g(s))] ds>

1
2)2

o7 ©)1) =a(v(©) (1) < 20(w () (1))
<20 (R0 — v(h) + [ Rl = o5,k (s))ds
+/0tR(t—s)F(s)dWH(s)>
<20 (R0~ v0A) ) + 20( [ R =)o (s.ub()ds)
+ 2a< /Ot R(t — S)F(S)dWH(s)>
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§2a</0t R(t — s)e(s, yk(s))ds)

§2M( /Ot {kza(CI(s))} 2ds>

<2Mkyv/tiape (C).

2

For every t € (tx,sk], k = 1,2,--- N, and since G, (sk,x(tg)) is compact according to

assumption (Hy), we have
a(WlC(t)> :a<LUC’(t)) < 204(@01(15))

<20( Guse. (1)) ).
at the moment, we obtain
04<Ll710(t)> = 0.
And similarly, for ¢ € (sy, typ1], k= 1,2, -+, N, we have
a(u'ﬂc*(t)> :a<w0(t)) < 2a<LDCl(t))
<20 (R0 = 9)Gulows sk (50) + [ RAE = 5)p (s 94 (5)ds
+/Z R(t — s)F(s)dWH(s)>
<20 (R(t = 9)Gu(s1 (1)) + 20( [ Rl = s)ols, () ds)
w20 [ R 9)F(s)dw ()
<2a( [ Rt - 9o, () ds)
§2M< / : [k‘ga(cl(s)) 2ds)é
<2Mko/(trs1 — si)ape (C).

Moreover, there exists a countable set Cy = {z%} C co II'(C') such that

a<w(coﬂl(0))(t)) < 2a<w02(t)). (2.17)
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Hence, by Lemma 1.15, (2.17) and (H,), (Hs), (Hy7), for t € (sg, tgsa], k=1,2,--- | N, we

obtain
o(72(0)1) =a(w (@0 () 1) < 20( 1O
<20(R(1 - 9)Gise. 14 1)
+/’ (t— s)o (s, (s cm/t (t— 5)F dwﬂ(ﬂ
g%&n@—@GA%yN@ )+m% "Rt - 5)p sy%@ﬂﬁ

+ 2a< /t R(t — S)F(s)dWH(s)>

Sk

2

2Mk2(tk+1_8k)% 73(;(0)) dS) Oépc(C)

N

[\

=
/N
\“
N

(t
2Mk2 k+1 O./pc

By using an iterative process for all ¢ € [0, T, we obtain

a(w(cxt)) < (20ky)" B =" ).

n!

o(7(0)) < (2Mk2)"\/Tapc(C).

Therefore

It has been found that

(2Mk2)n 77:—>O as n — 4o00.

Then, there exists a large enough positive integer ny such that

Tmo

TL()!

(2Mky)"™ =A<l
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As a result, we demonstrated that (2.13) is met when 0 < A\ < 1 and a positive integer
no exist. The operator has at least one fixed point, which is a mild solution of (2.1),

according to Theorem 2.1.

O

Example 2.1. The following example is given to illustrate the the proposed theory. Let
us consider the non-instantaneous impulsive stochastic integro-differential equation driven

by a fractional Brownian motion as follows

(;z(t,x) Atz +/ (t— s —z(t 2)ds
+o(t, z(t, ) + P(t)dWH(t), te(0,1]U(2,3], z € [0,7],
2(t,x) = Gi(t, 2(17, x)) te 1,2,z €[0,n],
2(t,0) = 2(t,7) = 0, te 0,1 U (23],
| 2(0,2) + () = 0 z e 0,7,

(2.18)
where W denotes a fractional Brownian motion with Hurst parameter H € (%, 1).
Let V=H := LQ( [0, 7] ,R). be the Hilbert space with the scalar product (u,v) =
Jo u(z)v(z)dz. We define the operator A: D(A) C H — H by Au = g—j. with domain

0z 02° }

D(A):{,ZE]H[(9 Yy € H and z(0) = 2(m) =0

Then, it is well known that Au = 3°°  n?(u, e,)e,, u € H, where e, (u) = (%)1/2 sin(nu), n =
1,2,--- and A is the infinitesimal generator of a strongly continuous semigroup of bounded
linear operators {T'(t)},5, on H, which is given by T'(t)u = 3257, e (u, e,)en, u € H and
en(u) = (%)1/2 sin(nu), n =1,2,--- , is the orthogonal set of eigenvectors of A. It is well
known that {T'(t)},5, is compact, such that ||T'(¢)||* < 1. In order to define the operator

Q) : H — H, we choose a sequence (o, )qen, set Qe, = o,e, , and assume that

(o]
=> /o, <.
n=1
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Define the process W§ (s) by

)
= Z V Onﬁfena
n=1

where H € (3,1), and (82 (t))nen is a sequence of two-sided one-dimensional fractional
Brownian motions mutually independent.

Assume that K is a bounded function in C'(R™, H), and that K’ is both bounded and
uniformly continuous. As a result, assumptions (H;) and (Hz) hold. Consequently, we
can conclude that Equation 2.18, has a resolvent operator h(t) for ¢ > 0, which is norm
continuous for ¢ > 0, as established by Theorems 1.14 and 1.6.

Let ¢ € [0, 3] and PC := PC([0,3],H). For z, we refer to the segment solution defined

in the standard manner z(.,.) : [0,3] x [0, 7] — H, with
y(t)(z) = z(t,x), t€[0,T] =€ [0,n].
By the definition of f, g, ¢, 1 one easily verify that assumptions (H3)-(H7) hold with

the following functions ¢ : ([0,1] U (2,3]) x PC([0,3] ,H) — H, ¢, : (1,2] x H — H and
the nonlocal function ¢ : PC([0,3],H) — H and f : [0,3] — L3(V,H), defined by

t2 sin(z(t, z))

o(t, z(t,x)) = Tt [2h) (z(t,x)) te[0,1]U(2,3], z €07, (2.19)
Gi(t,2(17, 2)) / / 5.7) 0 1j(|1|_(71“i)w)” yds du te (1,2, zelo,m, (2.20)
/ / s, ) cos(z(s, w)ds dw, (2.21)

F(t) = € [0,1]U(2,3), (2.22)

where (,b:[0,T] x [0,7] — RT are continuous functions such that (¢, 7) = b(¢t, ) = 0.

We now present Lemma 2.1 to prove the compactness of a class of functions.

Lemma 2.1. [125] Let g : PC([0,T],H) — H be a operator defined by

/ / w))ds dw,

where w : [0,T] x [0,7] = R and ¢ : H — H are continuous functions where v satisfies
[9(2)|> < C(||2]I? +1), forall ze PC([0,T],H), for C > 0.

Then, g is a compact.
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Proof. Let B C C( [0, 7] ,]HI) a bounded set, then there exists L > 0 such that
[2lloe sup ||z (¢, )2 < L.
te[0,T7]

Let z € B, applying Holder inequality and Fubini’s theoerem, we have
2

l9(2)(2)|" = w))ds dw

2
))ds dw'

SWTHWHOO/O Hﬁ(z(s,.))HHds

SWTZHMHLC(F + 1).

We conclude
o) < 2| +1).
Consequently, g is bounded on B.
Next, we will show that the operator g(B) satisfied the “integral” equicontinuity
condition. Let z,¢ € [0, 7], we have

[

2

( (s,x+&)— (s,x))ﬁ(z(s,w))dsdw dx

o) +8) — g()w)| do= [

2
<rCT*(I* + //‘ (s,x+&)— (s,x)‘dsdx.

Thus,

It (2) = ¥ (2)[ = 0 as £ =0,
where, 761 (2) = g(2) (x + £). We deduce, from Kolmogorov-Riesz-Fréchet theorem [[31],
Theorem 4.26], that ¢ (B) is relatively compact in H.

Corollary 2.1. [125] Let Y : [0,7] x H — H be a operator defined by

)(t, x) / / (s,z)0 w))ds dw,

where @ : [0,T] x [0, 7] = R and ¥ : H — H are continuous functions where v satisfies
[9(z)|I” < C(||z]|* +1), forall z€ PC([0,T],H), for C > 0.

Then, for all bounded B C H, Y : [0,7] x B — H is a relatively compact.
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Proof. In the same way as the proof of Lemma 2.1, We prove this.

Assumptions (H3)-(H7) are readily verified by using the definitions of f, g1, ¢, and ),
hold with

o=t =1 w(fh =B -

Corollary 2.1 and Lemma 2.1 hold that i) and g, are compact. As a result, (Hg) and (H7)

are satisfied. Thus, the totality of assumptions in Theorem 2.1 is satisfied. This implies

that, the system (2.18) on [0, 7] has a mild solution.

2.3 Controllability Result

In this section, we formulate sufficient conditions for the exact controllability of SIDEs
with NII driven by a FBM of the form:

/

dy(t) = [Ay(t) + /Ot h(t — s)y(t)ds|dt

+o(t,y(t))dt + Bu(t)dt + F(t)dWH(t), t e UN_(sk, trs],

(2.23)
y(t) = Gi(t,y(ty)), t € Uil (te, si),

y(0) +¥(y) = yo € H.

\
The functions ¢, ¢, f, and gy are functions previously defined. The control function wu(.)
takes values in L? ([0,7],U) of admissible control functions for a separable Hilbert space

U, B is a linear bounded operator from U to H.

Definition 2.2. A F-adapted stochastic process y(t) : [0, 7] — H is called a mild solution
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of (2.23) if y(0) + ¢ (y) = yo € H and for each ¢t € [0, 7]

(

R0~ 00) + [ Rt =) (s,5()ds
—i—/OtR(t — s)Bu(s)ds + /OtR(t — ) f(s)dWH(s), te[0,t],

y(t) = § ge(t, y(ty)), t € Uil (te, si),

t

Rt = su)gn(sn,u(ti)) + [ Rt = s)p(s,u(s))ds

Sk

+ /st R(t — s)Bu(s)ds + /: R(t—s)f(s)dW"(s), te€ UL, (sk, trri].
' ' (2.24)

Definition 2.3. The stochastic control system (2.23) is said to be exact controllable on
[0, T if for every initial state yo,y1 € H if the reachable set 23(T") is dense in the space
u € L*([0,7],U) such that the mild solution of (2.23) satisfies y(T') + ¥ (y) = y1, where

Y1 is a preassigned terminal state.

To prove the controllability result, the following hypotheses are necessary:

(Hg) The linear operator G from L? ([0,7],U) into L*([0,T],H) defined by
Gu = /T R(T — s)Bu(s)ds,
sk
has an inverse operator G~! that takes values in L? ([0,7],U) / ker G, where
kerG = {y € L*([0,7],0) : G, =0} .

(1) There exists two positive constants Cg, Cg such that

IB]|* < C, IG~"I* < Cg.

(2) There exists K € RT, Kg € L' ([0,T],R") such that for any bounded set D; C
U, Dy CH

a(B(D1)) < Kpa (D), a(G7H(Da(t)) < Kg(t)a (Ds(t)) .

The main result of this paper is given in the next theorem
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Theorem 2.2. Suppose that (Hy)-(Hg) hold. Then, the stochastic integro-differential
system (2.23) is controllable on [0.T]. provided that

e ((Jg + Tnk:l) (14 5CCHT?) < 1. (2.25)

Proof. To prove our result, we transform (2.23) into a fixed point problem. Consider the

operator ¥ € PC([0,T],H) defined by

(

R(0) (10— 0(0) + [ R(E= ) (s, y(5))ds
+/0 (t — S)Bu s ds+/0 (t — S)F(S)dWH(S)7 te[0,t],

Gk(t7y(tl;))7 le Uévzl(t/wsk]a

R(t — sk) Gr(sk, y(ty)) + /S: R(t — S)(p(s, y(s))ds

t t
+/ R(t — s)Bu(s)ds + / R(t —s)F(s)dW(s), t € U (sp,trsl.
' ' (2.26)
Using the hypothesis (Hg) for an arbitrary function y(.), define the stochastic control

\

UAUZQ*@rRHNm—wwD—R@—%Kﬂ%wﬁw

—/ (s ))ds—/TR(T—s)F(s)dWH(s)> (1),

Sk
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for u, € Q,, using Lemma 1.15, (H3)-(H7) and (Hs), we obtain the following result

]EHuyHZ <CGE|y1 — R(T) (o — ¥(y)) — R(T — sx) Gr(s1, y(t; )

2

- [ R et~ [ R P

Sk

2
<5Cq (Euylw + 202 (Ellyo|* + Ellv(y)|2) + M?E||Gi (i, y(ty))|

2 T 2 2 o1 [T 2
F 0 (T = 50) [ Ello(s.9() [ ds + 20°H (T — )" [|[F(s)]2gas
Sk Sk
<505 (Ellll? + 202 (EllgolP + Cu) + M2Co, Bl s, y(t7 )P
2 T 2 2 2H-1 T 2
FMAT = s53) [ wls)ma(Bllyl?)ds + 2M2H (T = 5" [ F(s) s
Sk Sk
<505 (Bl + 2242 (Bll + Cy) + MCor
T
M2 (T s4) [l grmr) + 202 H (T — 5P [ () 2gds )
Sk
Hence
2
By <5Cq (Bl + 207 (Ellyol + C) + MCr
+ M?* (T — s3,) lwl| 15y (1) (2.28)

+ 2M?H (T — s;,)*" ! RS2
k) 1E(s)[zgds )
Sk

step 1 The proof is similar as in problem (2.1). Here, we merely demonstrate the existence
of a constant r > 0 such that ¥(Q,) C €2,.. Let’s assume that this is untrue. Then for each

r > 0, there would exist y, € Q, and ¢, € [0,7] such that EHW(yT) (t.) ‘2 > 7.

Case I. For t € [0,t1], using Lemmal.15, (2.28), and hypotheses (Hj3)- (Hg) and (Hg),
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we have
2 tr 2
B (w) (1) | <amr (Enyo oI+t [ Ele(suls)| s
tr 2 tr
+th1/0 E|lu, (5) | ds+2Ht§H—1/0 \\F(s>\|§gds)
tr
AN Bl + Co) + 40070 [ o) (1) ds
tr
+ 20M2CyCpty /0 (Elly1|!2 +2M7 (E|lyol* + Cy)
+ M2Cor + M* (T — s3.) ||wl| 115y 1770 (1)
2 2H—1 T 2
L OMPH (T — s3) / ||F(s)||£3ds>ds
Sk
tr
4 SM2HH / 1F(5)||ods
0 2
<AM?(E|lyol|* + Cyp) + 4M>t: ||w]| p1j0,61)7 ()
+ 20M2CyCpt? (IEHylH2 +2M2 (E|lyol* + Cy)
+ MPCor + M* (T — s3,) |wl| sy 176 (1)
T
FONH (T — ) [ F(5) 2y
Sk
tr
+8M2Ht§H—1/ 1F(s)|[2ods,
0 2
consequently, we have
2
E@(y) (1) | <4022 (Bllyo |2 + Cy + |l e (1) )
+ 20M2CyCpt3 <EHy1H2 +2M* (E|lyol|” + Cy)
+ M?Cer + M* (T — sp) ||w|| 2115, 1y () (2.29)
2 2H—-1 T 2
OM2H (T — s3) / | F(s)]|2gds
Sk

tr
S+ SM2H 2 /0 | F(s)][2qds.
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Case II. For t, € (tx,sg], k =1,2,---, N, using assumption (Hz), we obtain

E[[wy, (t)1* <E| Gi(t, yr (£ ) I*
<Co,Elly, | (2.30)

SC’Gr.

Case III. For t, € (sg,tgs1], k =1,2,--- N, by Lemmal.15, (2.28), and assumptions
(Hs)- (Hs), (H7) and (Hg), we get the following results

tr
B9y, ()] <40 (BY Gt 5GP + (e — 1) [ Elp (s, 1) s
tr
+Cos(te = 52) [ By () |'as
Sk
om—1 [t 2
42 (11— 3™ [ F(9)]gds)
) ) t 2
<0 (B Guloe, v (DI + (1o — 56) [ B[, )| s

tr

+5CgCp (tpr1 — Sk)/s <E|lyl||2 + 2M? (EHyOH2 + Cd))

k
+ M*Cgr + M?* (T — s;) [wll s 77 (r)
9 om-1 [T 2
F2MPH (T = 5 [ F(s)2gds ) ds
Sk
tr
4 2H (o — Sk)2H_1/ HF(S)HE:S“)
Sk
tr
<AM?Car + AM? (tyq — sk)/ w(s)my (Elly:?) ds
Sk
+20M*CgCp (tgsr — Sk)2 (IEH?/l”2 +2M? (EHyOH2 + C¢)
+ M>Car + M* (T = sp) |[wl| 115, 177 (r)

+ 2M?H (T — 5,)*" ! YIEG)2
k) [ £(s)l[zds
Sk

SM2H C e ?H [T () 20d
+ (Lot — si) 1E(s) |l zgdls,
Sk
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we obtain
E|[@y, (t)]]* <4M?(Car + (tiar — st) [wllpis, mms () )
+20M*CgCh (thn — si)° (]EHy1H2 +2M (Elyol* + Cy)
+ M?Cer + M (T — s3) [|wl| £ s, 1o (7) (2.31)
FONPH (T — ) [ F(s) 2y
Sk
S (b = )™ [P gds.
Combining the three cases (2.29), (2.30), (2.31), we obtain
r < E|[@a, (t)|2 <4M?(E|lgo|* + Cy + Cor + T, (1) )
+ 20M?CyCpT? (IE:Hyl\I2 +2M7 (Ellyo* + Cy)
+ M*Cgr + M*Tnm,(r)
rar T T||F(s)||§gds>
o
FSMH (tir — s | TIF(s)|2gds,
Sk
Dividing both sides by r and taking the lower limit as » — 400, we have

1< B||a,(1)|* <4M?(Co + Tk ) +20M'CoCyT? (C + Tky)

1 <4M? <CG + T77]ﬁ> (1+5M*CgCpT?),

which is contradicted with (2.25), hence, there exists a constant > 0 such that ¥(€2,.) C Q,..

Using the same method as in problem 2.4, we show that the operator ¥ is continuous
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in Q, and equicontinuous for each ¢ € [0, T7.

a(uc(t)) <o (Ql(yl = R(T)(yo — ¥(C)) = R(T = s1) Gi(sx, C(t;))

_/ )ds—/ij(T—s)F(S)dWH(S)> (ﬂ)
gKg(t)a(yl — R(T) (yo — ¥(C)) = R(T — si) Gr (s, C(t3,))
_/ )ds_/:R(T—s)F(s)dWH(s)>

<[ Kgl 10,7 (204 (11 = R(T) (yo — ¥(C))) + 20 (R(T = s) Gr(sr, C(t5)))
+ 20 (/: R(T — s)ep(s, C(s))ds) + 2« (/Sj R(T — S)F(S)dWH(S)> )

T
<2||Kg||r1j0,11x (/ R(T — s)¢(s, C(s))ds) :
Sk
(2.32)
In the same way as in step 4 of the proof of the previous theorem, by Lemma 1.15, Theorem

1.9, conditions (H3)-(Hz7), (2.14), (2.15), (2.16) and (2.32) for ¢t € [0, 1], we obtain

o7 @) 1) =a(#(©) (1) < 20( () (1)
<20( RO — b)) + [ Rl = s)o(s, 0k () ds
+/0tR(t ~ 5)Bu(s)ds + OtR(t - s)F(s)dWH(s)>
<20 (R (10— v(uh)) ) + 2a( [ R = 9)p(s.uk()ds)
+ 204(/;73(15 - s)Bu}V(s)ds) n 2a< /Ot Rt — s)F(s)dWH(s))
<2a( ['R(t )5,k () ds) +2(2M Kl Kol [ uk(5)ds)

§2a</0t72(t — s)@(s,yk(s))ds)

t
+ 2<2MKBTHKQ||L1[0,T}04</O R(t—s)p(s, y]l\,(s))ds) ds)

<2MkyVT (1 + MKpT|| Kgl| 1101 pe (C).
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For all t € (ty,si], k=1,2,--- N, By (Hy), since Gk(sk,x(t,;)) is compact, we get

a<lplC(t)> :a<WC’(t)) < 204(@01(75))
<20( Gy (50,0 17) ).

at the moment, we obtain
a(WlC(t)) = 0.

Similarly, for t € (s, i), k= 1,2,-++ , N, we have
a(wlc(t)) :a<lI/C(t)> < 2a<y701(t)>
<20(R(t = 9)Gi(sw o (1)) + [ R =) (5.0 (5)ds
+/t R(t—s)Bu(s)der/s: R(t—s)F(s)dWH(s)>

<2« (R(t — 5) G (s, y}v(tk))> + 2a< /t R(t— s)p(s, yb(s))ds)

Sk

+ 2a< /t R(t — S)Bu}v(s)ds> + 2a< /t R(t — S)F(S)dWH(S)>

Sk Sk
§2Mk32 (1 + MKBTHKQ ||L1[0,T]> \/ (tk—i-l - Sk)apc (C) .
Also that, there exists a large enough positive integer ng such that

. " [T
(2Mk) 0.(1 + MKBTHKgHLl[O’T]) Zoaen,

where 0 < A < 1. Thus, condition (1.2) is satisfied. According to Theorem 1.6, the operator

2.2 has at least one fixed point. Hence, the system is exactly controllable on the interval
[0,7].

O

Example 2.2. Let us consider the following the non-instantaneous impulsive stochastic

integro-differential equation driven by a fractional Brownian motion:

87



2. EXACT CONTROLLABILITY RESULTS OF NIl STOCHASTIC INTEGRO-DIFFERENTIAL EQUATIONS
DRIVEN BY A FBM

(gdt@ t1:+/ t—s——dt@d
+o(t z(t,z)) +v(t, z) + PE)dWH(t), t€[0,1]U(2,3], z € [0,7],
2(t,x) = Gi(t, 2(17, 2)) te(1,2),z €[0,n],
2(t,0) = z(t,m) = 0, t€0,1]U(2,3],
| 2(0,2) +(2) =0 v €07,

(2.33)
Let U=V =H := L2( [0, 7] ,R). Our presumptions are as follows:
We define ¢ : ([0,1] U (2,3])xPC([0,3] ,H) — H, g1 : (1,2]xH — H, ¢ : PC([0,3] ,H) —
H and f : [0,3] — L3(V,H), defined by

o(t, 2(t, 2)) :W(z(t,x)) tel0,1]U(2,3], z€[0,n],

2(17, 7)
Gy (t,2(17, ) // L+ 21, )||2)dsda: te(1,2], xe€l0,n],

/ / (t,x)cos(z(s, z)ds dx,

F(t) =b(t) tel0,1U(23],

where (,b:[0,7] x [0,7] — RT are continuous functions such that (¢, 7) = b(¢t,n) = 0.

Define the bounded linear operator B : U — H by
Bu(t)(z) = v(t,2), @ € [0,7], ue L*([0,T],0).
The operator : L2 ([0,7],U) — L*([0,T],H) defined by

Gu(z) = /T R(T — s)v(s,z)ds,

Sk

has an inverse G, ! and satisfies condition (Hg). Lemma 2.1 and Corollary 2.1 establish
that ¢ and ¢; are compact.
Next, it shows us that all requirements of Theorem 2.2 are satisfied in the above

example. Therefore, the system corresponding to (2.33) is exact controllable.
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Chapter

Existence, Uniqueness and UHR Stability of
FSIDEs with NII

In this chapter, we present the main results obtained in our article [114]. We pro-
pose a new class of Caputo fractional stochastic integro-differential equations with non-
instantaneous impulsive and nonlocal conditions. The existence, uniqueness, and Ulam-
Hyers-Rassias stability are established. This is achieved by applying fixed point theory,

stochastic analysis, and fractional calculus.

3.1 Introduction

Ulam introduced the concept of functional equation stability in 1940, posing the question:
under what conditions does an additive mapping approach an approximately additive
mapping? Hyers [78] provided the first answer to this question, focusing on Banach
spaces. This form of stability is known as Ulam-Hyers stability (UH stability). In 1978,
Rassias [137] extended Ulam-Hyers stability by incorporating variables into the theory.
The concept of stability arises when an inequality replaces a functional equation, and the
solutions to this inequality remain close to the original equation’s solutions. Essentially,
for every solution of the perturbed equation, there exists a solution to the original equation
that is close to it. Since then, a number of researchers have become interested in the

theory of Ulam-Hyers stability. Many interesting results on HU stability have been gained
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(see [12, 21, 80, 92, 147, 152]), and some research on Ulam-Hyers-Rassias stability (UHR
stability) has been provided (see [19, 67, 92, 184] and the references therein). In recent
times, the UH and UHR stability of stochastic differential equations has been examined
by many authors. Anguraj et al. [12], Selvam et al. [147], Lang et al. [92], Ben Makhlouf
et al. [19] studied the existence and UHR stability of solutions for stochastic differential
equations Wang et al. [172], Song and Luo [152], Ben Makhlouf et al [21], Kahouli et
al. [80], Rhaim et al [140] addressed the UH stability of fractional stochastic differential
equations.

Inspired by the above works and to the best of our knowledge, there is currently no
literature exploring the UH and UHR stability of Caputo fractional stochastic integro-
differential equations with non-instantaneous impulsive and nonlocal conditions. The
purpose of this chapter is studies the existence and uniqueness of mild solutions for the
following class of fractional stochastic integro-differential equations with non-instantaneous

impulses and nonlocal conditions:

[ <DPy(1) :Ay(t)+h<t,y(t),f(ly(t))+N<t,y(t),K2y(t)>dVZt(t>, tek@O(sk,tkH],
o) =Hily()), te U s,

L ¥(0) +7(y)=yo € H,
(3.1)

where SD,? is the Caputo fractional derivative of order 8, 8 € (5,1), A: D(A) CH— H
is the infinitesimal generator of a strongly continuous semigroup {7 (t)}:>o of bounded
linear operators on a separable Hilbert space H. Let J = [0,T], T > 0 is a constant,
h:JxHxH — H, N : JxHxH%Handfy:PC(J,H) — H are given functions
satisfying certain assumptions 0 =tg = sg <t; < 51 <tg -+ <ty < Sy <ty =1, Hy :
(tg, sr] x H — H are non-instantaneous impulsive functions for all £ =0,1,2,---  m, the
terms K;y(t) is given by K;y(t) = /Ot oi(t, s)y(s)ds where p; € C(D,R*), for i = 1,2 are
the set of all positive continuous functions on D := {(t, 5):0<s<t< T}, and yp is an
Fo-measurable random variable with E||yo|| < occ.

The chapter is organized as follows: ?? introduces some fundamental notations and

preliminaries. 3.2 provides some sufficient conditions for the existence and uniqueness of a
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mild solution for the system (3.1) and includes an example to demonstrate the obtained
result. 3.3 Provides the UH and UHR stability of a mild solution for the system (3.1)

using fundamental Definition 3.6.

3.2 Existence and Uniqueness of the Mild solution

In this section, we establish the existence and uniqueness of the mild solution for a class
of FSIDEs by applying the Banach contraction principle and Krasnoselskii’s fixed point
theorem.

Let (H, (., ), |l-llm), and (K, (.,.)x, ||lx), two real separable Hilbert spaces. Let
(Q, F,{Fi}+>0,P) be a complete probability space equipped with a normal filtration
{Fi}+>0 satisfying the usual conditions. Let {WW(t)}:>0 be a Q-Wiener process defined on
(Q, F,{Fi}i>0, P) with the covariance operator Q such that tr(Q) < oco. It is assumed
that there exists a complete orthonormal system {ey}, y in H and positive real numbers
A such that Qe = A\pep, K =1,2,---, and a sequence of independent Brownian motions

such that
(W(t),e) = > VAubBuler, €)Bk(t), e € H, t>0.
n=1

Let L2(J, ]HI) be the space of all H-valued square integrable operators defined on [0, 77,

%
with norm |1y xc = (I Iu(0) Pat)
In the sequel, L%(J, ]I-]I) denotes the space of Fy- measurable, H-valued and square

integrable stochastic process.
L (J H) = {f € L*(JH) | fis fo—measurable}.
Consider the space

PC(]0,T),H) = {]—"t -adapted H-valued process y(t) is continuous every where

except for some ¢ # t; at which y(¢;) and y(t)) exist
and y(t,) =y(tr), k=1,2,--- ,m and sup E|y(t)|? < oo},
0<t<T

which is a Banach endowed with the norm

Ioline = ( sup Elwo)?)
0<t<T
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Lemma 3.1. [39] Let the space
M(H,K) = {gzﬁ is an Ly (H, K)-valued stochastic process on J such that ®(t) is
T 2
Fi-measurable for all t € [0,T] ,/ ]EH(;S(t)H dt < oo}
0

If & € M(H,K), then

EH/OT¢(15)CZW(15)‘2 <tr(Q) /OTIEud)(t)Hth.

Now, we present the fundamental concept of mild solutions for fractional stochastic

integro-differential equations (3.1).

Definition 3.1. A stochastic process y € PC ( [0, 7] ,H) is a mild solution of the system
(3.1) if y satisfies the following stochastic integral:

) (v —7(y))
—i—/ot (t — 3)5,1‘/(15 — s)h(s,y(s), Kly(s)>d3

—1—/(: (t— s)’B_lV(t - S)N(s, y(s), Kgy(s)>dW(s) te€0,t1],

(

U(t

y(t) = Hilt,y(ty)), t e U (b sil,

U(t — 3k>Hk(3k, y(sk))
+/5k (t — 5)5—1V(t — s)ﬁ(s, y(s), K1y(8)>ds

t 5.1 m
—l—/Sk (t—s)" V(t— S)N(s,y(s), Kgy(s))dW(s),t € kgl(sk, i),

(3.2)
where
U= [T o TWr)dr, V()= [ rosr)T@rr,
og(r) = ;T F0s(r ),
and
05(r) =~ fjl (- 1)"%-/%-11%;!*1) sin(nmB), 1 € (0,400).

op is a probability density function defined on (0, +00).
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We will now present the set of hypotheses that will be utilized in our main theorem.

(Hy) T(t) is a compact operator for every ¢ > 0.

A

(Hs) The function h: J x H x H — H satisfies

(1) For each t € [0,T], A(.,u,v) is measurable and for any u,v € H, A(t,.,.) is
continuous.

(2) There exist a continuous, non-decreasing function 15 : R — R and a constant

Ly > 0, the function ¢j € L (J,RT) such that

E||A(t, u, v)||* < gpﬁ(t)wﬁ(HuH;), limint 2 1, < foo.

u—r+00 u

(3) There exist two positive constant Cy, C} such that

2

Y

E||A(t, u,v) — h(t, o/, o) |2 < CE[Ju — || + CiE[jo — v/
for each (¢,u,v), (t,v/,v") € J x H x H.
(Hs) The function X : J x H x H — H satisfying

(1) For all t € [0,T], N(.,u,v) is measurable and for any w,v € H, X(¢,.,.) is
continuous.

(2) There exist a continuous non-decreasing function ¥y : Rt — R* and a constant

Ly > 0, the function ¢y € L» (J,RT) such that

E||N(, u, v)||? < gpN(t)gZ)N(HuHiC), T O

uU——+00 u

(3) There exist two positive constant Cy, Cy such that

2

)

2
E(IR(¢,u,v) — X(t, o/, 0)|]* < CN]EHU — u'H - C{QEHU -
for every (t,u,v), (t,u',v") € J x H x H.

(H,) The nonlocal function ~ : PC([0,T],H) — H is continuous, there exists a constant

C., > 0, satisfying the conditions
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(1)
Ellv(y)|* < C,, Yy e PC([0,T],H).
(2)
2
Ellyv(y) = 1@ < Gy 2|, V¥a,y € PC(l0, 7], H).
(ﬁg)) Hy @ (tg,sk) x H — H is continuous function, for k = 1,2,--- ,m, there exists

constants Cpy, € (0, 3), satisfying the conditions

(1)

2
EllHi(ty(t)IP < Cu o[ Wy € H, ¢ € (s

(2)

E||Bi(t, 2(t:) ~ Hult, y(0)|| < CElly()—2 )|, Va,y € H, t € (b sl

The following should be noted:
N; = k:%}%?;m{Ilsoﬁll}ﬁ[s’wtm o Ny= max {Ile}L;[Skmﬂ :
t

t
Ck, = sup [ @i(t,s)ds < oo, Ck,= sup [ gat,s)ds < occ.
te[0,7] /0 tel0,7] /0

Theorem 3.1. Assume that the assumptions (H,)-(Hs) are satisfied. Then the system
(3.1) has a mild solution on [0,T], provided that

3M2LﬁT(“+1)(1‘P1)Nﬁ 3M2Tr (Q) LNT(b-i-l)(l—p) Ny
_|_
r2(8) (a+ 1) r2(8) (b+ 1)

C :=3M*Cy, + <1 (3.3)

And
M?Cy + (M?+1) Cp, < 1.
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Proof. Defined the operator I" : PC([0,T],H) — PC([0,T],H) by

(

U(t ?/0— )
—|—/ (t—s)" V(t— )ﬁ(s,y(s),Kw(s))ds

—l—/o (t—s) ﬂ_IV(t — 3)N<s,y(s), Kw(s))dW(s) t€0,t],
(Iy)(t) = Hilty(y)), t e U (tr, sk,

Ut — si)Hi(sy, y(Sk))

—l—/ t—s - t—s)ﬁ( y()Kw())d
\ —|—/ t—s - t—s)N( y(s), Kay(s ))dW(S),t € kgl(sk,tk+1].
(3.4)

The existence of mild solution of the system (3.1) is equivalent to the existence of a fixed

point of the operator I" defined by (3.4). Obviously, the fixed point of I"'y(t) is the solution
of the problem (3.1). For each finite constant r > 0, let

0. = {y e Pe(0.7]. 1) [ylpe < v}

It is evident that €2, is a bounded closed and convex set in PC([0, T, H).

The proof falls naturally into four steps.

Step 1 Now we can show that the operator I" is bounded set to a bounded set in €,

We prove that there exists a constant » > 0 such that I°(£2,) C Q,. If this is not true,
then for all r, there will exist y, € 2, and t € [0, 7] such that

E|ry. )| > r

We consider (3.4) and p,p; € (0,1),a = 2567;11),19 — Q(f?:pl),a,b € (—1,0) , by using

(Hy)-(Hs), Holder’s inequality Lemma3.1 and Lemma 1.9, we have
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Case 1: For t € [0, 1] then by (H,)-(H,), we have

r <EHFyT(t)H2
S3EHU(15)(yo —7(yr)) 2

2

+3E| [ (- 5) V(i - s)ﬁ(s, uo(s), Klyr(s)>ds

(3.5)

2

438 [0 =)V (= )R (5,30 5), Ko () )t (9

=3J1 + 3Jo + 3Js.

Using Lemma 1.9, (Hy), are shown

2

Ji ::EHU(t) (o —(vr))
<0 (Bl + Ellv(wn) ) 30
<2M*(E|lyol* + C).

Using Holder’s inequality, Lemma 1.9 and (ﬁg), we get

b5 [ (t =)V (¢ = ) s 0n(s), K (s) ) ds i
gé\f;ﬁT)/t (t— 3)2(5—1)EHﬁ(57%(3),Klyr(s)) ds

2 % p1
ds> }

T 2] ([ et

=
<L <t—s>“ds} [ Gerorin(l )y as)
2 ) /Ot (Sph(S))plldsrl

1-p1

APT 0P
“I2(8) (a + 1) (1 m)% HyHPC
M2Tt(a+1)(1 —p1)

< =
2B) (a+ 1)

Slenl

)¢f
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By hypothesis (ﬁg), Lemma 1.9, 3.1 and Hélder’s inequality, we have

J3 :=E /Ot (t— S)B_IV(t — s)N(s,yT(s), szr(8)>dW(S)

2

ds

2

ds

<Tr(Q) /otEH (t — 3)6_1\/(25 — 5)R(s, yr(s), Koy, (s))
<Tr(Q) /Ot (t— S)Q(B_I)EHV(t — $)N(s,y,(s), Kayr(s))

M?Tr(Q) t 2(8-1)
<y /0 (t - )% EHN(S,%(s),KgyT(s))

S A R I AT

<ty ol [ [ e ora] [ [ o]

MzTr(Q)tgbﬂ)(l—p) ,
: r2(8) (b+1)"7 (9] o) lonl

Inserting (3.6), (3.7) and (3.8) in (3.5), we obtain

2

ds (3.8)

1 .
Lp [O,tl]

BMQTtg‘hLl)(l*pl)
L2(8) (a+ )/

E|| ) <60 Elloll® + C,) + (o] ) llenl

LH [07"’1]

- (3.9)
3M2T7"(Q)t§b+1)(1 ») ¢N("y"2 )HSONH 1 .
I2(3) (b + 1)(1—p) PC LP[0,t1]
Case 2: Using Lemma 1.9 for t € (tx, sg], K =0,1,2,--- ;m, we obtain
2
E|[ Iy, ()| =EllHx(t, y-(t;))]?
<Cm, yHPc'

Case 3: By (Hs), (Hs), (Hs), Holder’s inequality and Lemma 1.9, 3.1, for t € (sg, tos1], k =
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0,1,2,--- ,m, we obtain

r <EHFyT(t)H2

SBEHU(t s H(sp (s

2

38| [ (0= 9"V~ n(s.0,0). K () ) as

Sk

(3.11)

2

438 [ (=)W (= 8 (s, (9), Ko () )W ()

Sk

=3J] + 3J, + 3.J..

By Lemma 1.9 and (H5), we have

2

J! ::EHU(t — 53 ) Hi(sk, yr(51))

<MZE| Hy(sk, yr (1)) (3.12)
2
yHPc'

Using Holder’s inequality, Lemma 1.9 and (flg), we get

<M?*Cy,

2

Jy:=E /t (t— s)'BilV(t — s)ﬁ(s, yr($), Klyr(s))ds

Sk

s

MQT{

2

ds

2 % p1
)" o

V(t = s)h(s, y,(s), K1y, (s))

“T)
MQT(t — sk)(aﬂ)(l*pl) t 9 R
=@ ) [ (ronplf) " s
<M2T(z€ _ Sk)(a+1)(1—p1)
I2(58) (a + 1)(1—p1)
<M2T(t . Sk)(a+1)(1—p1)
r2(3) (a+ 1)1

[ el " e

Sk

(3.13)

sullolyo) [ (utoyas]”

n(u]lo ) lenl

LP1 [sp,tp41]
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By hypothesis (ﬁg), Lemma 1.9, 3.1 and Hélder’s inequality, we have
2

Jy:=E /t (t— 5)571V(t — s)N(s,yT(s), Kgyr(s)>dW(s)
Sk
2
<Tr(Q) /t EH (t— S)B_IV(t — $)N(s,y,(s), Kayr(s))| ds
Sk
! 2(6-1) ?
<Tr(Q) / (t—s) IEHV(t — 5)R(s,yr(s), Kayr(s))|| ds
Sk
, , (3.14)
gw /t (t_3)2(B_1)EHN(37yr<s)7K2yT(5)) ds
2(8)  Ja
MTr(Q) [ ! wen VP 2 \ias|
<o) L 9 o] L[ el
M2T7"(Q) (t . sk)(bﬂ)(lfp) )
= Fz(ﬁ) <b+ 1)(1_p) ¢N(HgHPC)HQONHL%[SICMH]'
Combining (3.12), (3.13) and (3.14) in (3.11), we obtain
2 ) 2 M?T(t — sk)(a+1)(1_p1) 2
E“FyT(t)“ <3M*C, yHPC + I2(B) (a + 1)(17171) Q/JN(HZ/HPC)H‘PfiHLﬁ[Sk’tkH]
3M2Tr(Q) (t — s1,) TV 2
* F2<ﬁ) (b—l- 1>(17p) wN(HyHPC)HQDN”L%[SMHJ
(3.15)
Dividing both sides of (3.9), (3.10), (3.15) by r and taking limit as » — oo, hence,
we have
2
E||I'y, ()| < C.
with,
2 (a+1)(1—p1) 2 (b+1)(1—p)
C = 3MPCy + 3M?LyT PON, — MPTr(Q)LyT Ny _

_'_
I2(8) (a+1)"" r2(5) (b+1)""
Now we decompose ' as I' = I'7 + I3, we can define I} and I as follows:

(

U(t) (yo — (), tel0,t],
(Iiy) (1) = § Hulty(5). te U (s,

Ut — sp)Hy (s, y(s7)), te kgl(sk,tk+1].
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And
'/Ot (t — s)ﬁ_IV(t - s)h(s,y(s), Kly(s))ds
+/ t - s t - S)N(s, y(s), Kw(s))dW(s) t €[0,t],
= {0 e

/t (t— s)ﬁfl\/(t — s)ﬁ(s, (s),Kly(s))ds

Sk

| [ =)V = R (5009 Kan(9))aw (), 1€ O (st

Verifying that I is a contraction and I is a completely continuous operator will

allow us to apply Theorem 1.4.
Step 2 In order to demonstrate that I7 is a contraction, let x,y € €0,
Case 1 For any ¢ € [0, 1], using condition (H;) and Lemma 1.9, we obtain
E| () () — (1) ) =E[U@) () = @) ||

<M?C.El|ly — z|*.

Case 2 For each t € (ty,si], k=0,1,2,--- ,m,, by condition (ﬁ5), we therefore obtain

E| (1) (t) — (D) )] =E||Hut y(t)) — Hit, 2(t))|
<Ci,Elly(t) — x(0)|P".

Case 3 For each t € (s, tr+1], k=0,1,2,---  m, by Lemma 1.9 and condition (ﬁg,), we
get

B (1) (1) = (1) (0] =B U(t = su) (Hatswt0)) = Hilt, x(6) |
<M*CrElly(t) — 2(0)|.

Then, we get

E| (Thy) (1) — (Na) (1) < (M2, + (M2 +1) Oy, )E[Jy — |
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We establish that I is a contraction.

We now prove that I is a completely continuous operator.

Step 3 We show that I3 is continuous on PC([0,7],H). Let (y,) be a sequence in
PC([0,T],H) such that lim y,(t) = y(t) in PC([0,T],H). For every t in [0,T].
Thus, by , we obtain

ﬁ(s,yn(s),Klyn(s)) — ﬁ(s,y(s),Kly(s)) as n — 0o,

and
N(s,yn(s),Kgyn(s)) — N(s,y(s),KQy(s)) as n —» 0o.

Therefore by dominated convergence theorem, we can conclude that

2

IEHﬁ(s,yn(s),Klyn(s)) —h(s,y(s), Kiy(s))|| — 0 as n — oo, (3.16)

also

2

IEHN (S, Yn(s), Kayn(s)) — R (s,y(s), Kay(s)) || — 0 as n — 0. (3.17)

Case 1 For t € [0,%1], by (3.16), (3.17), Lemma 1.9, Lemma 3.1, Holder’s inequality, and
hypotheses (ﬁg)—(f[g), we get the following

2

EH (Ioyn) (t) — (Ioy) (t)

2

/t (t— S)B_IV(t —s) (ﬁ(s, Yn(8), K1yn(s)) — h(s, y(s), Kw(s)))ds

<28
0

2

+ QE‘ /Ot (t — 3)5*11/(15 — s) (g(S, Yn(s), Kgyn(s)) — N(S, y(s), Kgy(s))>dW(3)
o2M? t 1 2
§F2(6>E‘ /0 (t - S)B (ﬁ(57yn(5>7 KlyTL(S)) - h<37 y(5>, Kly(s)))ds
+ I?;\{[B)E‘ /Ot (t — 3)5—1 (N(s, Yn(5), Kgyn(s)) - N(S, y(s), Kgy(S)))dW(S)
2M3?ty 261
—p(ﬁ)/o (t = )" VE[R(s, yu(s), Kun(s)) — A(s,(s), Kay(s)) | ds
W /Ot (t— S)Q(ﬂ_l)EHN(s, Yn(8), Koyn(s)) — R(s,y(s), KQy(s))Hst.
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Case 2 For t € (s, txs1], £ =0,1,2,-+- ;m, using (3.16), (3.17), Lemma 1.9, Lemma 3.1,
Holder’s inequality, and hypotheses (ﬁg)—(ﬁg), we obtain

EH (Foyn) (t) — (I2y) (1) 2

/t (t— S)B_1V(t —5) (ﬁ(s, Yn(s), K1yn(s)) — h(s,y(s), Kly(s)))ds

Sk

2

<28

2

/t (t — S)BflV(t — s) <N(s, Yn(s), Kgyn(s)) — N(s, y(s), Kw(s)))dW(s)

Sk

/ (1= 3)" ™ (s, ns), Kupa(s) = (s, 0(s), Kon(s)) ) ds

+ 2E|

M2 2

<
—I(B)
+ %E‘ /S: (t - 3)6_1 (N(s, Yn(s), Gﬁyn(s)) — N(s, y(s), K2y(3))>dW(3)

2M2 t—Sk /t

;

2

t—s) 2(6 D EHﬁ (5,9n(s), K1yn(s)) — ﬁ(s,y(s),Kly(s))Hst

N 2M TrgQ) /Sk (i - 3)2(5_1)EHN(3,yn(8)7KQyn(S>) _ N(s,y(s),K2y(s))H2ds.

Thus, we see that EHFQyn — ngH2 —0asn—0.

As a result, which implies that the mapping I, is continuous on €2,.

Step 4 In this step, our aim is to prove that I (€),.) is an equicontinuous
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Case 1 Let 11,75 € [0,1], 11 < 7o, for any y € Q,., we have

2

IEH (Foy) (12)— (Ioy) (1)

/07'2 (7—2 - 3)571]/(7'2 - S)ﬁ(S, y(s)7 Kly(S))dS

<2E

2

_ /Oﬁ (7'1 — 8)6_1‘/(7'1 — S)ﬁ(S,y(s),Kly(s))dS

T2

+2E (12 — 8)6_1‘/(7'2 — 5)R(s,y(s), Kay(s))dW (s)

2

_ /O " (m =)V (1 — 8)R (s, y(s), GEay(s)) AW (s)

2

AM? T2 B—1
SWE /T1 (7'2 — s) ﬁ(s,y(s),Kly(s))ds
4M? g B-1 B—1 2
+ W]E /0 ((7'2 — 8) - (7’1 — s) )h(s,y(s), Kly(s))ds
+ sz(]wﬁ)]E /: (7'2 — S)B_lg(s,y(s), KQy(s))dW(s)
+ I%E /OT1 ((7'2 — s)ﬁ_l — (7’1 — s)ﬁ_l)N(s,y(s), KQ:U(S))CZW(S)
<Ly s

(3.18)
Now, we only need to make sure that S, Sy, S3 and Sy tend to 0 independently of
y € Q. asm—1 — 0.

We calculate S and Sy, by (I:IQ), Lemma 1.9 and Hélder’s inequality, we get

2

Sl =K

/Tlrz (7'2 — s)ﬁflﬁ(s, y(s), K1y<3)>d3

<r| [ a9 as] 7 (B]Gsate ko)) 0|

a+1)(1—
<T(T2 _ 72)(: )(1—p1)
- <a+ 1) —Dp1

i (

H )||g0,v||Lpl o0 —0 as o, — 11 — 0,
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and, we have

/071 (72— 9" = (= )" YA (s). Ky(s)) s
< /On ((Tl _ 3)2(571) _ (Tz _ 8)2(,871))[@")“&(8,?; ), Kiy(s H

m 2(8—1 26—\, |
S{/O ((71_8) (6-1) (72_5) CE )) _plds}

2

SQ :E|

7 @Gt Koo [y Fas]
wﬁ(HyHic) a+1 a+1 a1\ 7P0) n B LS
<2 (= = ) [ e
A\ (a+)(-p1)
(72 (aj_)l)lm wﬁ(HyHi H@ﬁHLm o —0 as i, —11 — 0.

We calculate S3 and Sy using Lemma 1.9, Lemma 3.1, (_[:.,3) and Holder’s inequality,

we get
Ky :=F / (72— )" "R (5, y(s), Kay(s))dW (s) 2
<Tr(Q) [ (ma = )" E[[R(s. (o). Kay(s)) s
(@ [" (m=9") ([ (entoinfof ) bas)
_TT(Q) ((22+_1;11)t+1><1—p> wN(Hprc loxll 3, =0 85 72— =0,
and
S, -=F A”((@__gﬁ*P_(ﬁ-gﬁ*jgcgygyﬁgy@ndwq@ 2

<Tr(Q) /“ ((7'1 - 8)2(571) — (2 — 5)2(571)>W(S)W(Hyuic)ds

0
1 1=p
<Te(Q) </07-1 (<ﬁ _ )Y _ (g - 8)2(5—1)) 1—”ds> w(HyHi ||‘P9||Lp[0t |

e (R R VR OV )"l el

(b+1)(1-p)
Tr(Q)(m — 71
S ( )((bj_ 1)<11)_p) wN(HyHPC ||('ONHL5[Ot — 0 as To —T1 — 0.

LP[Ot
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Substituting (51)-(S,) into (3.18), thus, for each y € €2,, can be easily seen that

2
—0as m,—m — 0.

| (1) () ~ (1) ()
Which means that I (€2,) is equicontinuous.

Case 2 Let 11,79 € (Sg,trs1], K=0,1,2,--- ;m, 71 < 79, for any y € Q,., we have

2

EH (Toy) (12)— (Toy) (1)

ng’ / (r2 = 8)° 7'V (r2 — ) A, y(s), K1y(s))ds

2

_ /817; (7'1 - S)ﬂ—1V(T1 - S)ﬁ(S,y(s),Kly(s))ds

T2

+2E (12 — 3)671\/(72 — 5)R(s,y(s), Kay(s))dW (s)

Sk

_ /: (11— )"V (11 — )R (s, y(s), Kay(s))dW (s)

2

2

g%l@’ | (=) (s, p(s)., Kiy(s) ds
; ff‘j‘f;)m [ (=" = (=) )t Kot s 2
e o NCER VO LS 2
+ %E / (=) = (7= 9)" 7 )N(s 9(5), Kay(s))dW (s)

<55 zs'

In the same manner as S; and S3, we display S] and Sj. It suffices to show S and

S). Using assumptions (I:IQ)—(I:IP,), Lemma 1.9, Lemma 3.1 and Holder’s inequality,

we obtain
2

S1 ::E‘

/Tsz (7'2 — s)’B_lﬁ(s7 y(s), Kly(s))ds

. T(TQ . 7_2) (a+1)(1—p1)

(a+ 1)171”1

(H?JH2 ||90h||Lp1 0] —0as ,—7 — 0.
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Also, we get

2
S5 ::E‘

[ (=9 = (= )" ). o). Kr() s
<(711 — Sk) /s: ((71 — 3)2(q—1) B (7_2 B S) >]EHﬁ s.(5). Ky H

<(11 — sp) {/S: <(71 _ 3)2(5’1) C(ra—s) }1 P
{/s: (EHﬁ(Say< ), K1y(s H ;ds}

P1

< (1= 58)
_(a+1)1_’”1

(7 el e

Sk
)(a+1)(1—p1)

(11— sg) (72 — 71
S (a + 1)(17101) wﬁ(Hpr ngﬁ”LPl [Sk bert } — O as 7o — Tq — 0

And we also have

2

Sy :=E /T2 (72 — s)ﬂle(s,y(s), Koy(s))dW (s)
(b+1)(1-p)
Tr(Q)(m —T 2
< ( )((b2+ 1)11)—;; N(HyHP ”gpﬂ‘mm . —0 as m—1 —0.
Also
2
! =E / ((TQ — ) (- 5)5—1)N(3,y<s>,G2y(s))dW(s)

<Tr(@) [ (1= 5" = (2= )™ YEIN s pt0). Koo)'

Sk

(b+1)(1-p)
Tr(Q) (=)
(b+1)'"

N(HyHi lonll 2 -0 as m—7 —0.

Lp [Sk tk+1]

2

Therefore, for y € €., EH (Iy) (12) — (Ioy) (1) — O0as o —7 — 0.

As a result I3 is equicontinuous.

Consequently, the Kolmogorov-Riesz-Fréchet theorem (see [30]) indicates that I(€2,.) C
Q. is relatively compact. I is therefore implied to be a completely continuous operator

by the continuity of I and the relative compactness of I3(2,.) C Q,.
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Hence, I' = I'} + I has a fixed point on €2,, as demonstrated by Krasnoselskii’s fixed
point theorem 1.4. As a result, a mild solution to the problem (3.1) exists. The proof is

complete.

O
Then we will prove the uniqueness of the mild solution of FSIDE 3.1 based on contraction
mapping theory.
Theorem 3.2. Assume (H,)-(Hs)-(3) and (Hy)-(Hs)-(2) holds, then the system (3.1) has

a unique mild solution on [0, T] provided that

= max {Al,AQ} < 1. (3.19)
With
3M?(Ch + ChCw, T)H3% 3M%tr(Q) (Ch + C{Cr, Tt
Ay = 3M°C, + (2ﬁ+ ASEN L 7"(Q>2( Gl T
2(6) (26 = 1) 2(8) (26 - 1)
and
BM2(Cy + ChCx, T)T?  3M?tr(Q)(Ch + C{C, T) T2
Ay = 3020 + MG+ CiCrT) "(D(Ch+ i T)

_|_
I2(6) (28 - 1) 2R) (26 -1)
Proof. Let z,y € Q,, we consider Lemma 3.1, Lemma 1.9, (H,)-(H3)-(3) and (Hy)-(Hs)-
(2) we obtain

Case 1 For any t € [0, 1], by Lemma 1.9, we get
E| (Iy) (t) — (I'z) (2)|

= HU(t) (yo —7(y)) + /Ot (t — S)B_IV(t —s)h(s,y(s), K1y(s))ds

2

2

+ /Ot (t— 5)6—1V(t — 5)R(s,y(s), Kay(s))dW (s)

_ U(t)(yo - 7($>) - /0 (t — S)ﬁflv(t — s)ﬁ(s,x(s), KL'E(S))ds
_ /Ot (t— )"V (t = )R (s, 2(s), Ko (s))dW (s)

<3ME|y(y) — ()

+ 55\58)]}3’ /Dt (t — 3)5*1 (ﬁ(gy(s), Kly(s)) — fL(S, z(s), le(s)))ds
+ %E| /Ot (t — 3)5_1 (N(s, y(s), Kgy(s)) — N(s, z(s), sz(s))>dW(3)
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By applying Lemma 3.1, (H,)-(H,), we have

E| (Iy) (1) - (o) ()] <302C.Efy -

+ 3[{;/% /Ot (t — s)ﬁfl <C’hIEHy(s) — {L'(S)H2
+ CiE ’Kly(s) - le(s)H2>ds
?Mrzt(;()Q) /Ot (t— 3)571 (C’NEHy(s) — x(s)H2

§3M2C'7EHy — mH2
3M?ty (C + CiCx, T) -
T2(3) /0 (t—s)
3M2t7"(Q) (CN + C{QO[QT) t _
T2(3) /0 (t—>s)

As a result,

3M2(Cy + Cy Ok, T)
I2(8) (26 —1)
3M%tr(Q)(Cx + C{Cx,T) t%“) 2
I2(5) (26— 1) o ==

| (1) () - (o) ()] < (3020 +

Case 2 For each t € (ty,si], k=0,1,2,--- ,m, by assumption ([ﬂ), we obtain

E| (1y) () — (o) ) =B Bult, y(t) — Hultatt)|
<Cy, Ely(t) — 2 (t)|]*

Hence, we have

E| (Iy) () = (1) @) < CnElly -]

Case 3 For every t € (sg, txt1], £ =0,1,2,--+ ,m,, by Lemma 1.9, (I:IQ), (ﬁ3), (.E[5) and

Holder’s inequality, we have
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2

E| (Iy) (t)— (I'z) ()
:EHU (t — si) (Hi(t,y(t))) + /S: (t— S)ﬁ_lv(t — s)h(s,y(s), Kiy(s))ds
+/ t—s)" TV (t—s)N(s,y(s), Kay(s))dW(s)

—U(t — sp) (Hi(t, 2(ty,))) — /S: (t— s)’B_lV(t — s)h(s,x(s), Kix(s))ds

_/ (t—s) Ty V(t = s)R(s,x(s), Kox(s))dW (s)

(ty(t) — Hilt 2(t;)|

RIWE 2

_ WIE /: (t— 5)5—1 (ﬁ(s,y(s), Kiy(s)) — h(s, z(s), le(s))>ds
+ Ii]\(/[ﬁ)E /S: (t — 5)5*1 <N(s,y(s),K2y(s)) — N(s,x(s),sz(s))>dW(3) .

Therefore, by Lemmas 3.1 , (H,), (H3) and (Hs), we have

E| (Iy) (t) - (I'z) (0)|]
<3MACHE[y(t) — 2 (t)|”

3M? (Cﬁ + C;%CKlT) (t — Sk) t 2(8—1
T2(3) /sk (t - 5)

)EHy(s) - x(s)H2ds

3M?r(Q) (Cx + C{Cr,T) 2(6-1) 2
o ¢ /Sk (t = )" Ey(s) — a(s)| ds
Thus, we have
Q(Cﬁ + Cl CKlT) (t — Sk)26
B0 - (ra) O <(a320n-+ =Sty

3M2tr(Q) (Cx + C{Cr, T) (t — 1) * 2
T2(8) (28 — 1) )EH?J“’”H

Hence, it follows from (3.2) that
B (ry) () - (12) ()] < AE[y <"

The above inequalities imply that I is contraction on €2,.
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Clearly, we can conclude that the operator I' has a unique fixed point y(t) € €2, based on

the Banach contraction principle. Thus, the Theorem is proved.

We now present the second result of this chapter.

3.3 Ulam-Hyers-Rassias Stability results

In this section , we examine the UH Stability of the solution for the system (3.1)

Let (X, ||.[x) be a Banach space, C'([0,7],X) is defined as a space of continuously
differentiable functions. Let f : [0,7] x X — X be a continuous operator, ¢ [0,7] — R*
be a continuous nondecreasing function and € > 0 be a positive real number. We take the

following
y'(t) = f(t,y(t)), foreachte[0,T], (3.20)

and the following differential inequations for each t € [0, T

ly'(8) = f(t,y(®)lx <&, (3.21)
ly'"(8) = f (&, y()llx < vp(), (3.22)
ly'(8) = f (&, y()llx < e€(2). (3.23)

According to [142], the stability of (3.20) in terms of Ulam-Hyers, generalized Ulam-

Hyers, Ulam-Hyers-Rassias, and generalized Ulam-Hyers-Rassias are as follows.

Definition 3.2. [142] The equation (3.20) is Ulam-Hyers stable if there exists a positive
constant ¢y such that for every € > 0 and for every solution y € Cl( [0, 7] ,X) of (3.21)
there exists a solution z € C*([0,7],X) equation (3.20) with

ly(t) — x(t)|lx < cpe, for every t € [0,T].
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Definition 3.3. [142] The equation (3.20) is generalized Ulam-Hyers stable if there exists
v(e) € C(RT,RT), v(0) = 0 such that for all € > 0 and for each solution y € C*(R*,X) of
the inequality (3.22) there exists a solution x € C!(R*,X) problem (3.20) with

ly(t) — z(t)||x < wv(e), foreveryte[0,T].

Definition 3.4. [142] The equation (3.20) is Ulam-Hyers-Rassias stable with respect to
¢ if there exists ¢f¢ > 0 so that for all e > 0 and for every solution y € Cl( [0, 7] ,X) of
(3.23) there exists a solution z € C*( [0, 7], X) of (3.20) with

ly(t) — x(t)|lx < crec(t), for every t € [0,T].

Definition 3.5. [142] The equation(3.20) is generalized Ulam-Hyers-Rassias stable with
respect to ¢ if there exists a real number cy¢ such that for each solution y € Cl( 0,77 ,X)
of the inequality (3.22 ) there exists a solution 2 € C*([0,7],X) Problem (3.20) with

ly(t) — x(t)|lx < cre&(t), for every t € [0,T].
Remark 3.1. It is clear that
(i) Definition 3.2 = Definition 3.3.
(ii) Definition 3.4 = Definition 3.5.
(iii) Definition 3.4 for £(t) = 1 == Definition 3.2.

Similar to [3, 142] Ulam-Hyers stability and Ulam-Hyers-Rassias stability of (3.1) are given

as follows:

Definition 3.6. The equation (3.1) is Ulam-Hyers stable with respect to ¢ if there exists a
contant Cy > 0, such that for cach e > 0 and a solution y € PC( [0, 7], H) of the following
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inequality:

(

EHy(t) —Ut) (yo — ()

_ /Ot (t— s)ﬁ*lv(t — s)ﬁ(s, y(s), Kly(s))ds

_ /ot (t - s)ﬁ_IV(t — s)N(s,y(s), Kw(s))dW(s) <eg, te0,t],
EHy(t) — Hk(t,y(t,;)) < g, t e kgl(tk, Sk],

EHy@) — Ut — ) Hilsn y(51))

— | (t— s)ﬁ_IV(t —5) — h(s, y(s), Kw(s))ds

_ /S: (t— s)ﬁ—l\/(t — s)N(s, y(s), Kgy(s)>dW(3)

2
m
<e te€ kL_Jl(Skatk:—&-l]a

(3.24)

and there is a solution 2 € PC([0,T],H) of system (3.1), satisfies
E|y(t) - x(t)H2 < Cie, Vtel0,T].
With the initial value y(0) = x(0).

Definition 3.7. Equation (3.1) is Ulam-Hyers-Rassias stable in the mean square with

respect to § : [0,7] — RT is a continuous nondecreasing function and if there exists a
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contant Cy > 0, such that for each solution y € PC ( [0, 7] ,H) of the following inequality:

B|s(0) - U)o - v(y))
—/ t—s)" V(t— s)ﬁ(s y(s),Kw(s))ds
_/o (t—s) 71V(t - S)N(s, y(s), sz(s))dW(s)

2

< 8£(t), t e G (tk,Sk],
k=1

2
S €£(t), S [Oatl] )

EHy(t) — Hy(ty(ty))

EHy(t) — Ut — ) Hi(s,y(s1)

t

— (t — S)B_IV(t —5) — ﬁ(s,y(s), Kly(s)>ds
—/ t—s)" V(t— 5)N<s,y(s), KQy(s))dW(s)

2
S 55@)7 te ]gL—Jl(Sk” tk+1]7

(3.25)
there is a solution # € PC( [0, T],H) of system (3.1), with the initial value y(0) = z(0).,

\

satisfies

Ey(t) — «(t)| < Coct(®), Vit € [0,7). (3.26)

where C is a constant that does not depend on x(t).
Remark 3.2. It is clear that Definition 3.7 for {(t) = 1 = Definition 3.6.

Theorem 3.3. [50](generalized Grénwall inequality) Let x(t) be real, continuous, and

nonnegative on [0, T] such that

(1) < w(t) + v(t) /Ot k(t, 5)a(s)ds,

where w(t) > 0,v(t) > 0 and k(t,s) > 0 are continuous functions for 0 < s <t <T. Then

(1) < 5(t) exp <1/(t) / 'Kt s)ds>,

where

d(t) = sup w(s), v(t) = sup v(s), K(t,s) = sup k(r,1).

0<s<t 0<s<t s<r<t
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Theorem 3.4. Assume that (H,)-(Hs)-(3) and (Hy)-(Hs)- (2) are valid. If
1 —4M?*Cy, > 0.

The system (3.1) is Ulam-Hyers stable and also generalized Ulam-Hyers stable with respect

to €.

Proof. Consider y(t) to be the solution to FSIDEs (3.1) and z(¢) to be the solution to
inequality (3.24).

Case 1 For each t € [0,%], by Lemma 1.9, Lemma 3.1 and Theorem 3.3, we have

Ey(o) ~ o(0)]

t

<E |y(t) —U(t)(zo — v(2)) — /o (t— 3)571V(t — s)ﬁ(s,x(s), le(s))ds

2

_ [ (t— S)B_IV(t — S)N(s,x(s), Kgsc(s))dW(s)

0

t (t— s)q_l\/(t - S)ﬁ(S, y(s), Kly(s))ds

2

SgEHy(t) —Ut)(yo —(v)) — /0

3M2T [t 252
<3e + T2 (5) /0 (t—s)
-E ‘ﬁ(s,y(s), K1y(s)) — h(s,x(s), Kiz(s))|| ds
3M2TT(Q> t 28—2
o )
~EHN(s,y(s),K2y(s)) — R(s,z(s), Kax(s))|| ds.
Then, using hypotheses (H,)-(Hs)-(3) and (Hy)- (2), we get
E[ly(0) - =0 ey M (Cﬁ; (%%T)T [N "ORE ds
3M?(Cx + sz(ngT)TT(Q) /Ot (t—s)"E ‘y(s) — x(s) s,
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Hence, using Gronwall inequality (Theorem 3.3 ), we get

2

EHy<t> — ()| <ae (3.27)
with
; (3M2(Cﬁ + C}Ck, T)T? + 3M?Tr(Q) (Cx 4+ CiCx,T) T2ﬁ1>
C1 = ex .
: P T2(8)(28 — 1)

Case 2 For each t € (ty,si], k=0,1,2,--- ,m, by (ﬁ5)—(2), we have

2

EHy(t) - §2EHy(t) — Hy(ty(t;))

N QE“Hk(t, y(t7)) — Hi(t, 2(t7))

2
<2+ QC’HkEHy(t) — z(t)

Therefore
2

IEHy(t) — 2| < e, (3.28)

with Cy = %

Case 3 For each t € (s, tps1], k=0,1,2,--- ,m, by (Hy)-(Hs)-(3) and (Hs)-(2), Lemma
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1.9 and Theorem 3.3, we obtain

2

E|y(t) — 2(t)

<E

y(t) = U(t — si) Hg(sp, z(sk))

_ /s: (t— s)ﬂ—lv(t —5) — ﬁ(s, z(s), K137(8))ds

_ /s: (t— S)ﬂ—lv(t — S)N(s,x(s), Kgx(s))dW(s)

§4]EHy(t) — U(t — si) Hi (s, y(s1))

_ /s: (t— S)ﬁflv(t —s) — ﬁ(s, y(s), Kw(s))ds
_ /s: (t— S)ﬂfll/(t — S)N(s,y(s), Kgy(s)>dW<S) 2

2

: (N(s,y(s),Kgy(s)) - g(s,x(s),Kgx(s)))dW(s)

2

<de + 4M*E

Hy (s, y(sk)) — Hi(sk, 2(s1))
AMPT ot 282
" gy L,

4MF2T<;§Q) /t (t— ) PE|R (s, y(s), Kay(s)) — R(s, 2(s), Koz (s))
4e 4M2 (Cﬁ + C,%CKl T)T t 28—2
ST_40M2Cy, | T2(3)(1— 4M2Ch,) /k (t=s)" E
AM? (Cy + CLCk,T)Tr(Q) t w
2(5)(1 — 4M2Cyy,) / (t=s)" E

2

ﬁ(s,y(s),Kly(s)) — ﬁ(s,x(s),le(s)) ds

2

ds

2

ds

y(s) —2(s)

2

ds.

y(s) —x(s)
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Then applying Theorem 3.3 ( Generalized Gronwall inequality), we have

2 4
k

AM?(C + CLCk, T)T  4M?(Cy + CLCi, T)Tr(Q) Y [t o
o ((Emreny o e )L, (-977)

Sk

As a result, we have
2

EHy(t) a0 < e, (3.29)
with
4 AM?(Cy + CiC, T)T?P + AM? (Cy + C{Cx, T)Tr(Q) T
ST 1 aec, P ( T2(3)(26 — 1)(1 — 4M2Chy, ) )
Thus,

2

IEHy(t) a0 < e (3.30)

As shown in (3.27), (3.28) and (3.29), C exists, with C; = max {cy, co, c3} that

satisfies Definition 3.6. The solution to (3.1) is Ulam-Hyers stable in reference to ¢.

In addition, assume that v € C(R*T,R™), v(0) = 0 is a non-decreasing function. We
can then write from (3.30)

2

IEHy(t) 20| <ule),  with o(0) = 0. (3.31)

Hence, (3.31) shows that the solution is also generalized Ulam-Hyers stable.

O

Remark 3.3. Assuming the definition 3.4, we examine FSIDEs (3.1) and inequalities
(3.26). Ulam-Hyers-Rassias stability of FSIDEs (3.1) can be verified by repeating the same

procedure.

Theorem 3.5. Suppose that the hypothese (H,)-(Hs)-(3) and (Hy)-(Hs)- (2) are satisfied.
If
1—4M?*Cy, >0

Then FSIDEs (3.1) is Ulam-Hyers-Rassias stable.
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Proof. Let y(t) to be the solution to FSIDEs (3.1) and z(t) to be the solution to inequality
(3.24).

Case 1 For any t € [0,¢], by Lemma 1.9, Lemma 3.1, Theorem 3.3 and assumptions
(Hy)-(H3)-(3) and (H,)-(2), we find

2

E|y(t) - 2(t)

§3EHy(t) —Ut) (yo — ()

t

- (t— S)B—lv(t — s)ﬁ(s, y(s), K1y<8)>d5

2

: <ﬁ(s,y(s),K1y(s)) - ﬁ(s,x(s),Kw(s)))ds
[ =9V
: (N(s,y(s),[@y(s)) - N(s,x(s),Kgx(s))>dW(s)

2

ds

+ 3E‘

2

<3e€(t) +

3M*(Cy + ChCx, T)T 952
T2(3) /0 (t - 3) E ’y(s) — z(s)

3M2 (CN + C&C}QT)TT(Q) t 28—2
T2(5) /0 (t — 3) E

Hence, employing Gronwall inequality (Theorem 3.3 ), we get

2

ds.

ul(s) —a(s)

By <300

e ( <3M (Cy ;;(%;;CKIT)T L 3M (G + g;zgg(QT)Tr(g)> /Ot ‘“ 3)2“ds>,

therefore, we get
2

< cheg(t), (3.32)

E[ly(t) ~ 2(0)
with

/g <3M2 (Cr + ChC, T)T?P + 3M?*(Cx + C§0K2T)Tr(Q)T251>
Ci = o€X .
LT I2(5)(28 — 1)
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Case 2 For each t € (ty,si], k=0,1,2,--- ,m, by (ff5)—(2), we have

" <2E[y(t) — Bt y(e) |+ 28] Hale () — e 26|

2

y(t) —x()| -

E|[y(t) — 2(t)

Thus
2

< cheé(t), (3.33)

EH (1) — 2(t)
with ¢; = — 20 x for all Cpy, < 1/2.

Case 3 For each t € (s, tpy1], K =0,1,2,--- ,m, by (Hs)-(Hs)-(3) and (H5)-(2) Lemma

1.9, Lemma 3.1 and Theorem 3.3 , we obtain

E|y(t) — (1

i §4IEHy(t) — U(t — sk)Hi(sk, y(s1))

—/ t—s t—s ﬁ(s,y(s),Kw(s))ds

2

_/ (t— )5 V(t—s)g<s,y($),K2y(3))dW(s)

Sk
2

+AE[U(t = ) (Hi(si y(s1)) = Hilsn, (1))

[ (t=5)""V(i—s) (ﬁ(svy@v Kuy(s)

Sk

+3E

2

_ ﬁ(s,m(s), Kﬂ(s)))ds
/S: (t — 3)5*1V(t — s) (N(S, y(s), sz(s))
N (s, 0(s), Ko(s) )W (s)

2

+H4E

2

<Ae€(t) + AMPE| Hy (s, y(sr)) — He(se, 2(sk))

2

+ Z;];/‘E;)j /St (t— S)2B—2E h(s,y(s), Kiy(s)) — h(s, (s), K1z(s))| ds
4MF27;;§Q) /S: (t — 3)26—21[2 N(s,y(s), Kgy(S)) — N(s,x(s), Kgx(s)) ds.
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Then, using assumptions (Hs)-(Hs)-(3) and (Hs)-(2), we obtain

Ely(6) — #(0)] <y pyrae €0
A P Vo
AM? (Cﬁ + C}CKlT)T t 28—2 2
PO DECy) / t—5) PR ‘y(s) —a(s)|| as
4M2 (CN + C{\QCKQT)TT(Q) t 26—-2 2
T2(3)(1 — 4M2Cr) /Sk (t—s)" 'E 'y(s) —x(s)| ds.
Then applying Theorem 3.3 ( Generalized Gronwall inequality), we have
2 4e
— < -
Elyt) ~ () < t—3g 40
AM?(Cy + CLCg,T)T + AM?(Cy + C{ K, T)Tr(Q) 28—2
. exXp 5 5 / (t—s) ds |.
I'2(B)(1 — 4M2Ch,) s
Thus, we can get
2
Ely(t) - o(t)| < ec(o) (3.34)
with
;L 4 <4M2 (Ch + CiCx, T)T? + 4M?(Cy + C&CKQ)TT(Q)T%*)
ST 1 _arec, T T2(3)(25 — 1)(1 — 4M2Chy, ) '

As a result, Cy = max{c], c), ¢} exists and satisfies Definition 3.26. The solution

(3.1) is Ulam-Hyers-Rassias stable.

3.4 Example

In this section, an example is presented to verify our preliminary results in Sections 3.2

and 3.3. Consider the following fractional stochastic integro-differential equations with
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non-instantaneous impulsive and nonlocal conditions:

(

cDiy(t, z) = o “y(t, z)—i—f(mytz +/ e "y(s, z)ds)

H it ) + & [ eyl s Jawio), zefo.alee 0.3 u (3],

y(t,z):m, cef01],te(d,2),
y(t,0) =y(t,1) =0, te[0,1],
(0 2)+ i 3yt 2) = yo(2), z€10,1].
(3.35)
Let H = L2( 0,1], ]R) be the Hilbert space with the scalar product. We define the operator
A:D(A)CH%HbyAy—aT,\mthD ):{yelﬂl,az,a2 € H and y(0) = y(1) =

0}, and the semigroup generated by A is defined by T (t)v = Y02, e ™" *t (v, v,) v, and
|T@)]? < et <1,t >0 where v, = /2sin(ns), n = 1,2,--- is the orthogonal set of
eigenvectors in A.

Letto—So—Oﬁ—% S1 = %andtzzlformzl

y(t) =y(t, ),
1 et t
ﬁ(t,y(t),Kly(t)) \/%<\/7ty(t’ z)+/ e Sy(s,z)ds>,
Kﬂ/t):\/_/e y(s, 2)ds,

—2t

N(t,y(t), sz(t)) = ( 1006(1 = 672t)y(t> 2) + = /Ot e *y(s, z)ds),

Kyy(t) 50/6 y(s,z)d

e—(t *E)y(t Z)
Hy(t,y(t) = 41+ |y(t,2)))’

and

2
Let g = 4, p=: and pp = 2. Itis p0551ble to rewrite the equation (3.35) into the abstract
form of (3.1).

It is possible to rewrite the equation (3.35) into the abstract form of (3.1). The
assumptions (H;)-(Hs) and condition (3.3) are easily verified with
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4t

o) =355+ 1). mm = a = k(1) we=n

L=1=1, C, =2, Cu, = 5% M =1,
Ny =0.01432, Ny = 0.05001, (% =0,00021, Cx = 0,000026,
Ck, =Ck,=1 Cy =5, Cy = 155-
So, we obtain
C =0.23299 < 1, A =0.66767 < 1.

Consequently, the system (3.35) has at least one mild solution since Theorem 3.1, 3.2 is
valid.
In addition to the above, {(t) = 1—i=. Using Theorem 3.5, such that
C1 = Cy=5,08873 > 0.
This leads us to conclude that system (3.35) is Ulam-Hyers-Rassias stable in accordance

with Theorem 3.5, also is Ulam-Hyers stable in accordance with Theorem 3.4.
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Chapter I

Convergence of the 8-EM method for a class
of SVIDEs

This chapter of the thesis outlines the key findings presented in our scientific article
[112]. We examine the convergence analysis of the #-Euler-Maruyama method for a class
of stochastic Volterra integro-differential equations (SVIDEs). At first, we discuss the
existence, uniqueness, boundedness and Hoélder continuity of the theoretical solution.
Subsequently, the strong convergence order of the -Euler-Maruyama approach for SVIDEs

is established. Finally, we provided numerical examples to illustrate the theoretical results.

4.1 Introduction

Recently, Deng et al. [44] examined the semi-implicit Euler method for non-linear time
changed stochastic diferential equations. Wang et al. [171] investigated the stochastic theta
methods (STMs) for stochastic differential equations (SDEs) with non-global Lipschitz
drift and diffusion coefficients. Zhang et al. [183] examined the Euler-Maruyama (EM)
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method’s numerical analysis of the following generalized SVIDEs:
t t
dY (t) :f(Y(t), / Ko(t, s)Y (s)ds, / al(t,s)Y(s)dW(s))dt
0 0
t t
+g(Y(t), / Ka(t, s)Y (s)ds, / ag(t,s)Y(s)dW(s))dW(t).
0 0

Lan et al. [91] presented the 8-EM method corresponding to the following SVIDEs:

t

dX (1) = f(X(t), /0 tG(t—s)X(s)ds)dtJrg(X(t), /O H(t—s)X(s)ds)dW(t).

Inspired and motivated by the above works [44, 91, 171, 183], in this chapter, we study
the strong convergence of the §-Euler-Maruyama method for a class of stochastic Volterra

integro-differential equations (SVIDEs) as follows:

dY (t) = f(Y(t)’/o a1t SW(S)dW(s))dt (4.1)

+g(Y(t), / oot 3)Y(3)ds>dW(t), te 0,7,

with initial condition Y (0) = Yy € R, where f : R xR — R and g : R x R — R are given
functions. The kernels o; : D — R are continuous on D := {(¢,s) : 0 < s <t < T} with
the norm |[|0;]|cc = max gep |0i(t, 5)| for i = 1,2.

Let Y be a stochastic process defined by Y (t,w) for each w € 2, where t represents
time. To simplify the notation, we refer to Y (¢), defined on the probability space (€2, F,P).
W (t) is a standard Brownian motion (1-dimensional Brownian motion) defined on the

|? < 0.

same probability space. And E||Y;

The structure of this chapter is as follows: We introduce some fundamental notations
and preliminaries in 4.2. We then present the definition of the solution of equation (4.1)
and investigate the existence, uniqueness, boundedness and Holder continuity of the
analytic solution in 4.3. The 8-EM method for equation (4.1) is presented, and its order

of convergence is taken into account in 4.4. Finally, we provide numerical examples in 4.5

to illustrate the theoretical results.
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4.2 Preliminaries

Let (2, F,(Fi)i>0,P) be a complete probability space with a filtration (F3):>o satisfy-
ing the usual conditions , and let E denote the expectation corresponding to P. A
1-dimensional Brownian motion defined on the probability space is denoted by B(t).
Let L*([0,T],R) by the family of Borel measurable functions ® : [0,7] — R such that
for every T > 0, [ |®(t)]*dt < co. We denote £2([0,T],R) the family of R-valued
Fi-adapted processes {®(t) }scjo7] such that [ |®(¢)[2dt < co. M2([0,T],R) be the family
of processes Fy—adapted {®(¢)} e € L3([0,T],R) such that E [fOT ]<I>(t)|2dt} < 0. For
a,b € R, aAb:=min{a,b}, anda Vb := max{a,b}. If D is a subset of 2, the indicator

function is denoted by 1p. We can write the integral of equation (4.1) as follows:

Y =y + [ t f(y@), [ o s)Y(s)dW(s))du -
4.2

s [ o(v), [ 57 (s)as)aw )

We will introduce the definition of the solution, we assume that Y (.) € £2([0,T],R)

where

F(t) = f(Y(t), / t al(t,s)Y(s)dW(s)),
Gt) =g <Y(t), Ji oot s)Y(s)ds).

Definition 4.1. A solution of (4.2) is a continuous stochastic process {Y (t) }scjo,r] With

values in R satisfies the following conditions:
i) Y(.) e £*[0,T],R), F(.) € £Y[0,T],R) and G(.) € £*([0,T],R),

ii) (4.2) holds for all ¢ € [0,7] with probability 1. The solution {Y(¢)} is said to be
unique if there is exists other solution {Y'(¢)} such that {Y(t)} = {Y ()} for all
t €[0,7T], i.e.,
P{Y(t) =V(t) forall te[0,7] } =1.

Definition 4.2. Let 0 < § < 1. A stochastic process Y (t,w) : [0,7] x Q@ — R is referred

to as Holder continuous with exponent ¢ > 0 if a constant M exists such that

EY(t) =Y ()| < M|t —r*, Vt,rel0,T).
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In this article, we propose this hypotheses.

(A;) (Lipschiz condition). Assume that there exist a positive constant K such that

"< K(\x—x’f + \y—y’f),

Fly) — 1 )| v ot ) - ot y)

for x,y, 2,y € R.
(A2) (Linear growth condition). For z,y € R

|F(z, )|V gz, )| < K’(l + |z + Iylz),

where K’ = 2<K vV I£(0,0)]% V [g(0, 0)|2>.
(A3) (Mean value theorem). Assuming that the coefficients o; € C'(D), for i = 1, 2.
of (4.1) satisfy
|oi(t,s)|* < K",
with K" > 0, for all (¢,s) € D, and
= ot )| < K732,

oi(u,s) — oi(up, s)

where §; € (u,up).

The existence and uniqueness of the solution to (4.1) under hypothesis (Ay) are
demonstrated by the following theorem. The proof of this theorem is similar to the proof
in [183], The proof of this theorem proceeds similarly to that of [183], which pertains to

the case where © = 0.

4.3 Theoretical analysis of the class of SVIDE

In this section, we present the theoretical results. The existence and uniqueness of the
solution to (4.2) have been established. Additionally, we verified the Hélder continuity

condition for the analytical solutions.

4.3.1 The existence and uniqueness of the analytical solution

We now discuss the theory of existence and uniqueness of the solution of the equation

(4.2). We first present the following lemma.
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Lemma 4.1. Assume that (Ay) is satisfied. If Y (t) € £%([0,T],R) is a solution of SVIDEs

(4.1), and such that
E[Y(H) <M, Vte[0.T],

where My depends on 01,09, T, K' and Yj.

Proof. For every integer n > 1, 7,, be a stopping time such that

7, = T Ainf {t €0, 7]:|Y(t)] > n}

(4.3)

Evidently, 7, = T" a.s. by letting n — oo. Define Y,,(t) := Y (¢t A 7,) for ¢t € [0, T]. It can

be verified that Y,,(t) satisfies.

Y, (t) = Y(0) + /0 t f(Yn(u), /0 "o (u, S)Yn<s)1[0,,n](s)dvv(s))1[0,%] (u)du

v /0 tg(Yn(u), /0 " oa(u, s)yn(s)yw(s)ds)1[0,Tn}(u)dw<u), telo,T].

By Cauchy’s inequality, the Itd isometry, and the inequality (z +y + 2)* < 3(2? + y? + 22),

we obtain that

W <3P 43t [ [F(Yaw, [ o1 YoM ()W 5) i 0

2

g(Yn(u),/ou ag(u,S)Yn(s)l[oﬁn}(s)ds,)1[0,Tn](u) du.

3/
0

Using Cauchy’s inequality and the It isometry, we show that

E|Y,(t)|* < 3E|Yy| + 3TF + 3G,

where
f (Yn(u), /0 "oy (, 8)Y(5) Lo (s)dW(s)> 10.m1 (1) Qdu} ,

e[

G = ]E{/Ut ‘g(Yn(u), /Ou oa(u, 8)Yn(s)1j 7, (5)ds, ) 10,7, (u)

First, we calculate F', using Cauchy’s inequality and assumption (As), we get

and
2

).

(4.4)
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2
}du

t U
gK’/ {1+E|Yn(u)\2+|\alugo/ E\Yn(s)ds\z]du (4.5)
0 0

F gK'/ {1+]E|Yn(u)\2+E‘/Oual(u, $)Y,u(5)dW (s)

t
0

t
<K'+ K'(L+ o027 | BIY, (s)ds,

Second, we calculate G, by (Ay) and Itd isometry, we get
2
} du

t U
<k [ [+ BV, + 027 [ BV, (s)asf?] w8)
0 0

t u
g SK’/ [1 + E| Y, (u)]* + E‘ / oa(u, )Y, (s)ds
0 0

<K'T+ K'(1 + ||o|.T?) /Ot E|Y, (s)[2ds.
By substituting (4.5) and (4.6) into (4.4), we have
E|Y,(t)]* < 3E|Y,|* + 3T(K’T + K'(1+||oy||2T) /OtE\Yn(s)]2d5>
+ 3<K’T + K'(1+ o) 2T2) /Ot E|Yn(s)|2ds>
< 3E|Yo? + 3K'T(T + 1) + 3K'T(1 + ||o|°.T) /Ot E|Y, (s)ds
L 3K/(1+ [lool2T2) /()tE]Yn(s)Fds
= 3E|Yo|? + 3K'T(T + 1) + 3K'(C1T + Cy) /Ot]E|Yn(s)|2ds,

where C) := 1+ ||o(|AT and Cy := 1+ ||oo|| 2, T7.

By using Gronwall’s inequality, we have
E[Y,(6)* < Mo,

where
My = 3(E[Yo]* + C3) exp (3T°C),
and
C .= K/<01T + 02), 03 = K/T(T + 1)

Since E|Y (t A 7,,)|2 < My, for t > 0, letting ¢ — oo, we conclude that 7., = oo, that is,

E[Y ()] < M,.
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O

Theorem 4.1. Suppose (A1) holds. Then, there exists a unique solution Y (t) € M?([0,T],R)
to 4.1 and
E[Y()]* <M, fortel0,T],

where

My :=3((1+ CT)E|Yy|* + C5) exp(3CT).
Proof. We will divide the proof into two fundamental steps.

Step I. Uniqueness. Let Y;(t) and Y5(¢) be two solutions of (4.1). From Lemma 4.1 we
have, Y1(t), Ya(t) € M?([0,T];R). By (A;), Cauchy’s inequality and It isometry,

we show that

E[Y;(t) — Ya(t)]? = 2F /(:f(Yl(u),/Oual(u, sm(smW(s))du

2

[ (vt [ o ety s) )
+2E\ [ o(Vatw), [ outun yvi(s)ds )aww

2

[ o(vatw), [ ot p¥a(spas ) aw )

2

< 2T/OtIE‘f<Y1(u)/ o (u, s))ﬁ(s)dW(s)) —f(Yg(u),/Ouol(u, s)Yg(s)dW(s)> du

U
0

u 2

+2/0tIE‘g<Y1(u),/0u oo(u, s)Yl(s)ds) — g(Yg(u),/O oo(u, s)YQ(s)ds) du
<2TK /Ot (E|Y1(u) — Ya(u))? + /OuE al(u,s)<Y1(s) — YQ(S)> 2ds)du
+ 2K /Ot <]E|Y1(u) — Ya(u)|* + u/ouE ag(u,s)(Yl(s) - Yg(S)) st)du

<27k [ (B (o) - a@P + [oulE, [ EI(s) — a(s)ds ) du
2k [ (B ()~ Vol + Tl [ EIVi(s) — Vas) s )
< 2K(TCy+C) [ BIVi(s) = Yals) s

< c/otﬁzm(s) — Yy(s)[2ds.
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Finally, from Gronwall’s inequality we conclude that
E[Yi(t) - Ya(t)]* =0,
which proves that Y;(t) = Ys(¢) for every ¢ € [0,T].

Step II. Existence. Let Y;(t) = Yy and define the Picard approximation.
t u
Yo(t) = Yo + /0 f<Yn1(u), /0 o (u, S)Ynl(s)dW(s)>du (4.7)
t u
| g(Ynl(u), | ol S)Ynl(s)ds> AW (u),

for t € [0,7] and n = 1,2,.... It is evident that Yy(.) € M?([0,T];R), and through
induction, we also get Y;,(.) € M?([0,T],R). Using the proof of Lemma 4.1, we have

E|Y, ()] <3E|Y,[? + 31@‘ /Otf(Yn_l(u),/Ou o (u, s)Yn_l(s)dW(s))du :

2

+3IE’ / tg<Yn1(u), [ osta, s)Ynl(s)ds)dW(u)

t
<3E|Yy|* + 3T(K’T + K'(1+ ||o1]|2.T) /0 E\Ynl(s)ﬁds)

+ 3<K/T + K'(1+ |oo] 2T2) /OtE]Yn_l(s)Pds)
<3E|Yy|? + 3K'T(T +1)
+3K'T(1+ |loy|2T) /OtE]Yn_l(s)Fds
+3K/(1+ [lool2T2) /OtE|Yn_1(s)|2ds
=3E|Yy|* + 3K'T(T + 1)
3K (CIT + Cy) /Ot E|Y,(s)|%ds

hence

t
E|Y, ()2 < 3(E[Yol* + C5) + 30/0 E|Y, . (s)|?ds,
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where C' and C3 are those from Lemma 4.1. Thus, for each n > 1, we have

t
2 2 2
max E|Vi(t)* <3(E[Yo[ + ) +30/0 max E|Y1(s)*ds
t
<3(E[Yo[* + Cs) +30/0 [E|}@]2+1§13§HE\Y,€(5)|2 ds
t
§3<(1 + CT)E|Yy|* + 03> - 30/ max E|Y;(s)|*ds.
0 SKSNn

By the Gronwall’s inequality, we obtain

max E|Y;(¢)|* < My,

1<k<n

where M; := 3((1 + CTE|Y, > + C’3> exp(3CT). Since k is arbitrary, we conclude
E|Y,(t)? < M, fortec[0,T], n>1. (4.8)

Similar to the proof of Lemma 4.1, one has

E[Y1(t) — Yo(t)|* = E[Y1(t) — Yo|?

< QE\ [ (ot [ ou(u,)Yi(s)ai (s) )

2

+ ZE‘ /Ot g(Yo(u), /Ou oo(u, S)Y()(s)ds> dW (u)

2
du

<o [l (e, [ oo aw )

2
du

+2 /Ot E’g(Yb(u), /Ou oo(u, s)Yb(s)ds)

< 2K'T /Ot (1 FEYP+E ‘/0 o1 (u, 8)Yo(s)dW (s)

2
)du

t u
—|—2K’/ (1+E\YQ\2+E'/ oa(u, s)Yo(s)ds
0 0

S 007
where

Co = 2K’(T(1 +T) + <T (L+Tloll%) + (1 +T%o2l%) >E|Yo|2)-

e Cs
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and

E[Y>(t) — Y (t)]”

" 2

gzn«:’/ot (f(Yl(u),/oual(u, s)yl(smvv(s)) —f(YO(u),/O o (u, s)YO(s)dW(s)>>du

2

+ QE' /Ot <g<Y1(u), /Ou oo (u, s)Yl(s)ds) — g(Yo(u), /Ou oo(u, S)Yo(s)ds>> dW (u)

< o7 [ K(EWw) Yo + o2 [“BYi(s) — Yo(o) s
+ 2k (BYi() — Yo(w) [ + TloallZ [ BIYi(s) — Yos) s ) du
< K(TC + ) /Ot]E|Y1(s) ~ Yo(s)|%ds
<20 /0 " Cods = 20C,T.
We claim that for n > 0,
BIY, (1) ~ Yo () < SO0 (1.9)

By induction, we need to show that (4.9) still holds for n + 1. Note that

Yo () — Ya(t)2 < 2F /0 t { f (Yn(u), /O “ o, s)Yn(s)dW(s)> (4.10)

2

_ f(Ynl(u), [ ol(u,s)Ynl(s)dW(s))]du

/Ot [Q(Yn(u)7 /Ou UQ(U,S)Yn(S)dS)

— g(Yn_l(u), /Du oo (u, S)Yn_l(s)ds>] dW (u)

+ 2K

2

Using (4.9), and similar to the proof of Lemma 4.1, we show that
t

Y, (1) — Ya(t)[? <20 / E[Y,(s) — Yo_1(s)|ds
0

Sgc/t Co(2Cs)" 1 ¢
0
t

(n—1)!

:20 60(20)"718'”

n!

0
_ Co(2Ct)"

n!
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By Chebyshev inequality, we get
Co(20T)"1
P{m(t) Y, (D) > 2171} < eyt

Since 4> M < 00. Thus, applying the Borel-Cantelli lemma, we can show

1!
that

Yw € 2, Ing = no(w), Y, (t) = Yoo (t)P < 5=, for n>ng.

With probability 1, it follows that,

)+ 3 W) - Va9 = Yalt

are convergent uniformly for ¢ € [0,7]. Y (¢) denote the limit. Y (¢) is obviously
continuous and Fi-adapted. On the other hand, it can be seen from (4.9) that ,
(Yo (t))n>1 is a Cauchy sequence in £2([0,7],R) for any t.

<E|Yn(t) - Ym(t)F)é :\ Y, (t) —

HY — Y, _1(t)

3
—~
~—

L2

| /\

LZ

3 W
L 3

| N

1
Z (co (20T)" >2
(n—1)! :

Letting n, m — oo, therefore

(V) vul)?) 0.

(Y, (t))n>1 is a Cauchy sequence in £2([0,7],R). Therefore, we also have Y,,(t) —
Y (t) in £2([0,T],R).

ElY(®t)|* < My, for t€]0,T],

where M; depends on o1, 09, T, K’ and Y, resulting in Y (-) € M?([0,T];R). Tt has
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to be demonstrated that Y'(¢) satisfies (4.2). Note that

E /Otf(Yn(u),/Oual(u, S)Yn(s)dW(s)>du

2

_/Otf<Y(u),/0“gl(u, S)Yn(s)dW<S)>du

+ IE‘ / t g(Yn(u), / ! oa(u, S)Yn(s)d5> AW (u)

[ o(v), [ )y ()as)aw

< C/OtIE\Yn(s) — Y (s)|*ds.

Letting n — oo in (4.7), we get

Y(t) =Y+ /Otf(Y(u),/Ou o1(u, s)Y(s)dW(s))du
+ t g(Y(u), [ ot s)Y(s)ds)dW(u).

4.3.2 Holder continuity of the analytic solutions

We now show Hélder Continuity property by the analytical solution of SVIDEs (4.2).

Theorem 4.2. Assume that (As) holds. Then, the solution Y(t) is Hélder continuous

with exponent § = %

Proof. For 0 <r <t <T,
V() - Y(r) = /:f(Y(u),/Oual(u, s)Y(s)dW(s))du
—i—/:g(Y(u),/Ouag(u, s)Y(s)ds)dW(u).

Using expectation, we obtain

2

E|Y(t) — Y(r)[* < 2E /: f(Y(u), I al(u,s)Y(s)dW(s))du (4.11)

2
+2E

/Tt <Y(U), /0“ o2 (U, S)Y(s)d5> AW (u)
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Using Cauchy’s inequality, It6 isometry and (Aj), we have

2

E /:f(Y(u),/Oual(u, s)Y(s)dW(s))du

<(t—r) /: K’ {1 +E|Y (u)? +E\ /0 al(u,s>Y(s)dW(S>ﬂ

< (t— 1)K’ [(t )+ /: E|Y (s)[2ds + T|o1|% /Tt E|Y(s)|2ds] (4.12)

< (1=Kt =)+ (14 Tloul) [ Y (s)Pds]

< K/T<1 + ClMl) (t — 7’).

Also, we get

2

E /Ttg<Y(u), /Ouag(u,s)Y(s)ds)dW(u) < (4.13)

< /t K’ [1 FEY () + 8] [ s)Y(s)dsﬂ du
[
[

< K’(l + 02M1> (t - 7“).

t
<k [ |[1+EY( ]2+T||02H2/]E|Y(s)|2ds}du

1 + ]_ +T2||0-2||2 )M1:| du

By substituting (4.12) and (4.13) into (4.11), we have
BJY () =Y (r)[* < Mt =11,

where M := 2K’[T(1+01M1) 4 (14 CoMy)].
Consequently, Y (¢), t € [0,7] is Holder continuous with exponent 1/2.

4.4 Numerical analysis of the class of SVIDE

Let I), := {tn =nh,n =0,1, ...,N}, I =10,T]. Forn=0,1,..., N — 1, we have defined
the numerical results of SVIDE
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4.4.1 #-Euler Maruyama method

We apply the §— EM method to SVIDEs (4.1) (see [38]-[77] and references therein),

Xn+1 - Xn +h {@f (Xn+17 Z n+17 z+1 XiJrlAWiJrl) (414)
=0

+(1-0 < Z tn,tXAW>

=0

+ g(Xn, 3 /t o Ug(tn,S)Xid8> AW,
1=0 i

where © € [0, 1] with initial data Xy = Yj, where n € N, t,, = nh, AW,, = W (t,11) =W (t,).

By induction, we rewrite (4.15) in the following form:

j—1
Xnpy1 = Xo + Z h<@f( J+1 Z o1(tjt1, tz+l)Xi+1AWi+1) (4.15)

=0

j—1
=0
n I et
—FZQ(XJ,Z/t 02<tj,S)XidS>AVVj.
7=0 =0 """

Remark 4.1. The scheme (4.14) is called the ©— EM and the choice © = 0 gives Euler
Maruyama method in [183]

Xn+1:Xn+hf< Z tn,tXAW)w(Xn,Z/” tn,s)de>AW (4.16)

=0
0= % gives the trapezoidal solver, and 6§ = 1 gives the implicit, or backward Euler method

in [44].

Now, we examine the stability properties with respect to SVIDE (4.14) in the following

result.

Theorem 4.3. Assume that (As) holds. Let {X,,} be the numerical solution of the §—EM
method (4.15). Then there exists a positive constant Ky, which depends on 01,02, T,Y}
and K' , but not on h, such that

E|X,|?> < K.
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Proof. For all 0 <t,,; <T, we have

n Jj—1
E|X,41]* < 3E|[Xo[* + 3E| D h [ef (Xj+1a Zal(tj+17ti+l)Xi+lAVVi+l>

§=0 i=0

+(1— 9)f<Xj7 J:il o1(t;, ti)XiAWiﬂ

2

2
+ 3E

n J—1 t;
ZQ(X],Z/ o O'Q(tj,S)XidS>AWj
j=0 i=0 "t

< 3E|Xo|* + 31, + 315,

where
n Jj—1
I, =E Z h [Gf <Xj+1, Z o1(tj41, ti+1>Xi+1AWi+1>
j=0 i=1
j—1 2
—+ (1 —9)f<XJ,ZO'1(t],tZ)XZAWl)} 5
i=0
and

2
]2 =K

n =1
ZQ(X],Z/ " O'Q(tj,S)Xid8>AWj
j=1 i=1 "t
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By Cauchy’s inequality, 1t6 isometry and (As), we get

1

j
I = {W( 1 (tj+1,tz'+1)Xz‘+1AWz‘+1> (4.17)
i=0
j—1 2
=0
n 7j—1 2
(n+1) Z [QQ]E ( 1 Zal(tj+luti+1)Xi+lAW/i+1)
j=0 =0
2
+(1-06) ( ZalttXAW> }

n j—1 2
S 2(n—|— 1)h2 K/Z |:2+E|Xj+1|2 +E ti+1)XZ'+1AI/VZ'+1
N—— j=0 =0
2tp,4+1h<2Th
j—1 2
1=0
< 2ThK' {Q(n + 1)+ > _E|XiP + Tllow% > E|X;f (4.18)

=1 =1

T ZE|X 24+ T)|oy|% ZE|X 2+ E| X,

=1 =1

+ To1 |3 EIXo|* + Bl Xy |* + Ty HioEanH\?}

< 2ThK'|2(n+ 1) +2C, Y E|X;]* + C (E|Xo|* + E|Xn+1|2)}

=1

<2T°K'(2+ CiE|X]?) + AThK'Cy Y E|X;|* + 2T°K'CLE| X1 .

=1

Similar to [183].
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Using Cauchy’s inequality, Minkowski inequality and (Aj), we show that

2

n tit1
:ZE‘ ( Z/ o (1 sts>AWj
=0

i1—1

+2]E[ 3 (Z/+ de)AW

0<i1<i2<n

i2—1 i
><g<X12,Z/ " ot de)AW}

T

ghK’Z{HEp( ]2+E 2(t;, 8) Xids
=0

FIE| g, (1AM, gX@uz)AWiz].
O§i1<i2<n

Since X, is }"til—adapted, AW, is F, +1—adapted X, is .7-} -adapted, and 7 < j, so
Xiy AW, X, is Fy,,-adapted. Namely, gx,, (ti,) AW;, .gx,, (ti,) is Fi, -adapted, therefore,
9x., (ti) AW3, .gx,, (ti,) is independent of AW;,, and by AW;, ~ N(0,ti,41—t,), We obtain

E[ > QXiQ(tiz)AWil-gXQ(tiz)AWiz} =

0<11<i2<n

= Z E [gXiQ (tlz)AWu -9x;, (tlz)Avvlz}
0<i1<i2<n
0<i1<iz<n

we have

2

JQghij“ Z/t+ tsts)

n 2
ghK’Z[1+IE\X|2+]E 2t 5) Xds }

7=0

(4.19)
<hK' [n +1+ ZE|X 1> + T2 022, ZE|X 12}

<TK'+ CyTK'E|X,|* + hCoK' ZE|Xi|2.

i=1
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Substituting (4.17) and (4.19) into (25),
E[X;]* <

< 3E|X)? + 3(2T2K’(2 + CE|Xo[?)

+4ThK'Cy > E|X,|* + 2T2K’01E|Xn+1|2>

i=1

+ 3<TK’ + CyTK'E|Xo|* + hCy K’ Z]E|Xi|2)

=1
< 3TK’<(1 +4T) + (1 + 2TCy + C)E|Xo|?
+ 3hK'(2TCy + Co) Y E|X,|* + 2TCIE|XH+1\2>.
=1

So only if it’s if C" := 1 — 6T?K'C} # 0

E| X4 |* <L ((1 +4T) + (1 + 2TCy + Co)E| Xo|?

+ 3hK' (2T Cy + Cs) ZE|XZ-|2>.

=1

Through The discrete Gronwall’s inequality, we get
E|Xn+1’2 S %07
where

~ 3TK'
K() = O

((1 +4T) 4 (1 +2TC, + C2)IE|X0|2>

3TK’
Cl

.exp ( (2TCy + Cg)).

O

Similar to [91, 94, 183, 190], the convergence order of the 6—EM method can be

enhanced by including more terms in the numerical approximation.

4.4.2 Strong convergence of the /— Euler Maruyama method

In order to obtain the convergence result for the #-Euler Maruyama method (4.14), we

now introduce time continuous interpolations of the discrete numerical approximations.
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Define u,, :=t, and Xj(s) := X,,, for s € [t,, tpy1) With 0 <n < N — 1.
Let t € [ty,the1) with 0 < n < N —1 and X(t) be the continuous form of X,, with
X(t,) = X, we obtain

t

X(t) = X(t) (9 f (Xh(un+1), /0 o (U, s)Xh(s)dW(s)) (4.20)

in

(1 0)f<Xh(un), /0 o1 (i, s)Xh(s)dW(s)>) du

t

+ g(Xh(un), /OUh oo (Un, S)Xh<8)d8> dW (u)

tn

= X(to) + /Ot <9f (Xh(un+1), /OUh o1(Uny1, S)Xh(s)dW(s)>
+(1- 0)f<Xh(un), /Ouh o1 (U, s)Xh(s)dW(s)>) du

+ [ (X, [ 02(u,5) Xa(s)ds ) W ().

The following theorem illustrates the convergence order of (4.20), and its proof proceeds

similarly to [183] for the situation when 6 = 0.

Lemma 4.2. Assume that (As) holds. Let {X,} be the numerical solution of the 0—
Euler Maruyama method 4.14. Then there exists a positive constant K 1, which depends

on oy, 09, K’ and T, but not on h, such that

—~

E|X(t) — X(t,)|* < Kih.
Proof. It is easy to see that

E|X(t) — X(tn)‘Q <2E /t: (Qf(Xh(un-H)a /Oun U1(“n+1,3)Xh(3)dW(3)>

2

Un

+(1-— H)f(Xh(un),/o o1 (tn, S)Xh(s)dW(s))> du

2

+ QE‘ /t: g(Xh(un), /Oun oo (U, S)Xh(s)ds> dW (u)

< 2J1 4 2Js,
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7 ::E‘ /tt <0f(Xh(un+1), / " al(un+1,s)xh(s)dW(s)>

2

9

41— 0)f<Xh(un), /0 1 (1, S)Xh(s)dW(s)>) du

and
2

J2 =FE

/t: Q(Xh(un), /0““ oo (Un, S)Xh(s)d3> AW (u)

By (z + y)? < 22% + 2y?, Cauchy’s inequality, It6 isometry and (A,), we get

2

T, < 2h (91@‘ f(Xh(un+1), /0 Ul(un+1,s)Xh(s)dW(s)) (4.21)

t
tn

2

) du

<o [92 /tt (]E‘ f(Xh(unH), / al(un+1,s)Xh(s)dW(s))

Un

+(1— 9)E‘f<Xh(un),/0 o1 (Un, S)Xh(s)dW(s)>

)
)

2

b (1 -0y /tt <E‘ f(Xh(un), / Jl(un,s)Xh(s)dW(s))

t tn
< Qh/ K’ [2 + E| Xp1)? +]E'/ 01(Uny1, ) Xp(s)dW (s)
tn 0
2
}du

t tn
< 2h/ K’ {2+]E|Xn+l|2+ ||al||§o/ E| X, ()| ds (4.22)
tn 0

LEIXP + IE' /Ot" o1 (s 5) X (5)dW (5)

tn
FEIXP + ol [ EL(s) s
tn
< 2h°K’ [2+E|Xn+1|2+ ||al||§o/ E\Xh(s)fds (4.23)
0
tn
SR 4 ol [ B0 s

< 2h2K’(2 +2(1+ HangoT)KO) = 4h*K' (1 + C1Ko).
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By (A3), Cauchy’s inequality and It6 isometry, we obtain

t tn 2
)y < Ejg(xn, [ o2, 5)Xa(s)ds, )| v )
tn 0

2
}du

t tn tn
g/ K’{1+E|Xn|2+/ ||02||§Ods/ E|X)(s)| ds
tn 0 0

t tn
g/ K’{1+E|Xn|2+E‘/ o (1t ) Xn(s)ds
tn 0

du

(4.24)
tn

<HE L+ B+ Tl [ X (o) |
0

<hK' {1 +(1+ Hazl\ioTQ)E\Xnﬂ

<hK'(1+ CyKy).

From 4.21 and 4.24 we get
E|X(t) — X(t,)|" < Kih,

where

K, = 2K’((2T + 1)+ (2C,T + CQ)M()).
O

Theorem 4.4. Suppose(A;) and o; € C*(D), for i = 1,2 satisfy (A3). Let X (t) and
Y (t) are The numerical solution of the #-Euler-Maruyama method and the analytical
solution (4.2), respectively. Then there exists a positive constant [N(Q, which depends on

01,09, K, K', and T, but not on h, such as
E[X(t) — Y (t)]? < Ksh.
Proof. By (A;), Cauchy’s inequality and the 1td isometry, we have

E|X(t) — Y(t)* < 2L, + 2Lo, (4.25)
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where
L= [o(r (v, [ ot sy (s)ams >)
— £ (Xnunra), /Ou o1 (un, 8) Xn(s )
+(1—e><f( ), [ os(u, )Y ()W (s))
1 (Xt [ 1 )X () s )))du |
and

Iy —E Ot g<Y(u), / “02(u,s>Y(s)ds)dW(u)

2

_/[)tg<Xh(uh)7/OUh UQ(UmS)Xh(S)dS))dW(“) :

By Cauchy inequality and Ttd isometry, we obtain

( (Y@, [ a9 (s)aw (s))

- f(Xh<un+1>, [ i) X (s))
ra=o(7(re, [ sy Eam)

Ly <

2

_f<Xh(un) /Uhol(un $) X (s)dW (s ))> du

<2 92/ ‘f ), [ ou(u, 8)Y (s )dW(s))
f(Xh(unH) /0 hal(unﬂ $)Xn(s )dW(s)) 2du
4 (1-6)? /OtIE

_ f(Xh(un), /0 1 (s s)Xh(s)dW(s)>

f(Y(u), /0 " ou(u, s)Y(s)dW(s))

2
du) )
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Next, using (A;) and (x 4+ y)? < 2* + y?, one has
t
L < 2KT/ [E}Y(u) — Xp(uppr)| +E
0
2
}du

/Ou o1(u, )Y (s)dW (s)

/0 " o1 (u, 8)Y (s)dW (s)

B /()Uh o1(Un+1, 8) Xn(s)dW (s)

+2KT /Ot {E[y(u) — Xp(u,)* +E
2} du

<2KT /Ot {E|Y(u) — X(u)+ X(u) — Xh(un+1>‘2

- /Oun 01 (tn, ) Xn(s)dW (s)

<E / Y o (ttpir, ) Xn(5)dW (s)

u

)

+ /0 ' (01(u, )Y (8)dW () — o (ttny1, 8) Xn(5) AW (s)

RV (1) = X (u) + X () — Xn(uy)[

+E /u:m(un,s)Xh(s)dW(s)

)]

2

+ /ou <01 (u, 8)Y (8)dW (s) — o1(tn, s) Xn(s)dW (s)

< 4KT /Ot [E|Y(u) — X(w)|* +E|X (1) — Xp(tny1)]|

2

+E / “ o1 (i1, 5) Xn(s)dW ()

2

+E /Ou <01 (u, )Y (s) — o1 (tnq1, S)Xh(s))dW(s)

+E[Y (u) — X(u)|* + E|X (u) = X (up)|”

2

+E LZal(un,s)Xh(s)dW(s)

+E /Ou (01 (u, $)Y (s)—01(up, s)Xh(s)>dW(s) 2] du.
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By Holder’s inequality, [t6 isometry, Theorem 4.3 and Lemma 4.2, we have

t
/ E|X (u) — Xy (u)|*du <TK:h,
0

t
/ E|X (1) — Xp(tns1)| du <T Kb,
0
and

2 t ru
du < / / 01 (Uny1, 5)E|[ X (s)[2ds du
0 Jup

t
/ E
0

/uu 01(tny1, 8) Xn(s)dW (s)

h

t
< [Nl odu
0
<[lo1[3h K0T,
¢ 2
/ E du <||o1 |2 hKoT.
0
By (As), we show that
t
/E
0
t u
<[ [
0 JO
t u
<L E
0 JO

< 2/; /OUE|0—1(U, $)E|Y () — X (s)|*ds du

/uz 01(tUny1, 8) Xn(s)dW (s)

2

du

/Ou (gl(u, $)Y (s) — o1 (un, s)Xh(s)>dW(3)

ds du

o1(u, $)Y (s) — o1(un, s) Xn(s)

o1(u, $)Y (8) =01 (tn, $) Xn(s)+01(u, $)Xpn(s)—o1(u, $) Xp(s)| dsdu

+ 2/0t /()U]E‘al(u, s) — o1 (U, s)‘2E|Xh(3)’2ds du
< 4/; /OUE|01(U, s)}QE‘Y(S) — X(s){stdu
< +4 /Ot /OUE{al(u, s)‘2E|X(3) — Xh(s)}st du
<42 /Ot /OUIE|01(u, s) — o1 (U, s)|2E‘Xh(s)|2ds du
< 2K"hKLT? + 4|01 | 2 hKT? + 4T\|01||§O/OtE|Y(s) — X(s)["ds.

Thus
Ly < Li1hT + Ly /UE’Y<5) - X(3>|2d5’7
0

(4.26)
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4. CONVERGENCE OF THE 6-EM METHOD FOR A CLASS OF SVIDES

where

L11 = 8KT|:(K(/) + 4TK1) H01Hc2>o + Kl + QTK”KO:| 5

and

Using 4.3, we get

Ly _E|/ /0 0o (1, $)Y (5)ds) AWV (1) —
/ (X (un), /OUh oo(up, s )ds))dW(u)‘Q.

2

Ly < /OtE‘g<Y(u),/0u oo (u, s)Y(s)ds) — g(Xh(uh),/DUh oo (up, S)Xh(s)ds> du

Uh

< K/Ot [E]Y (u) — Xh(uh)}z +E| /Ou oo(u, s)Y (s)ds —/0 O'Q(Uh,5>Xh(S)dS}2}du

< K/Ot [E\Y(u) — X (u) + X (u) — Xp(un)|” + ]E‘ /0" oo, 8)Y (5)ds—
2} du

< 2KT/Ot {E[X(u) — Xn(u)|* + E|Y (u) — X (u)]?

/OUh oo(up, $) Xn(s)ds

+E /u: oo(un, $)Xn(s)ds 2 +E Ou oo(u, s)Y (s)ds — /Ou oo(un, $)Xn(s)ds 2] du
< 2KT /Ot {E{X(u) — Xp(up)|* + E|Y (u) = X (u)]”
+E /uz oo(un, $)Xn(s)ds 2 + E‘ /Ou (o2(u, 8)Y () — o9(up, $) Xu(s))ds 2] du.
(4.27)

By Cauchy’s inequality, 1t6 isometry, Theorem 4.3 and Lamma 4.2, we got

t
/ E
0

du</ [ ENOS )|2ds/:]E]Xh(s)|2ds}du

g/ [/ sl |2 ds Kods]du
0 up, Up

<W*T||o2]|2 Ko,

/ oo (tn, 5) Xn(s)ds
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4. CONVERGENCE OF THE 6-EM METHOD FOR A CLASS OF SVIDES

by Cauchy’s inequality, Theorem 4.3, Lamma 4.2 and (z + y + 2)? < 222 + 2y + 222, we

can obtain

/Ot {E‘ /ou (02 (un, 8) Xn(s) — oa(u, s)Y (s))ds 2} .
= /Ot E| /Ou (o2 (un, $)Xn(s)—02(u, 8)[Y (s)=Xn(s)+Xn(s) — X(s)+X(s)])ds‘2}du
< 2/; /Ou | (02 (un, s)—02(u, s)|2E‘Xh(s)|2ds du

+2/Ot /Ou |02(u,3)‘2E|Y(5) —X(s)|2dsdu

t ru
+2/ / |02(u,s)‘2E|X(s) —Xh(s)fdsdu
0 Jo
t ru t ru
§2// K”hZKodsdu—l—Z/ / |]02H2OE|Y(S)—X(3)‘2dsdu
0 Jo 0 Jo
t ru
+2/ / los||2 K1 o ds du
0 Jo

< 2T H2K" Ko + 2T%h| 0|2 K + 2T|\o—2||§o/O E[Y(s) — X(s)| ds,

Thus
Ly < Lot hT + L22/ E[Y (s) — X(s)| ds, (4.28)
0
where
Lgl =2KT |:(hK0 + 2TK1) ||02||20T + 2ThKOK//:| ’
and

Loy :=2KT[1+ 2T |03, ]-

By compensating (4.26) and (4.28) in (4.25), we have
E|X(t) - Y(t)]* < 2(L11 4 Loy )hT + 2(Lys + L) /OU]E}Y(S) — X(s)fds,
L1, Lo, Loy and Loy knew it before. By Gronwall’s inequality, we have
E|X(t) = Y () < Kah,

where

KQ = 2T(L11 + L21) exXp (2(L12 + L22)T)
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4. CONVERGENCE OF THE 6-EM METHOD FOR A CLASS OF SVIDES

4.5 Numerical experiments

In this section, we present two numerical examples to verify the theoretical results, we use
discrete Brownian paths over [0, 1] with At = 27, Let Y;/(T)) represent the numerical
solution of the #-Euler-Maruyama method along the ¢ sample path at ¢t = T" with step size
h € 23,24 25 25]. We take the numerical solution Y£(T) to be an approximation of the
analytic solution and compare this with the numerical approximation over M,,.q., = 1000

sample paths. The mean-square error is
Mmean

' ' D\ 12
S i) —vamf?)

=1

Errory, := (

Mmean

while the strong convergence order is defined numerically by
Order =

Consider the following stochastic Volterra integro-diferential equation:
t
dY () = (Y(t) + acos ( / ot 8)Y (s) dW(s))) dt
0
¢
+ (Y(t) + bsin (g (Y(t), / oa(t, )Y (5) ds>>) AW (1),
0

with initial data Y (0) = 1 and functions f(x,y) = x + acos(y), g(x,y) = = + bsin(y).

(4.29)

Now, we present the following examples:

Example 4.1. In equation (4.29), we take a = 1, b =1, o4(t,s) = sin(2t — s), oy =
(t,s) =t—s+1.

4.1 presents a comparison between the §- Euler-Maruyama technique and the Euler-
Maruyama technique for the average values of the mean square error and the values of the
strong convergence order. Additionally, curves 4.1a and 4.1b are displayed.

The curves 4.1a and 4.1b showing the mean square error and strong convergence order
curves of the Euler-Maruyama and #-EM methods with # = 0.25, 0.5, 0.75, respectively,
and based on the results presented in table 4.1.

In 4.2, we have presented the solution curves. The blue curve shows the approximation of
the analytic solution using the Euler-Maruyama method, the red curve shows the numerical
solution of the Euler-Maruyama method, and the green curve shows the numerical solution
of the f-Euler-Maruyama method by changing the value of 6 (§ = 0, 0.25, 0.5 and 0.75) ,

in proportion to example 4.1.
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Stepsize Euler-Maruyama method f-FEuler-Maruyama method
0 =0.25 0=0.5 0 =0.75
Error Order Error Order Error Order Error Order
23 At 0.36491 0.31615 0.24880 0.28555
24 At 0.51287 0.49104 0.43569 0.46267 0.39184 0.45652 0.35430 0.50998
25 At 0.72441  0.49822 0.62635 0.52368 0.54196 0.46794 0.49710 0.48856
20 At 1.08861 0.58761 0.94770 0.59744 0.81481 0.58826 0.73190 0.55811

Table 4.1: The Means square errors and Strong convergence order of the EM and §—EM
methods with 6 € [0.25,0.5,0.75] for example 4.1.

12 T T T T T T 0B i
En Emd
1y —— =025 nsal —— 6025 |
1k — &=05 || — =05
— T nesl — =075
09t B
ogl | 054t
E 07F B g 052
w (=]
nEr ] osf
[nRap B
0.43
R e
0al | 046
02 . . . . . . 044 . . . . .
o 0.01 0.0z 0.03 0.04 0.0s5 0.08 0.o7 0.005 0.0 0.015 0.0z 0.025 0.03 0.035
h h
(a) Mean square error of the EM (b) Strong convergence order of the EM

and §—EM method with 6 € [0.25,0.5,0.75]  and §—EM method with 6 € [0.25,0.5,0.75] for
for the example 4.1. the example 4.1.

Example 4.2. In equation (4.29), we take a = 0.5, b= 0.2, o4(t,s) = sin(2st—s), o9 =
(t,s) = cos(t* — s+ 1).

As with the previous example, we provided the main result of the second example by
using the same approach. table 4.2, corresponding to example 4.2, presents the mean square
error and the strong convergence results of the Euler-Maruyama and #-Euler-Maruyama
methods, and also reinforces the results obtained in the example 4.1.

In example 4.4, the solution curves are depicted. The blue curve represents the
approximation of the analytical solution using the Euler-Maruyama method, the red curve

represents the numerical solution of the Euler-Maruyama method, and the green curve
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Figure 4.2: Approximate solution and numerical solutions by the EM and #-EM method

nurmericl E
numericl TEM

with h = 23.At for the example 4.1.

nurnericl EM

numetricl TEM

L L ! L
03 04 0s 06

(b) § = 0.25

L ! L
07 0s 08 1

numericl EM
numericl TEM R
exact

(d) 6 =0.75

represents the numerical solution of the #-Euler-Maruyama method.
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Stepsize Euler-Maruyama method f-FEuler-Maruyama method
0 =0.25 0=0.5 0 =0.75
Error Order Error Order Error Order Error Order
23 At 0,28632 0.23911 0,22111 0,19686
21 At 0,40390 0,49637 0.34838 0.54296 0,30660 0,47154 0,28122 0,51449
25 At 0,57300 0,50453 0.48685 0.48279 0,43328 0,49895 0,39785 0,50051
20 At 0,87765 0,61508 0.71764 0.55977 0,66639 0,62105 0,61200 0,62130

Table 4.2: The Means square errors and Strong convergence order of the EM and §—EM
methods with 6 € {0.25,0.5,0.75} for the example 4.2.

0g T T T T T T 0.64

— EM En
osl — =025l nez2} — =025 [
— &=05 — &=0s5
o7l — e=075 |l 06 —— e=075]]
0.s8 B
06
_ _ 056l 1
2 05f 2
w O ns4f 1
0.4
052 B
us ost B
nzr 1 048+ g
o . ‘ . ‘ . . . . . ‘ . .
1] 0.01 0.0z 0.03 0.04 0.0s 0.06 0.o7 0.005 0.01 0015 0.0z 0.025 0.03 0.035
h h
(a) Mean square error of the EM (b) Strong convergence order of the EM
and 6—EM methods with and 6—EM methods with 6 € [0,0.25,0.5,0.75]

0 €{0,0.25,0.5,0.75} for the example 4.2. for the example 4.2.

The strong convergence results of the #-Euler-Maruyama method of stochastic Volterra
integro-differential equations in the examples 4.1 and 4.2 are shown in tables 4.1 and
4.2. From these tables, we can see that the #-Euler-Maruyama method of the stochastic

Volterra integro-differential equations (SVIDESs) is convergent of order 1/2.

As a result, we have shown that the -EM method is more efficient than the EM method
for the numerical approximation of the solution of a stochastic Volterra integro-differential

equations for different values of 6 (0 = 0.25,0.5,0.75).
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1.7
numericl EM
16 numeric! TEM
exact
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numericl EM
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Figure 4.4: Approximate solution and numerical solutions by the EM and #-EM method

with h = 23At for the example 4.2.
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Appendix A

Some Fundamental Spaces

Let J :=[0,T] be an interval of R. Let (X, |.|) be a real Banach space.
Throughout this section (€2, F, 1) is a measure space where p is o-finite, and X is a

separable Banach space with norm |.|x. We endow E with the Borel o-field B(X).

Definition A.1. [59]Let X : © — X be a simple random variable X = i x;14,, where
i=1
r; € X, A; € F, u(A;) < oo. The Bochner integral of X is defined as

/ X (w)dp(w Z:w
Let X be in L' (€, X). The Bochner integral of X is defined as
/ X(w)dp(w) :== hm / X (w)dp(w
Q
where X}, : 2 — X are simple random variables such that
Jim [ X (@) = X)) du(w) = 0.

Proposition A.1. (i) Let X € L'(Q,X). Then the Bochner integral of X is well

defined and does not depend on the choice of the sequence. Moreover

w)dp(w ‘ /IX )| dpp(w

(ii) Let (Q, F, 1) be a complete measure space, X and Y be Banach spaces and A :
D(A) C X = Y be a closed operator. If X € L' (,X) and AX € L' (Q,Y), then

/AX Ydp(w A/X Vdp(w).
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A. SOME FUNDAMENTAL SPACES

Proof. See [48].

The Banach space LP([0,T],X) is the space of Borel measurable functions on [0, 7]

that are Bochner integrable to the p-th power. The norm on this space is given by:

T 1/p
1 lerorin = ([ 15Oz a)
The space of square-integrable functions, L?([0, T, X), equipped with the scalar product
T
(£ 9z = | (FB9(0); at,

is a Hilbert space.
The Banach space of essentially bounded functions on [0, T is denoted by L>°([0, 77, X)

and consists of functions f for which the norm

£l 2= ro,71.3) = ess sup [[f()][x, ¢ € [0, T7,

is finite.

A.1 Banach Spaces

Definition A.2. [58, 59] Given a linear space X over R (or C), anorm || - || : X - R

assigns a real number to each element of X, and satisfies certain properties:
(i) [lzll =0,
(ii) [|z|| = 0 if and only if z =0,
(iii) [|Az|| = |A| ||z]|, for any scalar A,
(iv) [l +yll < lzll + llyll, for all z,y € X.

A linear space X with a norm || - || is denoted by (X, || -||) and is called a normed linear

space.

Example A.1. (Examples of normed spaces)
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(i) The Euclidean space R™ with the norm

||C||2 = ( (gl)Q) ) C = (Cla T 7Cn)7
=1

(R™, |||]2) is a normed space.

Given any p > 1, we can define a norm on R" by

|mu=(znmﬂp.
=1

Also a norm on R” for the case p = oco. It is defined by

I€lloe = max Gl -

(ii) The space C [a, b] has a similar norm for any p < 1, with the norm

= ([ 1)

Definition A.3. [26, 59] Let X be a normed space and (z,)nen a sequence in X. If there
exists an element x € X lim, ||z, — || = 0 for some x € X, the sequence {z,} is said

to converge to some element x € X, then x,, — X.

Definition A.4. [12, 59] Let (z,,)nen be a sequence in a normed space X. (2, )nen is called

a Cauchy sequence for all € > 0 there exists 7 € K such that
|z — x| <e,  for every n,m >n.

A space X is said to be complete if every Cauchy sequence (x,),en in X has a limit

r € X.

Definition A.5. [26] A Banach space is a normed space X that is complete with respect

to the norm.

A.2 Hilbert Spaces

Definition A.6. [179] An Inner product ( or scalar product) on a complex vector space

K, is a mapping (.,.) : K x K — R such that, for all z,y,2z € K and all A € C
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A. SOME FUNDAMENTAL SPACES

(i) (z,y) = (y,2),

(i) (Az,y) = Az,y),
(iii) (z+2z,9) = (z,9) + (2,9),
(iv) (z,2) > 0, when = # 0.

An inner product space ( or pre-Hilbert Spaces) is a pair (K, (-, -)), where K is complex

vector space and (+,-) is an inner product on K.

Remark A.1. inner product space is a normed vector space,

with norm given by ||z|| = (x,y)%.

Definition A.7. A Hilbert space H is a pre-Hilbert space which is complete with respect

to the norm induced by the inner product (-, ).
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Appendix B

Some inequalities

Let X and Y be random variables defined on LP. For p > 1, let L? = L?(Q, F, P) denote
the family of R"-valued random variables X such that E[|X|’] < oco. In L', we have the
inequality |E [X]| < E[|X|]. Furthermore, the following four inequalities are very useful:

(i) Holder’s inequality
[EQXY)[ < (BIXI")" (BY]")*,

withp,g>1, 1+ 0 =1 X e L*Y € L*,
If p = ¢ = 2, then Cauchy’s inequality, defined by
E(XY)| < (BIXP)?(EY])?.
A simple application of Holder’s inequality implies
EIxX")" < (EIXP)",
if0<r<p<oo, X € LP.
(ii) Chebyshev’s inequality
P{w DX (w) > c|} < cPE|X|,

ife>0,p>0, X € L.
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B. SOME INEQUALITIES

Theorem B.1. [107] (Grénwall’s inequality) Let T > 0 and K < 0. Let f(.) be a

Borel measurable bounded nonnegative function on [0,T], and let g (.) be a nonnegative

integrable function on [0,T]. If

f(t) < K+/Otg(3)f(s)ds, forall 0 <t <T,

then
¢
f(t) < Kexp (/ g(s)ds), forall 0 <t <T.
0
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Conclusion and perspective

This thesis has made contributions to the study of specific classes of stochastic integro-
differential equations (SIDEs) with non-instantaneous impulsive (NII) and nonlocal condi-
tions. Various qualitative and quantitative properties of the solution were examined.The
existence, uniqueness, controllability, and stability of the solution are verified. These results
relied on a range of advanced mathematical tools, including fixed point theories, measures
of non-compactness, resolvent operator, fractional calculus, and stochastic calculus.

We investigated the existence of a mild solution and the exact controllability for a
class of SIDEs with non-instantaneous impulsive (NII) and non-local conditions, driven by
fractional Brownian motion (FBM) (2.1). These were achieved by applying a generalized
Darbo’s Fixed Point Theorem. Additionally, non-compactness measures, semigroup
theories, and resolvent operators were utilized. The results were illustrated and supported
by two examples 2.1 and 2.2.

In addition, as a second result of this work, we studied a new class of Caputo FSIDEs
with NII and non-local conditions (3.1). The existence and uniqueness of a mild solution
were proven using Krasnoselski’s Fixed Point Theorem, the Banach contraction principle,
semigroup theories, and fractional and stochastic calculus. The UHR stability of the
solutions was also verified. Example 3.4 was used to illustrate and support these results.

We have also explored the numerical solutions of VIDEs (4.1), where the strong
convergence of the #-EM method was studied. Meanwhile, the existence, uniqueness,
boundedness, and Holder continuity of the theoretical solution were established using

Lipschitz theory, linear growth conditions, and the mean value theorem. The strong
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Conclusion

convergence order ¢ and mean square error between the numerical and theoretical solutions
were explored. The results were supported by illustrative examples (4.1, 4.2), where the
values of the strong convergence order and mean square error for different values of 6 were
provided in tables (table 4.1,table 4.2) for examples 4.1 and 4.2, respectively. Furthermore,
the results were presented graphically for the strong convergence order and mean square
error for different values of 6 (respectively for examples 4.1 and 4.2 in figures 4.1a, 4.3a,
4.1b ; 4.3b). A convergence rate of § = % was achieved, and the approximate and numerical
solutions displayed in curves (figure 4.2, figure 4.4) for both examples.

Finally, we are in the process of studying the optimal control of a class of SIDEs with
NII and non-local conditions. Future research may expand on these results by exploring
stochastic differential inclusions with delays, fractional stochastic differential equations
with variable order, and infinite delays. Additionally, further investigation into advanced
numerical techniques may be conducted to validate the results and broaden their potential

applications.
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